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COMPUTATIONS OF BASES FOR THE SPACES OF
CUSPFORMS OF WEIGHT 2

DAEYEOL JEON*

ABSTRACT. In this paper, we present a explicit procedure to com-
pute a basis for the spaces of cuspforms of weight 2 on Xo(N) which
consists of eigenforms for the Atkin-Lehner involutions.

1. Introduction

For any positive integer N, let I'o(N) be a congruence subgroup of
I'(1) = SL2(Z) consisting of the matrices (¢ %) congruent modulo N to
(6%). We let Xo(N) be the modular curve associated to I'g(N).

For each divisor d|N with (d, N/d) = 1 (we write d||IN), consider
the matrices of the form (]‘\lfz d?iu) with x,y, 2z, w € Z and determinant d.
Then these matrices define a unique involution on X, (V) which is called
the Atkin-Lehner involution and denoted by Wy = WCEN). In particular,
if d = N, then Wy is called the full Atkin-Lehner involution.

It is known that the group Autg(Xo(V)) of automorphisms of X¢ (V)
over Q contains the group W = {Wy}gn of Atkin-Lehner involutions.
Let W be a subgroup of W, and consider the quotient curve Xo(N)/W',
which is denoted by X ¥(N)(resp. X(N)) when W' = (Wy)(resp.
W' = W). For the case (Wy), this curve is denoted by X (V).

It is a well known fact that there exists a basis of the spaces of
cuspforms of weight 2 on Xy(/N) which consist of eigenforms for W.
Such a basis gives bases for the spaces of cuspforms of weight 2 on
the quotient spaces Xo(N)/W' from which one can obtain canonical
embeddings of that spaces. In fact, eigenforms on Xo(N) for Wy with

eigenvalue +1 for all W; € W' are cuspforms X(N)/W'. One can easily
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get linearly independent eigenforms from newforms in Stein’s tables [3],
but it is complicated to compute linearly independent eigenforms from
oldforms. Many literatures use a basis for the spaces of cuspforms of
weight 2 on X (V) which consists of eigenforms for Wy without sufficient
explanations how to find them.

In this paper, we will give full details of a method dealing with espe-
cially eigenforms form oldforms by an example.

2. Preliminary

The paper of Atkin and Lehner[1] gives some information about the
behaviour of the newforms. We quote what we need from their main
theorem.

THEOREM 2.1. The vector space, of cuspforms of even weight 2 on
I['o(N), has a basis consisting of oldcalsses and newclasses. All forms in
a class have the same eigenvalues with respect to the Hecke operators
T, (p 1 N). Each newclass consists of a single form f which is also an
eigenform for the W, (I|N). We choose f to be normalized (i.e. a; =1
in the g-expansion). Then f satisfies

1Ty = apf, f[IWr=Af

where, if [||N we have a; = —\;, and if [*| N then a; = 0. Further, each
oldclass is of the forms {g(dr)|g is a newform of some level M, and
d runs through all divisors of N/M}. The old classes may be given a
different basis consisting of forms which are eigenforms for all the Wj.

Let S2(NN) and S5 (V) be the space of cuspforms of weight 2 on I'g(V)
and the space spanned by newforms of weight 2 on I'y(IV) respectively.
For the behaviour of the oldforms, we need the following Theorem:

THEOREM 2.2. Let N be a positive integer. Let N’ be a positive
divisor of N and let d be a positive divisor of N/N'. For a prime p|N,
let p®||N, p*~B||N’, p"||d, so that v < 3 < .. Then the following holds:

(1) If f € So(N'), then
Fanwid = =2 (i) @)

where d' = p®~27d.
(2) Let [ € S§(N'). If FIWSY) = M f and B # 2y(resp. B = 2v),
then
f(dr) £ P2 f(d') (resp. f(dr))
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is an eigenform for WIE(]XV ) with eigenvalue £1(resp. \).
Proof. See [1]. O

Note that if @« = 3 then we consider W(OJLV,/ 2, an identity, and hence A,

P
is regarded as 1.

3. Examples

In this section, we explain how to find a basis of the spaces of cusp-
forms of weight 2 on Xo(N) which consist of eigenforms for W, by an
example. In the Modular Forms Database of Stein [3], there are two
tables as follows:

e g-expansions of eigenforms on I'g(N) of weight k < 14
e Eigenvalues of modular forms on I'g(N) of weight < 4 and high
level, and of weight < 100 and low level

For simplicity, we call the first table Table 1 and the second Table 2.
Table 1 is a table of g-expansions of normalized newforms of even weight
on I'g(N), and Table 2 is a table of eigenvalues of newforms on I'g(N)
with the first few Hecke eigenvalues a, of a basis of representatives for
the Galois conjugacy classes of newforms.

Suppose N = p’fl pé” .. pkr is the standard form of prime factorization
of N. Then the third column of Table 5 in [2] lists the splitting of the
space of all differential forms, old and new, given by the involutions W; =
Wi (i=1,...,7). The dimensions of the eigenspaces corresponding to
the r-tuple of eigenvalues (eq,...,€,) of Wi,..., W, are listed in the
order

e1=+1,eg =1, if r =1;
(e1,€2) = (+1,41),(+1,-1), (-1, +1), (-1, -1), if r = 2.

Now consider N = 108 = 22 - 33. The genus of X(108) is equal
to 10 and the dimensions of the eigenspaces corresponding to (41, +1),
(+1,-1), (=1,+1) and (-1, —1) of Wy and Wyy are 1,3,3 and 3 respec-
tively. Now we compute a basis of the space of cuspforms of weight 2
on X(108) which consist of eigenforms for Wy and Wy7. Table 1 shows
that S5(108) is an 1 dimensional eigenspace corresponding to (—1,+1)
of W4 and Ws7, which gives one eigenform as follows:

fl=q+5¢ —7¢% — ¢ —5¢% — 4P 4. .
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Thus all the other linearly independent eigenforms should be obtained
from oldforms. From Table 1 and Table 2, among I'o(NN') with N’|108 we
have linearly independent four newforms as follows: Two newforms g;
and g2 on I'g(54) are eigenforms corresponding to (+1,—1) and (—1,+1)

respectively of W2(54) and W2(?4)

form corresponding to —1 of W2($7)’ and one newform g4 on ['y(36) is

an eigenform corresponding to (—1,+1) of W4(36) and Wg(gﬁ). Their ¢-

expansions are as follows:
G1=q¢-¢+4¢"+3¢" -q" =" =3¢+,
p=a+@+q" =3¢ —q"+¢ -3¢0 +---,
93=q—2¢" —q" +5¢" +4¢"° = 7¢" + .-,
g1=q—4¢ +2¢ + 8¢9 —5¢® — 4% 4.

Firstly we will find two more linearly independent eigenforms corre-
sponding to (—1,41) apart from f; by using Theorem 2.2. Consider go
and take d =2, then a =2, =~ =1 and d’' = 1. Thus
ga(r) 1 3 3, 3 1,

3
fa=g2(27) + 5 SERIE U RIS U Ut VA

is an eigenform corresponding to (—1,+1). Consider g4 and take d = 3,
then « =3,8=~=1and d = 1. Thus
ga(r) 1

4, 2 8
— au(3 _t 3_F 71 2.3 819 421
fs=0aBm) + = = ga+ ¢’ —gd' Foa Foa — AT+

is an eigenform corresponding to (—1,+1).

Secondly we will find three linearly independent eigenform corre-
sponding to (41, —1). The first one can be obtained from g;. We take
d=2,thena=2,8=~=1and d = 1. Thus
gi(r) 1 Lo 14,35 17 134
o ol gl Tl TRl mod TRt
is an eigenform corresponding to (41, —1). The second and third one
can be obtained from g3. Consider the cases d =2 and d = 4. If d = 2,
then a = 8 =2,v =1, and hence

fs=9321) = ¢ —2¢° — " +5¢%° + 447 =74 + -

is an eigenform corresponding to (+1,—1). If d = 4, then a« = § =
2,v = 2, and hence

, one newform gz on I'g(27) is an eigen-

fa=q1(27) +

4 1

gs\7™ 1 1 5)
fo = ga(47) + i)=4q+2q — g0+ 500 =20

is an eigenform corresponding to (+1,—1).
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Thirdly we will find three linearly independent eigenform correspond-
ing to (—1,—1). The first one can be obtained from g;. We take d = 2,
then a« =2,8=~v=1and d = 1. Thus

91(7) L 39 34 35 17 353
— 27) — - _Z I Z — -
fr=002r) - = 50T 50 — 50 5+ 5d Hod
is an eigenform corresponding to (—1, —1). The second one can be ob-
tained from g3. We take d = 4, then a = 8 = 2, = 2, and hence
ga(r) 1 3, 1. 5

_ 4 i - _ - 713_2 16
fs = g3(47) 1 19t 5d +gdt - ¢+

is an eigenform corresponding to (—1,—1). The third one can be ob-
tained from g4. We take d = 3, then « = 3,8 =~ =1 and d = 1.
Thus

94(7) 1 3 47 243 8 g 21
— au(37) — _ _ = *T_z _2 —4
fo = g4(37) 3 qd+ ¢ +3d —5a7 —5q - +

is an eigenform corresponding to (—1, —1).
Lastly we will find an eigenform corresponding to (+1,+1) which can
be obtained from g. We take d = 2, then a =2, =~ =1 and d = 1.

Thus
fio = g2(27) = == = —§q+%q2+%q4+%q5+%q7+%q8+---
is an eigenform corresponding to (+1,+1).

Finally therefore we obtain a basis {f1, f2,..., fio} of the spaces of
cuspforms of weight 2 on X(108) which consist of eigenforms for Wy
and W27.

From this basis {fi, f2, -+, fio} we can get bases for the spaces of
cuspforms of weight 2 on Xo(N)/W' for various W'. If W' = (Wy),
then the genus of X;*(108) is equal to 4, which is the same as the
number of eigenforms f; corresponding to (+1,+1) and (41, —1). Thus
{fa, f5, f6, fio} forms a basis for the space of cuspforms of weight 2 on
Xg*(108).

If W' = (War), then the genus of X;27(108) is equal to 4, which is
the same as the number of eigenforms f; corresponding to (+1,+1) and
(=1,41). Thus {f1, fo, f3, fio} forms a basis for the space of cuspforms
of weight 2 on X 27(108).

If W' = (Wigs), then the genus of X (108) is equal to 4, which is
the same as the number of eigenforms f; corresponding to (+1,+1) and
(=1,-1). Thus {f7, fs, fo, fi0} forms a basis for the space of cuspforms
of weight 2 on X (108).

92(7) 1




526 Daeyeol Jeon

Finally if W' is equal to the full group W, then the genus of X;(108) is
equal to 1, which is the same as the number of eigenforms f; correspond-
ing to (+1,+1). Thus {fi0} forms a basis for the space of cuspforms of
weight 2 on X5(108).
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