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ON CONVERGENCE THEOREMS FOR THE MCSHANE
INTEGRAL ON TIME SCALES

Xuexiao You* and Dafang Zhao**

Abstract. In this paper, we study the process of McShane delta
integrals on time scales and discuss the relation between McShane
delta integral and Henstock delta integral. We also prove the mono-
tone convergence theorem, Fatou’s Lemma and the dominated con-
vergence theorems for the McShane delta integral.

1. Introduction

The calculus on time scales was introduced for the first time in 1988
by Hilger [1] to unify the theory of difference equations and the theory of
differential equations. It has been extensively studied on various aspects
by several authors [2-8]. Surprisingly enough, the McShane integral has
not received attention in the literature of time scales. In this paper, a
treatment of the McShane integral on time scales is given. We prove
the monotone convergence theorem and the dominated convergence the-
orems for the McShane delta integral. The McShane nabla integral may
be treated in a similar way.

2. Definitions and basic properties

A time scale T is a nonempty closed subset of real numbers R with the
subspace topology inherited from the standard topology of R. For t ∈ T
we define the forward jump operator σ(t) by σ(t) = inf{s > t : s ∈ T}
where inf ∅ = sup{T}, while the backward jump operator ρ(t) is defined
by ρ(t) = sup{s < t : s ∈ T} where sup ∅ = inf{T}. If σ(t) > t, we say
that t is right-scattered, while if ρ(t) < t, we say that t is left-scattered.
If σ(t) = t, we say that t is right-dense, while if ρ(t) = t, we say that
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t is left-dense. The forward graininess function µ(t) of t ∈ T is defined
by µ(t) = σ(t)− t, while the backward graininess function ν(t) of t ∈ T
is defined by ν(t) = t − ρ(t). For a, b ∈ T we define the closed interval
[a, b]T by [a, b]T = {t ∈ T : a ≤ t ≤ b}.

Throughout this paper, all considered intervals will be intervals in
T. A partition D of [a, b]T is a finite collection of interval-point pairs
{([ti−1, ti]T, ξi)}n

i=1, where {a = t0 < t1 < · · · < tn−1 < tn = b} and
ξi ∈ [a, b]T for i = 1, 2, · · · , n. By ∆ti = ti − ti−1 we denote the length
of the ith subinterval in the partition D. δ(ξ) = (δL(ξ), δR(ξ)) is a
∆−gauge for [a, b]T provided δL(ξ) > 0 on (a, b]T, δR(ξ) > 0 on [a, b)T,
δL(a) ≥ 0, δR(b) ≥ 0 and δR(ξ) ≥ µ(ξ) for all ξ ∈ [a, b)T. We say that
D = {([ti−1, ti]T, ξi)}n

i=1 is
(1) δ - fine McShane partition of [a, b]T if [ti−1, ti]T ⊂ (ξi−δL(ξi), ξi +

δR(ξi))T and ξi ∈ [a, b]T for all i=1,2,· · · ,n,
(2) δ - fine Henstock partition of [a, b]T if it is a δ - fine McShane

partition of [a, b]T and satisfying ξi ∈ [ti−1, ti]T.
Given a δ - fine McShane partition D = {([ti−1, ti]T, ξi)}n

i=1 we write

S(f,D) =
n∑

i=1

f(ξi)(ti − ti−1)

for McShane ∆−sums over D, whenever f : [a, b]T → R.

Definition 2.1. A function f : [a, b]T → R is McShane delta inte-
grable (McShane ∆−integrable) on [a, b]T if there is a number A such
that for each ε > 0 there is a ∆−gauge, δ, for [a, b]T such that

|S(f,D)−A| < ε

for each δ- fine McShane partition D = {([ti−1, ti]T, ξi)}n
i=1 of [a, b]T.

A is called the McShane ∆−integral of f on [a, b]T, and we write A =∫ b
a f(t)∆t or A = (M)

∫ b
a f(t)∆t.

Replacing the term McShane partition by Henstock partition in the
definition above we obtain Henstock ∆−integrability and the definition
of the Henstock ∆−integral (H)

∫ b
a f(t)∆t.

The basic properties of the McShane ∆−integral, for example, linear-
ity and additivity with respect to intervals are similar to the Henstock
∆−integral case. We do not present them here. The reader is referred
to [4] for the details.

By the definitions of Henstock ∆−integral and McShane ∆−integral
and the fact that each δ−fine Henstock partition is also δ−fine McShane
partition, we get immediately the following theorem.
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Theorem 2.2. If f is McShane ∆−integrable on [a, b]T, then f is
Henstock ∆−integrable on [a, b]T.

Remark 2.3. The following example shows that the converse of The-
orem 2.2 is not true. In other words, there exists a function which is
Henstock ∆−integrable but is not McShane ∆−integrable.

Example 2.4. Let T = {t = 1
n : n ∈ N}⋃{0} and define a function

f : T −→ R by

(2.1) f(t) =

{
(−1)nn if t = 1

n ,

C if t = 0,

where C is any constant. In [4], Allan Peterson and Bevan Thompson
proved that f is Henstock ∆−integrable on [0, 1]T but is not absolutely
Henstock ∆−integrable(i.e. both f and |f | are Henstock ∆−integrable).
In fact, if f is McShane ∆−integrable on [0, 1]T then so is |f |. Further,
we also can prove the equivalence of McShane ∆−integrl and absolutely
Henstock ∆−integrl. Since the proof is similar to the proof of Theorems
3.12.5 in [9] and hence be omitted. So we have that f is Henstock
∆−integrable but is not McShane ∆−integrable.

Lemma 2.5. (Saks-Henstock) Let f : [a, b]T → R is McShane ∆−
integrable on [a, b]T. Then for each ε there is a ∆−gauge, δ, for [a, b]T
such that

|S(f,D)−
∫ b

a
f(t)∆t| < ε

for each δ−fine McShane partition D of [a, b]T. Particularly, if D′
=

{([ti−1, ti]T, ξi)}m
i=1 is an arbitrary δ- fine partial McShane partition of

[a, b]T, we have

|S(f,D′
)−

m∑

i=1

∫ ti

ti−1

f(t)∆t| ≤ ε.

Proof. The proof is similar to the case for Henstock integrable func-
tions and the reader is referred to [9, Theorem 3.2.1.] for details.

3. Convergence theorems

Lemma 3.1. Let fn, f : [a, b]T → R. Assume that each fn is McShane
∆−integrable on [a, b]T, f(t) =

∑∞
n=1 fn(t) pointwise on [a, b]T, and∑∞

n=1

∫ b
a |fn(t)|∆t < ∞. Let sk(t) =

∑k
n=1 fn(t), then
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(1) f is McShane ∆−integrable on [a, b]T with
∫ b

a
f(t)∆t = lim

k→∞

∫ b

a
sk(t)∆t =

∞∑

n=1

∫ b

a
fn(t)∆t;

(2)

lim
k→∞

∫ b

a
|sk(t)− f(t)|∆t = lim

k→∞

∫ b

a
|

∞∑

n=k+1

fn(t)|∆t = 0.

Proof. Let ε > 0 and A =
∑∞

n=1

∫ b
a fn(t)∆t. Since A is finite, then

we can choose N ∈ N such that
∞∑

n=N

∫ b

a
|fn(t)|∆t < ε.

For each k, sk is McShane ∆−integrable and there is a ∆−gauge, δk,
on [a, b]T such that

|S(sk,Dk)−
∫ b

a
sk(t)∆t| < ε

2k

for each δk−fine partition Dk of [a, b]T.
Define a function g : RT → R by g(t) = 1

4

∑∞
n=1 2−nχ{t:n−1≤|t|<n}.

Then g(t) is McShane ∆−integrable on RT
⋃{−∞,+∞} and

∫

RT
⋃{−∞,+∞}

g(t)∆t =
1
2
.

Let δg be a ∆−gauge such that |S(g,Dg) −
∫
RT g(t)∆t| < 1

2 for each
δg−fine partition Dg of RT. Further, we have

0 ≤ S(g,Dg) ≤
∫

RT
g(t)∆t +

1
2

= 1

whenever Dg is a δg−fine partition of [a, b]T.
Since sk converges pointwise to f , for each ξ ∈ [a, b]T, we can choose

an k(ξ) ∈ N such that k(ξ) ≥ N and |sk(ξ)− f(ξ)| < εg(ξ) for k ≥ k(ξ).
Define a ∆−gauge on [a, b]T by setting δ(ξ) = (δL(ξ), δR(ξ)) such that

δL(ξ) = min{δg
L(ξ), δk(ξ)

L (ξ)}, δR(ξ) = min{δg
R(ξ), δk(ξ)

R (ξ)}
for all ξ ∈ [a, b]T.

Let D = {([ti−1, ti]T, ξi)}m
i=1 be a δ−fine partition of [a, b]T and

M = max{k(ξ1), k(ξ2), · · · , k(ξm)} ≥ N.
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Then we have

|S(f,D)−A|

= |
m∑

i=1

[
∞∑

n=1

fn(ξi)∆ti −
∞∑

n=1

∫ ti

ti−1

fn(t)∆t]|

≤ |
m∑

i=1

[
k(ξi)∑

n=1

fn(ξi)∆ti −
k(ξi)∑

n=1

∫ ti

ti−1

fn(t)∆t]|

+|
m∑

i=1

∞∑

n=k(ξi)+1

fn(ξi)∆ti|+ |
m∑

i=1

∞∑

n=k(ξi)+1

∫ ti

ti−1

fn(t)∆t|

≤ |
m∑

i=1

[sk(ξi)(ξi)∆ti −
∫ ti

ti−1

sk(ξi)(t)∆t]|

+
m∑

i=1

|
∞∑

n=k(ξi)+1

fn(ξi)|∆ti +
m∑

i=1

∞∑

n=k(ξi)+1

∫ ti

ti−1

|fn(t)|∆t

≤ |
M∑

n=N

∑

k(ξi)=n

[sk(ξi)(ξi)∆ti −
∫ ti

ti−1

sk(ξi)(t)∆t]|

+
m∑

i=1

|sk(ξi)(ξi)− f(ξi)|∆ti +
∞∑

n=N

∫ b

a
|fn(t)|∆t

≤
M∑

n=N

|
∑

k(ξi)=n

[sk(ξi)(ξi)∆ti −
∫ ti

ti−1

sk(ξi)(t)∆t]|+
m∑

i=1

εg(ξi)∆ti + ε

≤
M∑

n=1

ε

2n
+ εS(g,D) + ε

< 3ε.

It follows that f is McShane ∆−integrable on [a, b]T with

∫ b

a
f(t)∆t = lim

k→∞

∫ b

a
sk(t)∆t =

∞∑

n=1

∫ b

a
fn(t)∆t.

Finally, for k > N , we have that

|
∫ b

a
sk(t)∆t −

∫ b

a
f(t)∆t| ≤

∫ b

a
|sk(t)− f(t)|∆t
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=
∫ b

a
|

∞∑

n=k+1

fn(t)|∆t ≤
∞∑

n=N

∫ b

a
|fn(t)|∆t < ε

then
∫ b
a f(t)∆t = limk→∞

∫ b
a sk(t)∆t and

∫ b
a |sk(t) − f(t)|∆t → 0, com-

pleting the proof.

Remark 3.2. The Lemma 3.1 also holds if the interval [a, b]T is un-
bounded.

Theorem 3.3. (Monotone Convergence Theorem). Let fn, f : [a, b]T →
R and assume that

(i) fn ≤ fn+1 on [a, b]T;
(ii) fn is McShane ∆−integrable and supn

∫ b
a fn(t)∆t < ∞, n ∈ N;

(iii) fn → f in [a, b]T.
Then f is McShane ∆−integrable on [a, b]T and

∫ b

a
f(t)∆t =

∫ b

a
lim

n→∞ fn(t)∆t = lim
n→∞

∫ b

a
fn(t)∆t.

Proof. Set f0 = 0 and gn = fn − fn−1 for n ≥ 1. Then gn ≥ 0 and

lim
n→∞

n∑

k=1

gk = lim
n→∞ fn = f.

So we have that
∞∑

n=1

∫ b

a
gn(t)∆t = lim

n→∞

n∑

k=1

∫ b

a
(fk(t)− fk−1(t))∆t

= lim
n→∞

∫ b

a
fn(t)∆t = sup

n

∫ b

a
fn(t)∆t < ∞.

Consequently, from Lemma 3.1 we have
∫ b

a
f(t)∆t =

∫ b

a
lim

n→∞ fn(t)∆t =
∞∑

n=1

∫ b

a
gn(t)∆t = lim

n→∞

∫ b

a
fn(t)∆t.

Lemma 3.4. (Fatou’s Lemma) Let fn, g : [a, b]T → R+ be McShane
∆−integrable for n = 1, 2 · · · . Assume that fn ≥ g and

lim inf
n→∞

∫ b

a
fn(t)∆t < ∞.
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Then f = lim infn→∞ fn is McShane ∆−integrable on [a, b]T and
∫ b

a
f(t)∆t =

∫ b

a
lim inf
n→∞ fn(t)∆t ≤ lim inf

n→∞

∫ b

a
fn(t)∆t.

Proof. Let gn = infk≥n fk for n = 1, 2, · · · , then gn is McShane
∆−integrable on [a, b]T and gn increases monotonically to f . Since
gn ≤ fn for all n, we have

∫ b

a
g1(t)∆t ≤ lim

n→∞

∫ b

a
gn(t)∆t ≤ lim inf

n→∞

∫ b

a
fn(t)∆t.

From Theorem 3.3 we have that f is McShane ∆−integrable on [a, b]T
and ∫ b

a
f(t)∆t = lim

n→∞

∫ b

a
gn(t)∆t.

Theorem 3.5. (Dominated Convergence Theorem) Let fn, g : [a, b]T
→ R be McShane ∆−integrable and suppose that |fn| ≤ g for n =
1, 2 · · · . If f = limn→∞ fn, then f is McShane ∆−integrable and

∫ b

a
f(t)∆t =

∫ b

a
lim

n→∞ fn(t)∆t = lim
n→∞

∫ b

a
fn(t)∆t.

Proof. From Lemma 3.4 we have that f is McShane ∆−integrable on
[a, b]T. Applying Fatou’s Lemma to the sequences {fn} and {−fn}, we
have that∫ b

a
f(t)∆t =

∫ b

a
lim inf
n→∞ fn(t)∆t ≤ lim inf

n→∞

∫ b

a
fn(t)∆t

≤ lim sup
n→∞

∫ b

a
fn(t)∆t ≤

∫ b

a
lim sup

n→∞
fn(t)∆t =

∫ b

a
f(t)∆t

and the result follows.

Corollary 3.6. Let fn, g : [a, b]T → R be McShane ∆−integrable
and suppose that |fn(t)| ≤ g(t) a.e. for t ∈ [a, b]T. If fn → f a.e. in
[a, b]T, then f is McShane ∆−integrable and

lim
n→∞

∫ b

a
|fn(t)− f(t)|∆t = 0.
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