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ANALOGUE OF WIENER INTEGRAL IN THE SPACE
OF SEQUENCES OF REAL NUMBERS

KuN Sik Ryu*

ABSTRACT. Let T > 0 be given. Let (C[0,T],m,) be the ana-
logue of Wiener measure space, associated with the Borel proba-

bility measure ¢ on R, let (L2[0,7T],&) be the centered Gaussian

measure space with the correlation operator (—i)_1 and (¢2,m)

da?
be the abstract Wiener measure space.
Let U be the space of all sequence {(cy) in £2 such that the limit

limyn o0 7257 Yoo 2o po Ck COS AT converges uniformly on [0,7]]

and give a set function m such that for any Borel subset G of /3,
mUN Py ' o Po(G)) = m(P; " o Py(G)).

The goal of this note is to study the relationship among the
measures me,w, m and m.

1. Preliminaries

In 1965, Gross present the theory of the abstract Wiener measure
w on B, the infinite dimensional real separable Banach space [3]. In
2002, the author and Dr. Im defined the analogue of Wiener measure
my, on C[0,T], the space of all real-valued continuous functions on [0, 7]
[6]. This measure is a kind of the generalization of the concrete Wiener
measure m,, on Cp[0, T'], the space of all real-valued continuous functions
on [0, 7] that vanish at 0.

Let U be the space of all sequences which consists of Fourier coeffi-
cients, related with analogue of Wiener paths and let m be a set function
such that for any Borel subset G of £y, m(U N Py ' PyG) = m(Py ' PyG).
The purpose of this article is to study the relationship between the mea-
sures my,, w, m and a set function m.
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We will introduce some notations, definitions and known facts which
are need in the next sections.

(A) Let N be the set of all natural numbers and let No = N U {0}.
Throughout in this note, every sequences are functions on Ng. Let R be
the set of all real numbers and let my be the Lebesgue measure on R.
For a metric space X, let B(X) be the set of all Borel subset of X.

(B)(The analogue of Wiener measure m,,)

Let T be a positive real number and let C[0, T| be the space of all real-
valued continuous functions on [0,7] with the supremum norm || - ||oc-
Let ¢ be the Borel probability measure on R. For & = (to,t1,--- ,t,)
with 0 =tg < t1 <ty < -+ <t, <T,let Jp: C[0,T] — R"™ be the
function given by J{x) = (z(to), z(t1),--- , z(tn))-

For B; (j =0,1,2,--- ,n) in B(R), we let

n

) v — i 1)2
[@7) (5 = tj-0)] > /BO [/H" eXp{_;Z(tJj_tj._i)}

j=1 B; j=1

d(H mL)<u17 U, - -+ 7un)] dSO(UO)

Then m,, can be uniquely extended onto B(C[0,T]). We shall denote it
by m, again. This measure m,, is called the analogue of Wiener mea-
sure associated with ¢ [6].

(C) (The centered Gaussian measure @ with the correlation operator
(=) ™" on L[0,T))

dz?
For n in N, let en (t) = COS ”Tﬂ't and let )\n — n;gQ
value of _ﬁ With respect to ey,. For nin N and for Fin B(R") let MF =

{f in L»[0,T] fo (t)dmyp(t fo dmL , fo

en(t)dmp(t)) isin F'}. Let w(MF) = (27T)_5(H] 1 A fF exp{— Zj 1
/\ u2}d(H] ymr) (ur,u2, - ,u,). Then & can be uniquely extended

onto B(L2[0,T]). We shall denote it by @, again.

. Then )\, is an eigen-
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Remark that if fisin L2 [O T and « is any real number then fOT(f(t)—i—
a)en(t)dmp(t fo (t)dmp(t) for all n in N, so if f is in Mp as
in above then f+ aisin M r for all real number a. Hence, by the
essentially similar method as in [7], we have the following lemma.

LEMMA 1.1. For any A in B(L3[0,T]), An C[0,T] is in B(CI0,T1])
and w(A) = my(ANC[0,T]).

(D)(The abstract Wiener measure)

Let H be an infinite dimensional real Hilbert space with norm ||-|| =
\/(+,). For a finite dimensional orthogonal projection P of H with
dimP(H) = n and for F in B(R"™), we let

v(E)

. 1 n n
_ (2m) 2/Fexp{—2;u§} d(jl;[lmL)(ul,uQ,---,un)

where E = {z in H|P(z) is in F' }. Then v is finitely additive but not
countably-additive. Let {hg|k is in N} be an orthonormal basis of H.
For F in B(R"™), we let vp, py... h, (F) = v({z in H|((x, h1), (z, ha),- - -,
(x, hyp)) is in F'}). Then {vp, hy,. h,|n is in N} is a consistent family of
probability measures. By Kolmogorov’s theorem, there exists a proba-
bility measure space (£2,m) and random variables X (k is in N) on
such that for F' in B(R"), m({w in Q|(X1(w), Xo(w), -+, Xp(w)) is in
F}) = Vhy,ha, hn (F)

For a measurable semi-norm || - || in H, let B = FH'H, the closure of
H with respect to || - ||. In case (i, H,B) is called an abstract Wiener
space where ¢ : H — B is the inclusion map.
Given an element h € H, the Wiener integral (h,-)" of h is defined on
B by

n
(ho ) =Ly — Tim (b, ) hi())
j=1
if the Lo-limit exists. (Compare with [2] and [5])

(E) (Spaces ; H,¢1,U and {5 )

Let ¢; be the space of all sequences (¢,,) in R with a norm |[{c,)||1 =
Yomrolen] < +oo. Let 4o be the space of all sequences (¢,,) in R with
a norm ||(cp)|l2 = /D opep €2 < 400. Let H be the space of all se-

quences (¢,) in R with an inner product {{(c,), (dn)) = Yo% o(n+1)c,dy
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for (¢,) and (d,) in H. For (c,) in H, let |[{cn)|lx = V/{{cn), (cn))-
Let U be the space of all sequences (c,) in ¢ such that the limit

limy;, — o0 ﬁ“ S o S crcosEEL converges uniformly on [0, 7.

(F) (The Fourier cosine series)

For z in L9[0,T], we let x*(t) = z(|t|) on [-T,T] and z(t + 2kT) =
x*(t) for all ¢ in [-T,T] and for all integer k. Then Z is an even pe-
riodic function on R having the period 27. For x in Lo[0,T], we let

Az = %f_TT 2(t)dmp(t) and ag, = %f_TTﬁ:(t)cos”TﬂdmL(t). Then

00 nmt s . . . ~
Y meo Gzncos"7 is the Fourier cosine series of 2.

2. Relationship between the spaces H, /1, and /o

In this section, we will treat the relationship between the spaces
H,fl,u and 62.

THEOREM 2.1. ' H ; lLLcu % ls.

Proof. If {¢y,) is in ‘H then from Schwarz’s inequality,

1
(n+1)
Yoo len] < +oo, that is, (¢,) is in £1 but |[(cy)||n = ZZOZO%H,
which implies that ‘H ; 4.

so we have ‘H C ¢;. Putting ¢, = for n in Ny, by the p-series

3
2

Suppose (¢, ) isin ¢1. From ¢; is a subset of £, (¢,) is in ¢5. Using Weier-

strass’s M-test, the series Y, ckcos% converges uniformly on [0, 77,

so a function z(t) = Y32 cxcostE is continuous on [0,7]. From the

dominated convergence theorem, the Fourier series of & is > 7~ ckcos%

on [-T,T]. By Fejér’s theorem, the limit limy, oo 727 Dot Yoi—g Ck
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cos It converges uniformly to & on [—~T,7], so (c,) is in U, that is,

¢1 C U. Fejér gave an example of an even continuous function f, having
. . . . o . o0

a period 27, whose Fourier series diverges at origin [1], so > ° jafn

diverges, that is, > 7 |ay,| diverges. Hence, we obtain ¢; ;L{ .

_1
n+1"

Lastly, we must show that U % ly. For n € Ny, we let ¢, =
Then (c,) is in ¢5. We assume that (#_H S o Sk ¢k cos Kt con-
verges uniformly of ¢. Then putting ¢ = 0, (ﬁ S Sor_ cpcoshE Tt)
converges. Then from Tauberian’s theorem [2], Y7, k%q converges, a
contradiction. Thus, we have U % ls. O

THEOREM 2.2. Let J; : L9[0,T] — {2 be a function with Ji(z) =
(agn). Then Jy is an isometric isomorphism and J;(C[0,T]) = U.

Proof. By the uniqueness theorem for Fourier series of Lo-function,
J1 is injective and by Bessel’s inequality and monotonic convergence
theorem, J; is isometric. From Parserval’s identity, we have Jj is iso-
metric. By Fejér’s theorem, we obtain Jl(C [0,7]) C U. Now, we assume
that {(c,) isin U. Put x(t) = limpy—oo—— m+1 > o 0 D b Cl COS ]”t for t in
[0, T]. Then az0 = 55liMm oo Yoneo 2 ko Ck f_T cos &7t dmL( ) =
co and for p in N,

g p / xcos— dmp,(t)

1 T t  knt
=l oy S [ e s T dmat)

=0 k=0 -T
1 m
_ngnoom_'_lzTcprp(n)
i m—p-+1
_mgnoo m+1 ‘p
= ¢p,

as desired. Here A, = {n in Ng|n > p} and x4, is a characteristic
function, associated with A,,. O

REMARK 2.3. (1) Let I; : (C[0,T7,]| - ||oo) — L2[0,T] be an inclusion
map. Then I; is an injective continuous function. Since C[0,7] is a
dense subset of L3[0,7T], (J1 o I1)(C[0,T]) = U is a dense subset of lo.
Let I : U — £5 be an inclusion map. Then I5 is an injective continuous
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function. Let Jy : C[0,T] — U be a function with Jy(z) = (azn). Then
Jo is a bijective continuous function and Jy o I} = I3 0 Jo.
(2) Let (¢,,) be in fo. For m in N, put

gm — ] s if n<m
" 0, otherwise
Then <d$lm)> is in H and ({ S”)>> converges to (c¢,) as m — oo with
respect to || - ||2. Hence, we have e gl = {3 where XMP means
the closure of X with respect to || - ||2.

We give a topology on U such that Jy is a homeomorphism.

3. The analogue of Wiener measure and a measure on U

In this section, we will derive a measure m on U and investigate the
properties of it.

THEOREM 3.1. || - ||2 is a measurable norm on H.

Proof. For n in Ny, let
1

fn(m):{ ?7

for m in Ny. Then {f,|n is in Ny} is an orthonormal basis of H. Let T :
'H — H be an operator with T'((c,)) = (n%rlcn). Then >0 o [|T(fo)|3, =

if n=m

otherwise ’

Yoo ﬁ = %2 < 400, so T is a Hilbert-Schmidt operator on H and
{ea)l3 =Yoo = [T({ca))||3,, so || - ||2 is a measurable norm on H
by [4]. O

From the above theorem and Remark 2.3 (2), (i, H, ¢2) is an abstract
Wiener space.

THEOREM 3.2. For (v,) in ‘H, the Wiener integral ((v,), )" = lo -
limy, oo ((Un)s > opeg fx(+)) exists on la, always where f,’s are given in
the proof of 3.1.

Proof. Let (¢,) be in £5. It suffices to show that (((vn), > re o frn((cn))))
is Cauchy. Then for two natural numbers mq,mo with my; < maq, by
Schwarz’s inequality,

((on), D fallea))]

k=m1+1
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m2

:‘ Z (k—i-l) Vi Ck‘

k=mi1+1

< |[vn) [

(((n), >t fn({cn)))) is Cauchy of m in the || - [|2-norm sense. O

We can give a probability measure m on f5 such that for f, in H,
(fn, )~ is normal distributed on ¢o with mean 0 and variance 1 as follows.
For E in B(R™), letting I = {{c,) in La|({fo, (ca))", (f1, ()", -+,
(fm—1,{ca))") is in E} = {{¢,) in la|(co,2¢1,- -+ ,mecm—1) is in E}, let
ﬁl’(IE) = U(E) = (271-)_7 fE eXp {_% Z;ﬂ 1 ]}d(HJ 1mL) (Ul,Uz, T
Um). Then m can be uniquely extended onto B(¢2). We shall denote it
by m, again.

REMARK 3.3. Let S be the set of all sequences. Let Py, L,M : S — S
be a functions with Py({cn)) = (c1,c2,¢3, ), L({cn)) = (“F=) and
M({(cn)) = ((n + 1)cp). For m in N, let Ly, M, : S — R™ be
a functions with L,,((cn)) = (%, 27}‘32,--- ,em) and My ({cn)) =
(201,3@,403,- -, (m+ 1)ep,). Then for E in B(R™), w({f in L2[0,T]]

Lin(J1(f)) is in E}) = m({{ca) in £2| M ({cn)) s in E}) = (2m) 7% [y exp
{-3 > i J}d(Hj 1mL) (ul,ug, -+« ,Upm). Hence, for all cylinder sets
in by, Do (J; oLt o Pyt)y = mo (M~ o Pyt) holds. So, Do (J;'o
L toPYy=mo(M 1o Po—l) holds on B({s).

Let M = {UN ((Py" o Ry)(B))|B is in B(ﬁg)} andlet X : S — S
be a functions with X(( n)) = <7Tc1, S-Co (":i)Tcn, -). For B in
B(t2), let m(U N ((Py ' o Po)(B))) = my(C [0 TIN JrH(XH(B))).

THEOREM 3.4. For B in B(fs), m(U N ((Py ! o Ry)(B))) = m((Py ' o
Fo)(B)).

Proof. By Lemma 1.1, m(UN((Py *oPy)(B))) = my(CI0, T]ﬂJl (x-!
(B))) = @(J; (XY(B))). Since M~to Py'o PO oLoX~ (< ) =
Py toPy({en)), from Remark 3.3, &(J; H(X~1(B))) = @(J; oL o Py to
(PO;L_o)é—l)(B)) =m(MtoPy toPyoLo X 1(B)) = m((P; 'oPy)(B))

O

REMARK 3.5. Neither M is a o-algebra on I nor m is a measure on
M, but if we ignore the first term ¢y of (¢,) in U then (U, M, m) is a
measure space.
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