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A GENERALIZATION OF CARLESON INEQUALITY IN
THE CONTEXT OF SPACES OF HOMOGENEOUS

TYPE

Choon-Serk Suh*

Abstract. In this paper we first introduce a Carleson inequality
and study the generalized form of Carleson inequality in the context
of spaces of homogeneous type. The previous inequality is known
to play important roles in harmonic analysis.

1. Preliminaries and notations

We begin by introducing the notion of a space of homogeneous type
[2]: Let X be a topological space endowed with Borel measure µ. Assume
that d is a pseudo-metric on X, that is, a nonnegative function defined
on X ×X satisfying

(i) d(x, x) = 0; d(x, y) > 0 if x 6= y,
(ii) d(x, y) = d(y, x), and
(iii) d(x, z) ≤ K(d(x, y) + d(y, z)), where K is some fixed constant.

Assume further that

(a) the balls B(x, ρ) = {y ∈ X : d(x, y) < ρ}, ρ > 0, form a basis of
open neighborhoods at x ∈ X,

and that µ is a Borel measure on X satisfying the doubling property:

(b) 0 < µ(B(x, 2ρ)) ≤ Aµ(B(x, ρ)) < ∞, where A is some fixed con-
stant.

Then we call (X, d, µ) a space of homogeneous type.
Note that the volume of balls will be proportional to a fixed power

of the radius. Thus assume there exist a σ ∈ R and constants C1 and
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C2 such that

(1.1) C1ρ
σ ≤ µ(B(x, ρ)) ≤ C2ρ

σ.

We will denote µ(B(x, ρ)) ≈ ρσ for the simplicity of the notation.
Now consider the space X×(0,∞), which is a kind of generalized up-

per half-space over X. We then introduce the analogue of nontangential
or conical regions as follows. For x ∈ X, set

Γ(x) = {(y, t) ∈ X × (0,∞) : x ∈ B(y, t)}.
For an open set E ⊂ X, the tent over E is the set

T (E) = {(y, t) ∈ X × (0,∞) : B(y, t) ⊂ E}.
It is then very easy to check that

T (E) = (X × (0,∞)) \
⋃

x6∈E

Γ(x).

For a measurable function f defined on X × (0,∞), and σ ∈ R, we
define an area function Ap(f), for x ∈ X, by

(1.2) Ap(f)(x) =

(∫

Γ(x)
|f(y, t)|p dµ(y)dt

tσ+1

)1/p

if 1 ≤ p < ∞,

and
A∞(f)(x) = sup

(y,t)∈Γ(x)
|f(y, t)| if p = ∞.

We now introduce certain maximal operators acting on functions on
X×(0,∞) as follows. For a measurable function f defined on X×(0,∞),
we define a maximal function Mp(f), for x ∈ X, by

Mp(f)(x)

= sup
x∈B

(
1

µ(B)

∫

T (B)
|f(y, t)|p dµ(y)dt

t

)1/p

, 1 ≤ p < ∞,
(1.3)

where the supremum is taken over all balls B containing x.
Let f ∈ L1(dµ) and x ∈ X. Then we define

MHL(f)(x) = sup
x∈B

1
µ(B)

∫

B
|f(x)|dµ(x),

where the supremum is taken over all balls B containing x. Then we
call MHL the Hardy-Littlewood maximal operator on X.
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The inequality

(1.4)

∣∣∣∣∣
∫

X×(0,∞)
f(y, t)g(y, t)

dµ(y)dt

t

∣∣∣∣∣ ≤ C

∫

X
A∞(f)(x)dµ(x)

is called the Carleson inequality, where g(y, t)dµ(y)dt
t is a Carleson mea-

sure on X × (0,∞), that is, g(y, t) ≥ 0 and supx∈B

∫
T (B) g(y, t)dµ(y)dt

t ≤
C, where the supremum is taken over all balls B containing x.

The purpose of this paper is to give a more general form of inequality
(1.4).

2. Main result

We begin with a lemma which is of the type due to Whitney.

Lemma 2.1 ([2]). Let O be an open subset of X. Then there exist a
positive constant N,h1 > 1, h2 > 1 and h3 < 1 which depend only on
the space X, and a sequence {B(xi, ρi)} of balls such that

(i) ∪iB(xi, ρi) = O,
(ii) B(xi, h2ρi) ⊂ O and B(xi, h1ρi) ∩ (X \O) 6= ∅,
(iii) the balls B(xi, h3ρi) are pairwise disjoint, and
(iv) no point in O lies in more than N of the balls B(xi, h2ρi).

Lemma 2.2 ([4]). Let Mp be defined as in (1.3) and 1 ≤ p < ∞.
Then Mp belongs to the Muckenhoupt’s class A1 [3], that is, there exists
a constant C such that

1
µ(B)

∫

B
Mp(f)(x)dµ(x) ≤ C inf

x∈B
Mp(f)(x),

where the infimum is taken over all balls B containing x.

We now need the notions of some sets to get main results. For each
positive integer k, set

(2.1) Ok = {x ∈ X : Ap(f)(x) > 2k}, 1 ≤ p < ∞,

and

(2.2) O∗
k = {x ∈ X : MHL(χOk

)(x) >
1
2
},

where MHL is the Hardy-Littlewood maximal operator on X, and χOk

is the characteristic function of the set Ok. Then observe that for k =
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1, 2, 3, · · · , Ok+1 ⊂ Ok, Ok ⊂ O∗
k, T (Ok) ⊂ T (O∗

k), and ∪∞k=−∞T (O∗
k)

contains the support of f . Let

O∗
k =

∞⋃

j=1

B(xk,j , ρk,j) ≡
∞⋃

j=1

Bk,j

and

Ok =
∞⋃

j=1

B(xk,j , Ch1ρk,j) ≡
∞⋃

j=1

B̃k,j

be Whitney decompositions of the open sets O∗
k and Ok respectively,

where h1 is the given in (ii) of Lemma 2.1, and C will be chosen suffi-
ciently large in a moment. Let now

Vk,j = T (Bk,j) \
∞⋃

l=1

T (Bk+1,l)

and

(2.3) Wk,j = Bk,j \
∞⋃

l=1

B̃k+1,l.

We then have:

Lemma 2.3. Let Ap be defined as in (1.2) and 1 ≤ p < ∞. Then
there exists a constant C such that

(2.4)
∫

Vk,j

|f(y, t)|p dµ(y)dt

t
≤ C

∫

Wk,j

[Ap(f)(x)]pdµ(x),

where Vk,j and Wk,j are defined as in (2.2) and (2.3) respectively.

Proof. Proof Assume that 1 ≤ p < ∞. Then we have∫

Wk,j

[Ap(f)(x)]pdµ(x)(2.5)

=
∫

Wk,j

dµ(x)
∫

Γ(x)
|f(y, t)|p dµ(y)dt

tσ+1
(2.6)

=
∫

Wk,j×(X×(0,∞))
|f(y, t)|pχΓ(x)(y, t)

dµ(y)dt

tσ+1
dµ(x)(2.7)

≥
∫

Vk,j

|f(y, t)|p dµ(y)dt

tσ+1

∫

Wk,j

χΓ(x)(y, t)dµ(x).(2.8)

For any fixed (y, t) ∈ Vk,j , we have

B(x, t) ∩O∗
k+1

c 6= ∅.
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It means that there exists a point x ∈ B(x, t) such that

MHL(χOk+1
)(x) ≤ 1

2
,

which means

1
µ(B(x, t))

∫

B(x,t)
χOk+1

(x)dµ(x) ≤ 1
2
.

Thus

1
µ(B(x, t))

∫

Wk,j

χΓ(x)(y, t)dµ(x)(2.9)

=
1

µ(B(x, t))

∫

B(x,t)
[1− χOk+1∩B(x,t)(x)]dµ(x)(2.10)

≥1
2
,(2.11)

that is,
∫

Wk,j

χΓ(x)(y, t)dµ(x) ≥ Cµ(B(x, t))(2.12)

≈ Ctσ.(2.13)

Substituting (2.12) into (2.5), we prove (2.4). Thus the proof is com-
plete.

Theorem 2.4. Let Mp be defined as in (1.3) and 1 ≤ p < ∞. Then
there exists a constant C such that

∫

O∗k

Mp(f)(x)dµ(x) ≤ C

∫

Ok

Mp(f)(x)dµ(x),

where Ok and O∗
k are defined as in (2.1) and (2.2) respectively.

Proof. Proof Since Mp satisfies the A1 condition by Lemma 2.2, it
follows from [1] that

∫

X
[MHL(χOk

)(x)]2Mp(f)(x)dµ(x)

≤ C

∫

X
[χOk

(x)]2Mp(f)(x)dµ(x),
(2.14)
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where χOk
is the characteristic function of Ok. Thus it follows from (2.8)

that
∫

O∗k

Mp(f)(x)dµ(x)

≤ 4
∫

X
[MHL(χOk

)(x)]2Mp(f)(x)dµ(x)

≤ C

∫

X
[χOk

(x)]2Mp(f)(x)dµ(x)

= C

∫

Ok

Mp(f)(x)dµ(x)

for some constant C. The proof is therefore complete.

The main result of this paper is now the following.

Theorem 2.5. Let 1/p + 1/q = 1, 1 ≤ p ≤ ∞. Then there exists a
constant C such that

∣∣∣∣∣
∫

X×(0,∞)
f(y, t)g(y, t)

dµ(y)dt

t

∣∣∣∣∣ ≤ C

∫

X
Ap(f)(x)Mq(g)(x)dµ(x),

where Ap and Mq are defined as in (1.2) and (1.3) respectively.

Proof. Assume first that 1 ≤ p < ∞. Then it follows from Hölder’s
inequality that

∣∣∣∣∣
∫

X×(0,∞)
f(y, t)g(y, t)

dµ(y)dt

t

∣∣∣∣∣

≤
∣∣∣∣∣
∫

T (O∗k)\T (O∗k+1)
f(y, t)g(y, t)

dµ(y)dt

t

∣∣∣∣∣

≤
∣∣∣∣∣∣

∞∑

k=−∞

∞∑

j=1

∫

Vk,j

f(y, t)g(y, t)
dµ(y)dt

t

∣∣∣∣∣∣

≤
∞∑

k=−∞

∞∑

j=1

(∫

Vk,j

|f(y, t)|p dµ(y)dt

t

)1/p (∫

Vk,j

|g(y, t)|q dµ(y)dt

t

)1/q
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≤ C
∞∑

k=−∞

∞∑

j=1

(∫

Wk,j

[Ap(f)(x)]pdµ(x)

)1/p (∫

T (Bk,j)
|g(y, t)|q dµ(y)dt

t

)1/q

≤ C
∞∑

k=−∞

∞∑

j=1

2k+1µ(Bk,j)

(
1

µ(Bk,j)

∫

T (Bk,j)
|g(y, t)|q dµ(y)dt

t

)1/q

≤ C
∞∑

k=−∞
2k

∞∑

j=1

∫

Bk,j

Mq(g)(x)dµ(x)

= C

∞∑

k=−∞
2k

∫

O∗k

Mq(g)(x)dµ(x)

≤ C
∞∑

k=−∞
2k

∫

Ok

Mq(g)(x)dµ(x)

≤ C

∫

X
Ap(f)(x)Mq(g)(x)dµ(x).

In the above, by Lemma 2.3, we have fourth step, and by Lemma 2.4,
we have eighth step.

Second, assume p = ∞. Then
∣∣∣∣∣
∫

X×(0,∞)
f(y, t)g(y, t)

dµ(y)dt

t

∣∣∣∣∣

≤
∞∑

k=−∞

∫

T (Ok)\T (Ok+1)
|f(y, t)g(y, t)|dµ(y)dt

t

≤
∞∑

k=−∞

∞∑

j=1

2k+1

∫

T (B̃k,j)
g(y, t)

dµ(y)dt

t

≤ C
∞∑

k=−∞
2k

∞∑

j=1

∫

B̃k,j

M1(g)(x)dµ(x)

≤ C
∞∑

k=−∞
2k

∫

Ok

M1(g)(x)dµ(x)

≤ C

∫

X
A∞(f)(x)M1(g)(x)dµ(x).

Thus the proof is complete.
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Remark 2.6. In Theorem 2.5, if Mq(g)(x) ≤ C, then∣∣∣∣∣
∫

X×(0,∞)
f(y, t)g(y, t)

dµ(y)dt

t

∣∣∣∣∣ ≤ C

∫

X
Ap(f)(x)dµ(x).

In the case q = 1, the condition Mq(g)(x) ≤ C means that g(y, t)dµ(y)dt
t

is a Carleson measure on X × (0,∞), and the area function becomes
A∞(f), this reduces to the Carleson inequality.
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