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THE TOEPLITZ OPERATOR INDUCED BY AN
R-LATTICE

S1 Ho KaNGg*

ABSTRACT. The hyperbolic metric is invariant under the action of
Mobius maps and unbounded. For 0 < r < 1, there is an r-lattice
in the Bergman metric. Using this r-lattice, we get the measure .,
and the Toeplitz operator T} and we prove that T}, is bounded
and T}, is compact under some condition.

1. Introduction

1
Let dA = —dxdy denote the normalized Lebesgue area measure on
T

the unit disk and for a > —1, let dAq(2) = (a+1)(1 — |2|*)*dA(z). For
p > 1, the weighted Bergman space AL consists of the analytic functions
in LP(D, dA,). Then A2 is closed in L?(ID, dA,) and for each z € D, there
is a reproducing kernel K¢ in A2 such that f(z) =< f, K2 > for all

f € A2, where K¢(w) = —. Moreover, we get the orthogonal

(1—zw)*"
projection P, from L?(DD, dA,) onto A2 defined by P,(f)(z) =< f, K& >
for all f € L*(D,dA,), where the norm || - ||, , and the inner product
are taken in the space L*(D,dA,).

Let Aut(D) be the set of all M6bius maps of D, that is, each element
of Aut(D) is bijective and analytic. By Schwarz lemma, ¢ is a Mdbius
map if and only if there is a unit modulus constant A and a point z € D

such that p(w) = A\p.(w), w € D, where p,(w) = 12 — is a linear
fractional transformation.
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2

For a complex measure p on D and u € A7,

operator with symbol u by
(1 — Jw[*) u(w)

00G) = (o) [ B )

For f € L'(D,dA), du(z) = f(2)dA(z) is a measure with the Radon-
Nikodym derivative f. Then

T (u)(2)

we define the Toeplitz

— w2auw
@+ [ A=) wlw) b))

(1 . @Z)2+a
= Tf(u)(2),
where T%' is the Toeplitz operator with symbol f. Since L>®(D,dA)
is dense in LY(D, dA), T§ is densely defined on A%, In fact, T2 (u) =
T§(u) = Pa(uf).
By Fubini’s theorem, for two polynomials f and g,

<Tofg> = /D T f(2)g(2)dAa(2)

— 'UJ2 @ w
- [@+y / 0= Jl) J) 4 wygtidAaz)
D D

(1 —mwz)*™

= () 0=y o) [ it

— (a+1) /D (1 - [wl?)* f (w)g(@)du(w).

Since the set of all polynomials is dense in C(D), 1)y = 0 if and only if
u=0.

217
On the other hand, since P, f(z) = (v + 1)/ (1= Jwl?) f(w) dA(w)
D

(1—zw)*™
SRS AE )" (1~ fuf?)™"
a+1Jp (1 . Zﬁ)%—a-&-("f—a)
P,(L'(D,dA,)) C AL and P,(H(D)) C H(D).

In the next section, we introduce the measure induced by an r-lattice
and show that the Toeplitz operator induced by the measure is bounded
and converges to the identity operator as r — 0. Moreover, we show that
the Toeplitz operator is compact under some condition. Throughout
this paper, we use the symbol A < B (A = B, resp.) for nonnegative
constants A and B to indicate that A is dominated by B times some
positive constant (A < B and B < A, resp.).

f(w)dA(w), whenever a < 7,
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2. The main theorems
Let i be a finite positive Borel measure on D and p > 0. We say that

p is a Carleson measure for the Bergman space AL if there exists a finite
constant C' > 0 such that

[uerae < o [P
D D
for all f € AL. The Closed Graph Theorem shows that AL is contained

in LP(D,dp) if and only if the inclusion map i, : A% — LP(D,du) is
bounded. By the above observation, for any two polynomials f and g,

<Tofg>] < (a+1) / | ()9 ()| dja(w)

c /D | (w)g(w)|dAq(w)
Cllflls allgllg o

IN

IN

Here the second inequality follows from the fact tha p is a Carleson
measure. Thus 77 is bounded on A2,

The following is Theorem 7.4 in Zhu[4].

THEOREM 2.1. Suppose u is a finite positive Borel measure on D,
p>0,a>—1andr > 0. Then p is a Carleson measure for AY, if and

only if sup {% ta € ]D)} < +4o00. Here D(a,r) is a Bergman disk.
—la
Suppose 0 < r < 1. Then there exists an r-lattice {a,} in the

Bergman metric such that for each k£ there exists a measurable set Dy
with the following propertices :

(a) D(ax, 7) € Dy, € D(ag,r) for all k > 1.

(b) Dy, N Dy, = ¢ if m # n.

(C) DiUDyU---=D.

(d) Every point of D belongs to at most ci—j of the sets Q,(D;) =
{z: B(z,Dj) < a}.

o
We define p, = Z | Din|0ga,,}y, where | D] is the area of any measur-
m=1
able set D in D with respect to the normalized area measure dA. Then

Uy 18 & positive measure.
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Suppose f € A2 and z € D. Then

f(z) = Paf(z) =< f K
/ f 2+a dAa(w)
= (a+1) Z f(w)%dfl(w)
Du, (1 — zw)*™
and
o _ (1= |w[*)"
TLNE) = () [ ) w)
_ (1- ‘am‘Q)a
(a+ 1)y ——" f(am)| D
— (1 — 2Gy)
Since T2 (f)(2) = (a+1) Z F(@m)k2(am)|Dynl, this series can be con-

sidered as an approx1mat1ng Riemann sum of P,(f)(z) which is closed
to the actual integral.

THEOREM 2.2. pu, is a Carleson measure and hence T;?r is bounded
(see [1,(2]).

Proof. Suppose a,, € D(z,1) and w € D,,. Since D, C D(ap,,r),
B(w, z) < B(w, am) + Blam,z) <r+1<2 and hence

pOED) = X 1oal= Y [ daw

am€D(z,1) am€D(z,1)
< Z / dA(w) / dA(w)
DimCD(2,2) D(22)

= C|D(z,1)| for some constant C
~ DGz e

Thus p, is a Carleson measure. O
1 2
Since D(z,7) = {w € D : f(w,z) < r} = B(l 52|z\2z’ — s‘j‘lz| s),
where B(a,r) is a Euclidean disk with center a and radius r and s =tanhr,
lim |Dm|5{am} = lim | Dy, | and hence we conjecture lim [T — Il = 0.
T

We notice that 3(w, z) < r if and only if p(z,w) = )

1|
1 - zw]

tanh
_Zw‘<an()

= s. Since |1 — zp,(w)| = for all w € D(0,7) and 1 — s|z| <
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11— 2w < 1+slzl, A=|w)" =~ (1=lan)" ~ |1 — anw|® for w
€ D(am,1).
Using these observations, we get the following property :

LEMMA 2.3. f € A2 and 0 < r < 0.51850 then there exists a positive
constant Cy such that

/ Fw) = f(am) PdAn(w) < Cys? / 1 (w)PdAa(w),
D(am,r) D(am,r4)

where s =tanh(r).

Proof. Since

/ F(w) — Fam)PdAd (w)
~ (a4 1)(1 — am )" / Fw) — flam)PdA(w),

it is enough to show that it is true for / | (w) = flam)|?dA(w).
D(am,r)

S S
(1-lam|?)?’

/ Fw) — fam) PdA(w) < / F@) — [(am)PdA(w)

Dy, D(am,r)

Since for w € D(am, ), |Ka, |> ~

= [ 17060 0) = £ 0 O, () A w)
D(0,r)
1 2
N 0 @, (W) — f 0 pa,, (0)2dA(w).
ot oo 00 =T untOA)

Let F(w) = f o ¢, (w) and let s =tanh(r). Since F' is analytic, put
F(w) = anw". Since F(w) — F(0) = w Z bpyw™ ! and w € D(0,7),
n=1

n=0

o 2
[Fw) = PO)P < [w]* (D ballwl™ ")
n=1

:|w|2[§:< [bn |w|%(n*1)) (\/m,wﬁ(n*l))}
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Since >°°° (n+1)s""! is convergent and the functions y =tanh(r) and
y = (tanh(r1))? intersect at the point (0,0) and (0.51850,0.47654),
F(w) — F(0) is in L*(D,dA) and whenever 0 < r < 0.51850, 5 < (3)*
where 5 :tanh(ri). Since 0 < s < 1,

/D . F(w) — F(0)[dA(w) — /B (05)(;wa”

by |

— b t2n+1dt | 2n+2
| z» | zw

2 n n+1

5 ;2n+28

(w)

IN

and

/ |F(w)[fdA(w) = / b2+
D(0,r1)

_ Z bnl® 2ms1)
— 2n+2 -

3

Thus

/ F@w) — f(am)PdA(w) < Cis? / | 1f(w)PdA(w).
D(am,r) D(

am,r?)

for some positive constant C';. This implies the result. O

THEOREM 2.4. Let I be the identity operator on A%. Then liH(l) 11—
T—
Tyl =0

Proof. Take any f and g in A2. Then

=<f,9>—-<T;(f),9>

=2 | fwglw)dda(w) = 3 (@ + 1) @n)g(om) Dl (1 = fom[)*
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Y / (f(w) = f(am))g(w)dAa(w)
+Z  flam)(g(w) = glam))dAu(w).

since (32 [ (5w) = flam)guao(w)

1

< [Z(/ 7(0) = f(am) PdAa(w >)2(/ i)’
Z/ Flam)[2d A (w Z/ w)PdAa( ))
<cls2z/ w) o)l

am,rzf

2

< 01027Hf|’27a”g|’2,a
2

and (Z f am)(g(w) — g(am))dAa(w)>

2 2
< 01027Hf|’2,a”g|’2,a’
we get

<T-TH(g> < |3 / (F(w) — £ (@) g)dAn(w)

1Y /D o) (5T0) — gl A Ao )

L s
< 2012CTHf‘|2,aHgH2,a'
r2
Since limle, lim |[1 — T} || = 0. O
r—07r r—0 "

Consider D(a,r) N {a1,az,---}. We notice that 3(a;,a;) > & for

L=l o (D)

o = 0 whenever

i # j. Since lim ————s =0,
la| -1~ 1 — s2|a la|—1- (1— |a|2)
a < 0 and hence p, is a vanishing Carleson measure. Thus T}} is a

compact operator.

PROPOSITION 2.5. If there is t € (0,1) such that {a1,as,---} C
B(0,t) then T, ., 1S @ compact operator.
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Proof. It follows immediately from the fact that p,(D \ B(0,t)) =
0. O

COROLLARY 2.6. If dist({a1,as,---},0D) > 0 then TS is a compact
operator.

o
Let uY = Z Aa(Dm)dia,,}, Where g4y is simply the unit atomic
m=1

measure at {a}. Then p® = u,. and Ay (Dy) ~ (1 — ]ak\Z)Q—m. Since

D(ar, %) © Dy € Dlag,r), for z € Dy, (1= |z ~ (1~ Jax’)".
We notice that {Dj} is a disjoint family and |J Dy = D and hence
ZAQ(Dk) = A,(D) < oo, that is, Z (1— \ak\2)2+a < 00

k k

Suppose f € A%2. By Proposition 4.13 ([1]), there is a constant C' such
that
2 c 2
|f (ax)|” < At Jo |f (w)["dAa(w).

(1 faxf?

If inf{An(Dy,) : m € N} > 0 then {f(ag)} is in [2. Using the exactly
same arguments for a measure pu,, po is a Carleson measure and hence
Tﬁ“g is a bounded Toeplitz operator.
: o (1w fw)
Since T3, (1)(2) = (a +1) [ Fraang w),

p (1-—zw)

(Te) ™ (f)(2) = (- +1)(a+2) - (a+n+1)
(1= JwP)" fw)(@)" | .
X/D A (w).

(1-— z@)2+”+a "

Since u¢ is a Carleson measure for AL,
I(a+n+2) / (1 — w)"f (w)]
I“(a+ 1) D ‘1 o Z@‘Z—i-n—i—a
Fa+n+2) 1
>~ F(Oz + 1) (1 . |Z|)2+n+a

x( /D (1- |w|2)2adf4a(w)>é|\f||2,a-

(T2) ™ (f)(2)] dAq(w)

If a > —% then one has the inequality whenever f € A2.
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