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POISSON DERIVATIONS ACTING ON
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ALGEBRA
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1. Introduction

A class of algebras K,I;’IQ, constructed by Horton in [2], includes
the multiparameter quantized coordinate rings of symplectic and Eu-
clidean 2n-spaces, the graded quantized Weyl algebra, the quantized
Heisenberg space, and is similar to a class of iterated skew polyno-
mial rings constructed by Gémez-Torrecillas and Kaoutit in [1]. The
prime and primitive spectra for the multiparameter quantized coordi-
nate rings of symplectic and Euclidean 2n-spaces were established by
Gomez-Torrecillas and Kaoutit in [1], by Horton in [2] and by the au-
thor in [3]. Moreover the author constructed a class of Poisson algebras
Ai’l@ in [5], whose quantization is the algebra Ki ?. Here we consider
an additive group K acting by Poisson derivations on Ai’l@ which gives
a classification of K-prime Poisson ideals of Ai’l@ and we see that the
additive group K is considered as a Poisson version of a multiplicative
group acting by automorphisms on Kf; IQ

Assume throughout the paper that k denotes an algebraically closed
field of characteristic zero and that all vector spaces are over k. A
Poisson algebra A is always a commutative k-algebra with k-bilinear
map {-, -}, called a Poisson bracket, such that (A, {-,-}) is a Lie algebra
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and {-, -} satisfies the Leibniz rule, that is,
{ab, c} = a{b, c} + b{a, c}
for all a,b,c € A. Hence, for any element a € A, the map
he: A— A, hy(b) ={a,b}

is a derivation in A which is called a Hamiltonian defined by a.

2. Poisson polynomial ring
Let A be a Poisson algebra. A derivation § on A is said to be a

Poisson derivation if §({a,b}) = {d(a),b} + {a,d(b)} for all a,b € A.

THEOREM 2.1. For a Poisson algebra A with Poisson bracket {-,-} 4
and k-linear maps «, § from A into itself, the polynomial ring A[z| is a

Poisson algebra with Poisson bracket

(2.1) {a,2} = a(a)z + (a)

for all a € A if and only if a is a Poisson derivation and ¢ is a derivation

such that

(2.2)  0({a,b}a) —{d(a),b}a —{a,0(b)}a = d(a)a(b) — a(a)d(b)

for all a,b € A. In this case, we denote the Poisson algebra Alx] by

Alz;a, 8], and if § = 0 then we simply write Alz; o, for Alz; a,0],.
Proof. [4, 1.1 Theorem| O

PROPOSITION 2.2. Let A be a Poisson algebra. For Poisson deriva-
tions a and 3 on A, ¢ € k and u € A such that

af = fa, {a,u} = (a+p)(a)u
for all a € A, the polynomial ring Aly,x] has the following Poisson
bracket

(2.3) {a,y} = ala)y, {a,z} = Bla)z, {y,z} = cyz +u
for all @ € A. The Poisson algebra Aly,x] with Poisson bracket (2.3)

can be presented by Aly; ol,|z; 3, 8], where (3’ is the Poisson derivation
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on Aly; ], such that §'|4 = @ and ['(y) = cy, and § is the derivation
on Aly; o, such that 6|4 =0, §(y) = u.

We often denote by (A;«, 3, c¢,u) the Poisson algebra Aly, x| with
Poisson bracket (2.3).

Proof. By Theorem 2.1, there exists the Poisson algebra Aly;al,
with Poisson bracket {a,y} = a(a)y for all a € A and the derivation
B is extended to a derivation, denoted by (', to Aly;a], by setting
B'(y) = cy. Note that the derivation § = u% on Aly; o, satisfies
d(y) = w and 6(a) = 0 for all @ € A. Let us prove that, for all

f> g € A[ya a]P>

B f.gb) =1{8(f), 9t +{f.8(9)}

2.4
24 S({f.9) =1{0(f), g} +{f,0(9)} +(f)B'(9) — B'(f)o(g).

If f,g € A then the formulas in (2.4) hold trivially since (' is a
Poisson derivation on A. Hence it is enough to prove (2.4) for the case

f=a¢€ Aand g =y. Now we have that

B({a,y}) = B(e(a)y) = ala)3'(y) + B'(ala))y
= ca(a)y + a(B(a))y = {F'(a), y} + {a, B'(y)}
0({a,y}) = d(a(a)y) = ala)u = {a,u} — B(a)u
= {d(a),y} +{a, 0(y)} + 6(a)B'(y) — B'(a)d(y),

as claimed.

Therefore [ is a Poisson derivation on Aly; o], such that the pair
(0, 9) satisfies (2.2), and thus, by Theorem 2.1, there exists the Poisson
algebra Aly, z] = Aly; al,|z; ', 6], with the Poisson bracket (2.3). O
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3. Poisson algebra A, = Aff;?

DEFINITION 3.1. ([5, Theorem 1.2]) Let I' = (v;;) be a skew-symmetric
n X n-matrix with entries in k, that is, 7;; = —v;; forall ¢,5 =1,--- ,n.
Let P = (p1,p2, - ,pn) and @ = (q1,G2, - ,qn) be elements of k™
such that p; # ¢; for each i = 1,--- ;n. Then the Poisson algebra

k[y1, 21, , Yn, Tn] with Poisson bracket:

{yi:vi} = vijviy; (all 7, 7)

{2i, 95} = (5 — Yij) Yy (1<)
(31) {yi>$j} = _(Qi + 'Yij)'yil’j (Z < ])

{l'i>Ij} = (qi —pj+ %’j)l’il’j ('L < ])

{zo, v} = qyiri + S0 (0 — pr)yps (all §)
is called the multi-parameter symplectic Poisson algebra and denoted

by Ai’g or by A, unless any confusion arises.

REMARK 3.2. Set

Ao=k, Aj=Ky, a1, ,y;2) C AP

for each j = 0,1,--- ,n. Then each A; is a Poisson subalgebra of Ai’g
and A; = Aj_1]y;,x;] for each j, and thus, by Theorem 2.1, there
exist Poisson derivations «;, 8; and a derivation d; such that A; can be

presented by
Aj = Ajlys oglplags By 04,

where
(3.2)
;i (Vi) = Vi Yis (@) = (pj — vij) i (i < j)
(i) = — (@i +vi5)vi, Bi(xi) = (¢ — pj + Vi) i (i <7)
0j(yi) =0, oj(zi) =0 (i <j)
Bi(y;) = —qy; 0;(y;) = — > =1 (qk — Pr)yrr
Set

J
Q= 0, Qj = Z(Qk - Pk)ykiﬂk

k=1
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forall j =1,--- ,n— 1, and note that

a;f; = By,  {a, Q) = (a; + 5;) ()
for all @ € Aj_y. Hence we have A; = (A;_1; 04, 55, —qj, —j_1) by
Proposition 2.2 and so the Poisson algebra A, = Ai’g has the chain of
Poisson subalgebras

AO =k - Al (A(]a a1>ﬁl> —dq1, ) = - C An = (An—l; an,ﬁn, —Qn, _Qn—l)‘

LEMMA 3.3. As in Remark 3.2, set

Q, = Z(Qk — )Ykt € Ap = Ai’l@
k=1
for eachi=1,--- ,n and €}y = 0.
(a) For any €,
{yi> QJ} = _qzyZQj> {Ih Q; } ql$l (Z S ])

{yi> QJ} = _piyin> {$z> Q } pz$1Q9> (Z > ])
{Qi> Qj} == 0, (aﬂ 27])

(b) We have the following relations:

(3.3) Qi ={zi i} — qyiwi, U =A{xi, ui} — piyiws
Hence, y; and z; are Poisson normal modulo (€;) and (€2;_1).

Proof. The formulas of (a) follow from (3.1) and the formulas of
(b) follow immediately since Q; = (¢; — pi)yiz; + Qi—1 and {z;, v} =
qiyivi + i1 U

DEFINITION 3.4. ([3, Definition 1.4]) Let P, = {1, y1, 21, , Qn,
Yn, Tn} C A,. A subset T of P, is said to be admissible if it satisfies
the conditions:

(a) yjorz; €T < Qand Q€T (2<i<n)
(b)) yyorzy €T & Q€T
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PROPOSITION 3.5. (a) For every admissible set T', the ideal (T') is a
prime Poisson ideal of A,,.

(b) For every prime Poisson ideal P of A,,, P NP, is an admissible
set.

Proof. [5, 1.5 and 1.6] O

4. K-actions on Af’lg

In this section, we will show that every K-prime Poisson ideal of
Ai’l@ is generated by an admissible set. The statements and proofs of

this section are modified from those of [2, §3].
DEFINITION 4.1. Let
K= {(hl, hg, ce ,hgn_l, hgn) c k2n |

h2i—1 + hgi = hgj_l + hgj for all ’i,j = 1, cee ,n}.

The additive group K acts on A, as follows:

of of
(s ha, - s hanos hon) () = D (haicagige - + haiig)

for all elements f € A,. Note that each element of K acts on A,, by a
Poisson derivation.

Let A be a Poisson algebra and let an additive group H act on A
by Poisson derivations. A proper Poisson ideal @ of A is said to be
H-prime Poisson ideal if ) is H-stable such that whenever I,.J are
H-stable Poisson ideals of A with IJ C @, either I C Q or J C Q.
A Poisson algebra A is said to be H-simple if 0 and A are the only
H-stable Poisson ideals of A.

LEMMA 4.2. Let A be a Poisson algebra and let o be a Poisson
derivation on A. Suppose that H acts on Alz*';al, so that x is an
H-eigenvector and A is both H-stable and H-simple, where H acts on
A by restriction. If H contains a Poisson derivation g such that g|4 = «

and g(x) = cx for some 0 # ¢ € k then A[z*!;a], is H-simple.



POISSON DERIVATIONS ON SYMPLECTIC POISSON ALGEBRA 211

Proof. Let I be a nonzero proper H-Poisson ideal of A[z*'; a],. Then
choose 0 # a € I, of shortest length with respect to z, say a = apz* +
<o+ 4+ apa™ for some k < m, where a; € A for each i and ag, a,, #
0. Since z is unit and AN I = 0, we may assume that £ = 0 and
a = ap+ -+ apx™, where m > 0 and ag,a,, # 0. Set J = {r €
Alr+mrmz+- - +rpz™ € [ for some ry,--- 7, € A} and note that
J is a Poisson ideal of A. Given any h € H, let \;, be the h-eigenvalue
of x. Since [ is H-stable, h(r + rmz + -+ + rpa™) = h(r) + (h(r1) +
M)z + -+ (h(rm) +mApry)z™ € I, and so h(r) € J. Hence J is an
H-Poisson ideal of A, and thus either J =0 or J = A; by our choice of
a, 1 € J. Thus we may assume that a = 1+ayx+--- ,a,z™. Since [ is
H-stable, g(a) = (g(a1)+cai)x+---+(g(am)+mca,,)x™ € I, which has
the length less than a, hence g(a) = 0 and g(a;)+ica; = a(a;)+ica; =0
for each i = 1,--- ,m. Now, {a,z} = a(a1)z? + - - - + a(a,)z™ " is an
element of [ with the length less than a. Hence a(a;) = 0 and thus
a; =0 for alli =1,--- ,m. It follows that a = 1 € I, a contradiction.

As a result, A[z*!; ], is H-simple. O

LEMMA 4.3. Let B = Aly; of,|x; B],, where A is a prime Poisson
algebra and both o and 3 are Poisson derivations, such that f(A) C A
and B(y) = cy for some ¢ € k, and that H is a group of Poisson
derivations on B such that A is H-stable and y, x are H-eigenvectors. If
there exist f, g € H such that f|a = a with f(y) = ay and g|a), = B
with g(x) = bx for some a,b € k*, and if A is H-simple, then

(a) Bly~'l[«="], B/{y, =), (B/{y))[x™"], and (B/(x))[y~"] are H-simple.
(b) B has only four H-prime Poisson ideals 0, (y), (z), (y, x).

Proof. (a) Note that
Bly™ = Ay alylw: . Bly '] = Aly™alp[a™ ),

By Lemma 4.2, A[y*!; a], is H-simple. Now apply Lemma 4.2 twice to
obtain that Bly~][z~!] = A[y*'; a],[=*!; 3], is H-simple.
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Since B/(y,x) =g A, it follows that B/(y,z) is H-simple. Next,
the Poisson algebra (B/{y))[x7!] &y A[z*!; (], is H-simple by Lemma
4.2. Analogously, (B/{x))[y~!] &x Aly™!;a], is H-simple.

(b) Clearly, 0, (y), (x), (y, ) are all H-prime Poisson ideals. Sup-
pose that P is a nonzero H-prime Poisson ideal of B. The extended
ideal P¢ = PBly'|[z™'] contains the multiplicative identity because
Bly™'|[x7!] is H-simple. Thus, y'z’ € P for some 4, j and thus P con-
tains y or x since (y) and (x) are both H-stable Poisson ideals of B.
If z € P then P/(z) is an H-prime Poisson ideal of B/(z), and thus
P = (z) or P = (z,y) since (B/{z))[y~'] is H-simple. Analogously, if
P contains y then P = (y) or P = (x,y). As a result, B has only four
H-prime Poisson ideals 0, (y), (x), (y, x). O

LEMMA 4.4. Let B = (A;«, 3, ¢c,u) = Aly; alp[z; 5, 6], be the Pois-
son algebra given in Proposition 2.2. Assume, in addition, that A is
a prime Poisson algebra, a(u) = du, $(u) = —du for some d € k
with ¢ +d # 0 and 0 # 6(y) = u € A is Poisson normal in B. Set
z = (¢c+ d)yr + d(y). Let H be a group of Poisson derivations on B
such that A is H-stable and y,x and z are H-eigenvectors. Suppose
that there exist f,g € H such that f|a = o with f(y) = ay for some
a € k* and g|agy), = 3" with g(y~'z) = by~'z for some b € k*. If A
is H-simple, then
a) d(y) is invertible in B.

.

b) no proper H-stable Poisson ideal of B contains a power of y.
c) Bly~Y[z7Y], B[z7'] and B/(z) are H-simple.
d) the only H-prime Poisson ideals of B are 0 and (z).

D~

Proof. (a) Since 0(y) = {y,x} — cyx is H-eigenvector and Poisson
normal, (§(y)) is an H-stable Poisson ideal of B. Thus I = (d(y)) N A
is a nonzero H-stable Poisson ideal of A, and hence 1 € [ since A
is H-simple. In particular, 1 € (§(y)) and so 6(y)B = (§(y)) = B.
Consequently, §(y) is invertible in B.
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(b) Suppose that P is a proper H-Poisson ideal of B such that y/ € P
for some j > 0. Whenever 4/ € P for some j > 0, we have that

3y o(y) = 0(y’) ={y’ a} = B () = {y/, 2} — jey'z € P,

and hence y’~! € P since §(y) is invertible in B by (a). The repeated
applications of the above argument guarantee that y € P. Therefore
d(y) ={y,z} — cyxz € P, and thus no proper H-Poisson ideal contains
a power of y since 0(y) is invertible in B by (a).

() Note that Bly™'] = Aly*; ], [y~'z: 7], and
Bly =] = Al al [ 8y glagi, = 5.

Applying Lemma 4.2 yields that both A[y*!; a], and A[y*!; al,[(y~12)*;
are H-simple, so Bly~!|[z7!] is H-simple.

Let P be an H-prime Poisson ideal of B[z7!]. Then P is induced
from an H-prime Poisson ideal P of B disjoint from {27 | j = 0,1,--- }.
By (b), P contains no 3’. Suppose that P contains some y°z7. Since z
and y are Poisson normal and H-eigenvectors and the hypothesis, we
have that y' € P or 2/ € P, a contradiction. Thus P is disjoint from
the multiplicative set generated by y and z. Hence the extension P°¢ to
Bly~'[z7"] is an H-prime Poisson ideal. Since B[y~'][z7'] is H-simple,
P¢ =0, and so P = 0, so P = 0. Thus B[z~'] contains no nonzero
H-prime Poisson ideals.

If I is a proper H-Poisson ideal of B[z7!| then I is contained in a
prime Poisson ideal P of B[z7!]. Set Q = (P : H) the largest H-stable

Poisson ideal contained in P. If [ and J are H-stable Poisson ideals
such that IJ C @ then either I C P or J C P, and thus either I C @)

or J C . It follows that ) is an H-prime Poisson ideal such that
I C Q C P. Since B[z7'] does not have a nonzero H-prime Poisson
ideal, we have that I = Q = 0. Hence, B[z"!] is H-simple.

Bl
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Note that (z) is a Poisson ideal of B since z is Poisson normal, and
zBly~!] is also a Poisson ideal of B[y~!]. Observe that

(B/{z))ly~"] =u Bly™']/(2B[y™"])
= Aly™alply ™'z 8,/ (2Aly™; alply ™2 8,)
=H A[yil;a]p.

Thus (B/(z))[y~!] is H-simple by Lemma 4.2. Denote by b the canon-

ical homomorphic image of b € B in B/(z). Since yT = —(c+d)"'d(y)
and 6(y) is invertible in A by (a), ¥ is invertible in B/(z), and thus
B/{z) = (B/{z))[y~'] is H-simple.

(d) Clearly 0 is an H-prime Poisson ideal of B since B is a prime
Poisson algebra. Further, (z) is H-stable and prime Poisson since z is
an H-eigenvector and Poisson normal in B. Now, let P be an H-prime
Poisson ideal of B. If P contains no z° then P extends to an H-prime
Poisson ideal P of B[z~']. Since B[z~!] is H-simple by (c), P = 0, and
so P = 0. Assume that P contains some z’. Then z € P since (z) is an
H-stable Poisson ideal and P is an H-prime Poisson ideal. Thus 0 and
(z) are the only H-prime Poisson ideals of B since B/(z) is H-simple
by (c). O

DEFINITION 4.5. Given an admissible set T of A,, let Ny be the
subset of P,, defined by
(a) y1 € Np if and only if y; € T
(b) 1 € Nr if and only if z; ¢ T
(c) fori>1,€Q; € Npifand only if Q;_; ¢ T and Q; ¢ T
(d) fori>1,y; € Npif and only if Q;_; € T and y; ¢ T
(e) fori > 1, z; € Nrif and only if Q;_y € T'and z; ¢ T

C

THEOREM 4.6. For an admissible set T', let Er be the multiplicative
set generated by Nr.

(a) Ern(T) = ¢.
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(b) AT = (A, /(T))|E;'] is H-simple.

Proof. (a) It follows immediately from Proposition 3.5.

(b) We proceed by induction on n. Let n = 1 and we will apply
Lemma 4.3 (a). By Remark 3.2, 4; = (k, 0,0, —¢1,0) = k[y1; 0], [x1, £1],,
where (1(y1) = —q1y1, and consider f = (1,1),9 = (—¢1,1) € K. Then

g acts as 5 on A; and g(z) = x. There are four possible cases for T":

¢7 {y1> Q1}7 {I1> Q1}7 {y1> Ty, Ql}

Hence AT is one of the forms Arly Y[z, (A1 /(1)) [:El_l], (Ay/{x1)) [yl_l],
Ai/(y1,z1). Applying Lemma 4.3 (a), AT is H-simple.
s

n—1

Suppose that n > 1 and A
S C P,_1. Note that

is K-simple for any admissible set

An = An—l[yn; an]p[fn; ﬁn, 5n]p = (An—l; Qp, ﬁn, —dn, _Qn—l)
O‘n(_Qn—l) = pn(_Qn—1)> ﬁn(_Qn—l) = _pn(_Qn—l)
by Remark 3.2 and Lemma 3.3. Given an admissible set T of A,,, set

T' =T NP,_1 and let I be the ideal of A,_; generated by T”. Then,

since [ is {au,, Bn, On }-stable, we have the following K-equivalence:

An/IAn =K (An—l/l) [yn§ an]p[zm Bm 5n]p>

where 6, = 0if Q,_; € T’, and thus we have

(An/TAW)E7] 2K (Ana1/DIER | [Yn; Talplzn; By, 0nlp.
Set A= (A,_1/I)[E;] and S = T\T'. Then (T) = I A, + (S) and

An/(T) =k (An/1A) [ ((T) /1 An)

An/<T>[E1_“’1] =i AlYn; Wnlp|Tn; ﬁmgn]p/<5>'
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Let E be the multiplicative set generated by N7\ (N7 NP,—1). Then
An/(D)EDY = An/(T) B[ E7Y
= (Alyn; Tnlp[n; B, Onlp/ (S))[E].

In order to apply Lemma 4.3 and Lemma 4.4, we will define the
necessary elements of K. Set

f= (VInapn — YinsV2ns Pn — V2ns s Yn-1,00Pn — Yn—1,ns Ly Pn — 1)
9= (=01 = Mns @ = Pn+ Vin, —@2 = V2n: G2 — Pn + Yon, "+

— (Qn—-1 — ’7n—1,n> gn—1 — DPn ‘I’ ’7n—1,n> —4n,qn — pn)

Then f,g € K and f|a, , = an, f(yn) = Yn, f(zn) = (pn — 1)z, and
9l 4nslynianly = B 9(xn) = (@n — Pn)xp. Note that (—gn + pn)ynn —
Q1 = —Q, and g(—y,, ') = (g — pu)(—y, ' Q). As defined, 1 and
(n — Ppn are NONzero.

There are five possible cases for S:

o, {Qn}> {men}a {ZEan}a {ymzan}-
If S = ¢ then (S) =0, and if Q,,_; € T”, then E is generated by y,, and

Zp, so that

AZ =i (Alyn; OnplTn; Bnagn]p/<5>)[E_1]

since 8, = 0. Applying Lemma 4.3 yields that A? is K-simple. If
Q,_1 ¢ T' then E is generated by ,, and AL = (Aly,; @nlp[@n; B, 0nlp) [
is K-simple by Lemma 4.4.

If S={Q,} then Q, 1 ¢ 7" and E = {1}, and so

Ag; =i (Alyn; OnplTn; Bnagn]p)/<Qn>
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is K-simple by Lemma 4.4.
If S = {yn,Q} then (S) = (y,) and F is generated by z,. Further

0, = 0 since Q,,_; € T" and
AT 2 (Alyn; Tnlpln; By, 0nlp/ (9)) [z,

= (Alyn; QnlplTn; Bulp/ () 2]

is K-simple by Lemma 4.3.
If S = {x,, Q,} then (S) = (z,) and E is generated by y,,. Moreover

0, = 0 and
AT 2k (Alyn; Tlpln; By 0nlp/ (S)) [y ']

= (Alyn; Qnlp[rn; Bulp/ (@a)) [y, ']

is K-simple by Lemma 4.3.
Lastly, if S = {yn, 2, 2, } then Q,_y € 7" and E = {1}, and so

AZ 2 (Alyn; Onlplrn; Bn]p)/(ym Tp)

is K-simple by Lemma 4.3. Therefore we conclude that A% is K-simple

for every admissible set 7. O

LEMMA 4.7. Let P be a K-prime Poisson ideal of A,,. Then T =
P NP, is an admissible set.

Proof. For convenience, set 29 = 0. Suppose that y; € T, 1 =
1,---,n. Then Q;_y = {z;,y;} — qyiz; € P and Q; = (¢; — pi)yiwi +
Q;_1 € P by Lemma 3.3. It follows that if y; € T then €;,Q; 1 € T.
Similarly, if x; € T, i = 1,--- ,n then €;,Q;_y € T. Conversely, sup-
pose that €, € T,i=1,--- ;n. Then (¢;—p;)yiz; = —Q_1 € P.
Since y; and x; are both K-eigenvectors and Poisson normal modulo
(1), we have that (y;, €;_1) and (z;, ,_1) are K-stable Poisson ideals
and (y;, _1)(x;,%_1) C P, and hence we have y; € P or z; € P.
Therefore, if €;,€;_1 € T, v = 1,--- ,n then y; € T or x; € T. It
follows that 7" is an admissible set of A,,. O
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THEOREM 4.8. Every K-prime Poisson ideal of A,, is generated by
an admissible set.

Proof. Let P be a K-prime Poisson ideal of A,, and let T'= P NP,.
Then T is an admissible set by Lemma 4.7 and P/(T) is a K-prime
Poisson ideal of A,,/(T"). By definition, Ny NT = ¢ and so NN P = ¢,

and hence N+NP/(T) = ¢, where each element of N7 is Poisson normal

in A,/(T). Recalling that Er is the multiplicative set generated by
Nr, we have that Ep N P/{T) = ¢. Hence (P/(T>)[ET_1] is a K-prime
Poisson ideal of AL, and so (P/(T>)[ET_1] = 0 since AT is K-simple

n?

by Theorem 4.6. Therefore, P/(T) =0, so P = (T). O
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