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THE ITO INTEGRAL WITH RESPECT TO ANALOGUE
OF WIENER PROCESS

Kun Sik Ryu*

ABSTRACT. In this note, we define the It6 integral with respect to
analogue of Wiener process and investigate its various properties
and examples.

1. Introduction

The stochastic integral was first defined by Ito [3]. It was based
on the standard Brownian motion or the Wiener process. Later, it was
extended to arbitrary local martingales and semimartingales by the work
of Doob, Motoo, Watanabe and Meyer, among others. Many physics,
genetics and economics models take the form of stochastic differential
equations associated with the It6 integral. In 2002, the author and Dr.
Im presented the definition of analogue of Wiener space, a kind of the
generalization of the concrete Wiener space, and its properties [6].

In this note, we will give the definition of the It6 integral with respect
to analogue of Wiener process, associated with probability measure ¢
and will search various properties of it.

2. Analogue of Wiener process and martingales of analogue
of Wiener process

In this section, we introduce the definition of the analogue of Wiener
process and investigate the martingale properties of it.
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Throughout this note, let T be a positive real number, let C[0,T] be
the space of all continuous functions on a closed interval [0, 7] with the
supremum norm ||zfjec = supycpo|®(t)], let ¢ be a probability Borel
measure on R and let my be the analogue of Wiener measure on C[0,T]]

[6].

REMARK 2.1. When ¢ is a Dirac measure dg at the origin in R, mg
is the concrete Wiener measure, this measure is denoted by m,,.

DEFINITION 2.2. The analogue of Wiener process AW, with respect
to a probability Borel measure ¢ is the stochastic process on (C[0, T, B(
C[0,T]), mg) and [0,T] defined by AWy(t,z) = z(t) for (t,x) € [0,T] x
clo, 7).

REMARK 2.3. (1) When ¢ is a Dirac measure dy at the origin in R,
AWs, = W is a Wiener process. When ¢ is a Dirac measure ¢, at the
point p in R, AW is a Brownian motion started at p.

(2)(Normal increments) For 0 < s < t < T, AWy(t) — AWy(s) has a
normal distribution with mean 0 and variance ¢ — s.

(3)(Independence of increments) For 0 <u <v <s <t <T, AWy(t) —
AWy (s) and AWy(v) — AWy (u) are independent. In Wiener process
case, for 0 < s <t < T, W(t) — W(s) is independent of the past, that
is, W(u), 0 < wu < s, but in the analogue of Wiener process, we can not
say that for 0 < u < s <t < T, AWy(t) — AWy(s) and AWy(u) are
independent.

(4) From the definition of analogue of Wiener measure, E((AWy(t) —
AW, (5))?) = t—s, B((AW4(8)~AW,s(s))?) = 0, E((AW,(t)~AW,(s)))
=3(t—s)2for 0<s<t<T.

(5) (Continuity of paths) AWy(t), 0 < t < T are continuous functions
of t.

(6) The covariance function Cov(AW(t), AWg(s)) of AWy(t) is min{s, ¢}

+ [p uPdo(u) — [ [ ud(u)]? if [ u?dp(u) is finite.

THEOREM 2.4. The quadratic variation [AWy, AW|(t) of analogue
of Wiener process is t mg-a.s. for 0 <t <T.

Proof. 1t suffices to show that [AW,, AWy|(t) = lim Z?ZI(AW(z,(t?)

— AWy (t71))* = t mg-a.s. where for each n, ¢! = . Let T, =

Z?zl(AW(b(t?) — AWy(t? 1))? for each n. By Remark 2.3 (4) in above,
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2

so Var(T,) = s=. Hence ) 7, Var(T,) = 2t* < oco. Using the
monotonic convergence theorem, we have E(> o (T, — E(T,))?) < oo.
Hence, T;, —t — 0 mg-a.s. as n — oo, as desired. O]

THEOREM 2.5. If [, |u|d¢(u) is finite then AWy(t) is a martingale, if
Jg u*d¢ (u) is finite then AW (t)* —t is a martingale and if [, €™ d¢(u)

2
rAW, (t)— 5t

is finite then e 2 is a martingale.

Proof. Let F; be the information about the process AWy up to time
t, that is, F; is the smallest o-algebra that contains sets of the form
{z|la < AWy(s,xz) < B} for 0 < s <t and o, 3 € R. By the definition,
E(|AW4(t)]) < 2v2m + 5 |uldp(u) < co. We claim that E(AWy(p +
t) — AWy(t)|F:) = 0 for any p > 0. For ¢ = (to,t1,ta, - ,t,) with
0=ty <ty <ty <---<t,=t,let Jo: C[0,T) — R"! be a function
with J{z) = (x(to), z(t1), z(t2), - ,x(ty)) and let Bj(j =0,1,2,--- ,n)
be in B(R). Then letting T' = J= ' ([Tj_ B;) and let t, =t + s,

/(AW¢(s+t z) — AW,y(t,2))dmy(x)

o b LT e
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LR () — uy1)?
rexp{—3 Z W}dun+ldun - duyd(up)
7j=1
=0
= / 0dmeg(x),
Tr

so putting M = {T'|I" is in F; and [.(AWy(s+t,x) — AW,(t, z))dme(x)
=0 = [ 0dmg(x)}, M is a o-algebra contains all subsets of the form
thl(H?:O Bj). Hence, E(AWy(s +t) — AWy(t)|F;) = 0 for any s > 0.
Therefore, we have E(AWy(s + t)|F) = E(AWy(t)|F) + E(AW,(s +
t) — AWy(t)|F;) = AWy(t). Thus, we obtain AWyg(t) is a martingale.
Since E(|AWy(t)2—t]) < E(AW,(t)?) +t = 2t+ [ u?d¢(u) < oo because
Jg u?d¢(u) is finite, it remains to show that E(AWy(s+1t)? —(s+t)|F) =
AWy(t)? — t. By the essentially same method as in the proof of a mar-
tingale of AWy(t), we have E((AWy(s +t) — AWy(t))?|F) = s. So

E(AWy(s +t)?|F)

= E(AWy(1)*|F2) + 2B(AW, (1) (AWy(s +t) — AWy(1))|Fr)
+E((AWy(s +t) — AW(t))?| Fr)

= AW,(t)? + 2AW,(8) E(AWy(s + t) — AW,(1)|F2) +

= AWy(t)* + s.

By subtracting ¢t+s from both sides in above, we obtain E(AWy(s+t)%—
7‘2
t|F) = AW, (t)? —t. Lastly, we prove that e AWs (D=3 i5 5 martingale.
7‘2
From the elementary calculus, E(e”AWMt)_Tt) = [pe™do(u) < co and

for T' = J=H(TTj—y Bj);

/ AW, (=AW (1) gy (1)
I

7(Un4+1—Un)

b LS =
1n—i—l

. 2
cexp{—= Z M}dunﬂdun - duyd(u)
2 = ti —1t51
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/30/31 /ﬁ 27rt]—tj 1))6322

cexp(— 3 W, dusd(uo)

ot =t

37"2
= / e 2 dmg(x),
r

2
we have E(e"(AWs(t+s)=AWs(1)| £} = ¢*5 . Hence

E(er(AW¢(t+s)—%) |ft)

(t+5)r?

_ E(er AW¢(t+s)|ft)€— 5
— & AW(t) (AW (t+5) = AWo(1) | £,) o _Gtor?
tr

2
= 67‘ AW¢(t)_T

)

as desired. O

THEOREM 2.6. The analogue of Wiener process AW, with respect to
a probability Borel measure ¢ possesses Markov property if fR eldeg(u)
is finite.

Proof. Let F; be the information about the process AWy up to time
t. For T = J- ' ([Tj= B));

/ u(AW¢(s+t)—AW¢( ))dm¢( )

L Lt
By /By n =1 tj— 1) 27s

n+1

1 wi —ui_q)?
-exp{—f Z (tjj_éi)}dunﬂdun -+~ durd(ug)

1 su?
L e
By J B1 noj=1 271' t]—t]_l)
n

. exp{—% Z M}dun - duydé(uo)

=t =t

= [ ¢ dmo(a),
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2
we have E(eu(AW¢(t+S)—AW¢(t))|f't) — e 2 . Since AW¢(t + 5) — AW¢(t)
has a normal distribution with mean 0 and variance s, that is, the mo-
2

ment generating function of AWy(t+s) — AWy(t) given AWy (t) ise 2 .
So

E(euAW¢(t+s) |-7:t)

_ euAW¢(t)E(eu(AW¢(t+s)fAW¢,(t)) ‘Ft)

— el AWd’(t)E(eu(AW¢(t+S)_AW¢(t))’AW¢(t))

= E(e" et AWy (1)),
which is what had to show. O

3. The Ito6 Integral on the Analogue of Wiener Space

In this section, we present the definition of the It6 integral with re-
spect to analogue of Wiener process and establish the existence theorem
for this integral.

Firstly, we consider the It6 integral with deterministic simple process
X (t), which is a function of ¢ and does not depend on AWy(t).

DEFINITION 3.1. We say that a stochastic process X (t) is a de-
terministic simple process provided that there exists a partition 0 =
to <t < tp < -+ < t, = T and constants cg,c1,co, -+ ,cp_1 such
that X(t) = coxp,(t) + Z:‘;l CiX(ti t:11)(t) Where x4 is the char-
acteristic function associated with A. The It6 integral with respect
to analogue of Wiener process fOT X(t)dAWy(t) is defined as a sum

Jo X(6)aAW(1) = Y0 ci( AW (tir) — AW(t:)).

EXAMPLE 3.2. 1) In the definition in above, E(f, X (t)dAWy(t)) = 0
and Var([;] X(6)dAWy(t)) = S0y 2 (tiv1 — i)
2) Let ¢ have the standard normal distribution. Then AWy(t) has
the normal distribution with mean 0 and variance 1 +t. Let X(¢) =
2 ,0<t<1
0 ,1<t<2 . Then [ X(t)dAWy(t) has the normal distribu-
1 ,2<t<3
tion with mean 0 and variance 5.

DEFINITION 3.3. We say that a stochastic process X(t) is a sim-
ple process provided that there exist a partition 0 = tg < t1 < t3 <
.-+ < t, =T and random variables &y, 1,82, - ,&u—1 such that X (¢) =
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fOX[to,tﬂ(t) + Z?:_ll {ix(thtiﬂ](t) where for all i (0 <i <n-—1), E(fzz)
is ﬁnite The It6 integral with respect to analogue of Wiener process

fo (t)dAW,(t) is defined as a sum fOT X (t)dAW,(t) = S 1) &i(AW,
(z—l—l) AW(Z)( ))

Using essentially the same method as in the theory in Brownian mo-
tion calculus and the proof of theorems in above, we obtain the following
theorem.

THEOREM 3.4. Under the deﬁnition in above E(fOT X(t)dAW4(t)) =
0 and E(| fo (t)dAW (1) fo 2)dt.

DEFINITION 3.5. Let ( n) be a sequence of simple processes con-
vergent in the probability measure mg to the process X (t). If the se-

quence fo n(t)dAW4(t) ) converges in the probability measure my
then we say that the It6 integral with respect to analogue of Wiener
process assomated with ¢ exists and that limit is taken to be the inte-

gral fo (t)dAW4(1).

EXAMPLE 3.6. We want to calculate fOT AWy4(t)dAWy(t). For 0 =
ty <t <ty < o<ty =T, let Xn(t) = AWs(0)x(mm (t) +
sl AW, () x (12, i (t ). Then for n, X, (t) is a simple predictable
process. By the Continmty of analogue of Wiener paths, for fixed ¢,
nlln;OXn(t) = AWy(t) me-a.s. as mazx{t] —t}' ;|1 <i <n} — 0. Then
the Ito integral of X,,(t) with respect to AWy(t) is given by

T
/ Xo(t) AW, (1)
0
n—1

= AW () (AW(t1) — AW(E)
i=0
= Law, )2 = aw, (002 1n_1AW" AWy (t1))?
5( 5(T)" — AW,(0) )+§Z( o(ti1) — AW (t7))".
i=0
From Theorem 2.4, we obtain

/ AW, (aaw,
0
T

= lim [ X, (t)dAW,(t)

n—oo 0

= SAW(T)? — AW, (0" ~ 7).
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Here, if we take ¢ = 4, then we have fOT AWy (t)dAW,(t) = 2 (AW, (T)?
—p? =T).
DEFINITION 3.7. Let Li[O, T be the space of all stochastic processes
X(t,x) on [0,T] x C[0,T] with fC[o T]{f()T X (t,z)%dt}dmy(x) < oo.
From the essentially same method as in the theory in Brownian mo-

tion calculus, we obtain the following existence theorem for It6 integral
with respect to analogue of Wiener process.

THEOREM 3.8. (Existence theorem for Ité integral) If X is predictable
in L? 510,77 then the It6 integral fo (t)dAW,(t) with respect to ana-
logue of Wiener process associated with ¢, exists.

The following theorem results from Theorem 2.4.

THEOREM 3.9. Suppose X is predictable in L3[0,T]. Then E( [ X (t)
dAWy(t)) = 0 (Zero mean property) and

/X )AAW(t) /E

(Isometry property).

EXAMPLE 3.10. In Example 3.6, AW, is predictable and if [, u*d¢(u)
is finite then AW, is in L2[0, T]. And E(f,” AW,(t)dAW,(t)) = LE(AW,
(T)*— Aqu(O)2 T)=3lE (AW¢(T)2)—E(AW¢(0)2)—E(T)] = 5l(fpv?

dp(w) — Jputdp(u) — T] = 0 and E([f; AWy()dAW,(1)]?) =
fo (AW ( )2)dt = 1T2 + TfR w?do(u) if [ udg(u) is ﬁnite Remark
that from the definition of mg, E fo AWy (t)dAW,(t) %

do(u) 46T [ u?de(u)+3T?) + [ utde(u)+T% 2T [, 2d¢ ) 272 —
2T [z u?dp(u) — 2 [putdd(u) + 2T [ uld(u)] = 3T% + T [ u?dp(u) if
Jg u*dé(u) is finite.

THEOREM 3.11. Let X be predictable in Lé[O,T} and for 0 <t <
0 ,t=0
T, let Y(t) = hmfo wdAWy(u)  0<t<T  Tpey v(1) is
o dAw¢< W L t=T

a continuous zero mean square integrable martingale and [Y,Y](t) =

fot X (s)%ds. Here, Y (t) is called the It6 integral process with respect to
analogue of Wiener space, associated with ¢.
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Proof. Since X is in Lé [0, T, from Holder’s inequality, Fubini’s the-
orem and the isometry property, we have E(|Y (t)|) < VE(Y (t)?) =

\/fg E(X(u)?)du = \/fc[()’T}(ng(s,ac)st)dm¢(m) < oo. Let F; be

the information about the process AWy up to time ¢. By the zero mean
property, E ftX dAW¢( )| Fs) =0 for s < t sofors <t, E(Y(t)|Fs)

= E( f(] dAW¢ ) + f X(u dAW¢ f(] dAW¢( ) =

Y (s) Wthh implies that Y'(¢) is a contlnuous Zero mean square 1ntegrable
martingale. Moreover, [Y,Y](t) = E(Y (t)?) — [E(Y fo 5)%ds
from the zero mean property and the isometry property ]

4. It6 formula for the Analogue of Wiener Process

In this section, we will drive the It6’s formula for the analogue of
Wiener space.

From essentially the same method as in the theory in Brownian mo-
tion calculus and Remark 2.3, we obtain the following lemma.

LEMMA 4.1. Suppose g is bounded continuous and ({t]'}l" ) is a

sequence of partitions of [0,t] for 0 < t with lim max{t] —tI' ;|i =
n—oo

1,2, n} = 0. Then for any 6} in between AW(t} ;) and AW(t),

Jim ZZ o GO AW (12 1) — AW4(t)] fo (AW(s))ds in probabil-

1ty measure mg.

THEOREM 4.2. ( It6’s formula for the Analogue of Wiener Space) If
f is twice continuous]y differentiable, then for 0 < t < T, f(AW(t))
= f(AW¢ + fO f/ AW¢( ))dAW¢ 5 fO f” AW¢( ))dS

Proof. Let {tI'}", is a partition of [0 t] with hm max{t] —tI" ||i =

1,2,---,n} = 0. Then f(AWy(t)) = f(AW;(0 DNt Zz‘:o[ (AW (t1))—
(AW¢,(t"))] and by Taylor’s formula, for n and i there is 6! in be-
tween AWy (t!" ;) and AWy (t!") such that f(Aqu(t?H)) f(AW(b(t?)) =

AW () F AW (#2,1))~ FAW, ()] 37" (B[ AW (t2,1)— AW,
(). So FAW,(1)) = (AW, () I (AW()LI(AWy(#1))~
FOAW(E))] +4 0 161 [AW,(t2,,) — AW,y ()]2. Taking n — o,
by Lemma 4.1, we have FAW,(t)) = f(AW4(0))+ fg ' (AWy(s))dAW
+ 5 Jo S (AW(5))ds. 0
DEFINITION 4.3. Stochastic process Y (¢) is called the Itd process with
respect to analogue of Wiener space, associated with ¢ provided that
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for any 0 <t < T, it can be represented as Y (t) )+ fo s)ds +
fo 5)dAW4(s), where the stochastic process p and o Satlsfy conditions:
1. p(t) is adopted and fo lu(t)|dt < oo me-a.s.

2. o(t) is predictable and fo lo(t)|dt < oo mg-a.s.

EXAMPLE 4.4. 1) By taking T = ¢ in Example 3.6, we obtain [} AW¢ s)
AW, (5) = HAW,(0: ~ AWG(0 1) s0 AW,(0)? = AW (0)° 4 [y ds
2 [ AWy(s) dAW,(s). Hence puttlng Y(t) = AW¢,( )2, u(s) = 1 and
o(s) = 2AWy(s), V() = Y(0) + [ u(s)ds + [ o(s)dAW,(s).

2). If [pe"do(u) is finite then fC[OT fT AWs O dt)dmy(x) = 2(

e
1) [ge" dp(u) < oo, so fo eAWs(dt is finite mg-a.s. Letting Y (t) =
eAs() by Tt6 formula for the analogue of Wiener space, we have
eAW¢,() eAW(0) 4 1 ft AWy (s dS—l—ft AW AW 4(s).

REMARK 4.5. Along the parallel method as in the proof of the exis-
tence and unlqueness theorem for solutions of Y (¢ 0)-+ fo

ds + fo Y(s)) dAWy(s) in [2] we can prove easﬂy the followmg fact
: Suppose that

1. The functions u(t,u) and o(t,u) are measurable for ¢ in [0,7] and u
in R,

2. There exists a constant K such that for all ¢ in [0, 7] and u,v in R,
[t 0) — (e, 0) |+ o (t,w) — o (¢, 0)| < Klu—v| and p(t, 0)? +o(t,u)? <
K?(1 —u?), and

3. Y(0) is independent of AWy(t ) for t > 0 and E(Y(0)?) < co. Then
there is a solution Y (¢) of Y () ) + fo s)ds + fo s)dAW4(s),
defined on [0, 7] which is contlnuous w1th probablhty 1, and such that
supyeio.r] E(Y (t)?) < oo. Furthermore, a solution With these proper-
ties is pathwise unique, that is, if X and Y are two such solutions,

P(supseor) [ X (8) =Y (8)] = 0) = 1.

r
2
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