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THE FORMAL LINEARIZATION METHOD TO
MULTISOLITON SOLUTIONS FOR THREE MODEL
EQUATIONS OF SHALLOW WATER WAVES
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ABSTRACT. In this paper, the formal linearization method is used
to construct multisoliton solutions for three model of shallow water
waves equations. The three models are completely integrable. The
formal linearization method is an efficient method for obtaining ex-
act multisoliton solutions of nonlinear partial differential equations.
The method can be applied to nonintegrable equations as well as
to integrable ones.

1. Introduction

Wazwaz [1] applied the Hirota’s bilinear method for obtaining mul-
tisoliton solutions of three model of shallow water waves equations in
following forms:

The first shallow water waves equation

(1.1) Ugzt + Ul + 3Uy /wut dr —uz —up = 0.
The second shallow water waves equation

(1.2) Uget + Ul + Uy /$ Ut dT — Uggy — 6uUy — up = 0.
The third shallow water waves equation

xX
(1.3) Upat + dUU; + 3uz/ Up dT — Uy — Ugzr — OUUL — Uz = 0,
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where u = u(t,z). The aim of this paper is to find new multisoliton

solutions of three model of shallow water waves equations by using the
formal linearization method [2,3].

2. Formal linearization method

Let us consider equations of the following form

(21) L(DtaDI)u(ta .’IJ) = N[“]?
where
K M
(2:2) L(Dy,Dy) = > lmDEDY
k=0 m=0
is a linear differential operator with constant coefficients and
OP1tP24,
Nlu| = N(u,u1,uz, ..., up), up= PR p = (p1,p2)

is an arbitrary analytic function of v and of its derivatives up to some

finite order p. We suppose that Eq.(4) possesses the constant solution.

Without loss of generality we assume that

ON|0 ON|0 ON|0

N[0] =0, []:0, H:O,..., )

ou Ouy Ouy

We consider Eq.(4) in connection with the equation linearized near a
zero solution:

=0.

(2.3) L(Dy, Duywit,z) = 0
Let L be the vector space of solutions of Eq.(6) and PY C L be the
N-dimensional subspace with the basis
w; = Wiexp(ai&), & =x —sit, i=1,..,N.
Here s; and W; are some constants.The constants a; = «;(s;) are as-
sumed to satisfy the dispersion relation
f/(—aisi,ai) =0.

The subspacePY = {ZZ]\L 1 Ciw;|C; = const} is specified by the system
of N linear ordinary differential equations

dwi

d&i
We use the following notation:

1 _ 01,02 ON
w(N) —wl w2 'UJN

= ; Wy, 1= 1, ..,N.
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5= (81,82,...,0N)

N
EEDI?
=1

It is obvious that the monomials w?N) are the eigenfunctions of the
operator (5):

with the eigenvalues

K M N N
/\5 = Z Z lkm(_ Zazszéz)k(z azéz)m
k=0 m=0 i=1

=1

THEOREM 2.1. If A\s # 0 for every multiindex § with positive integer
components §; € Z4,i = 1,...,N, satisfying the condition || # 0,1,
then Eq.(4) possesses solutions connected with solutions form PN by
the formal transformation

(2.4) u= Z€n¢n(W1,w2,...,WN),
n=1
where
(2.5) bn =D (An)swiy)
|6]=n

are homogeneous polynomials of degree n in the variables w; . This trans-
formation is unique(for the first term ¢1 € PN fixed).

REMARK 2.2. Here ¢ is the grading parameter .finally we can put
e=1.
The proof of the theorem is constructive. Substituting (7) into (4),
expanding N[u| into the power series in € ,and then collecting equal
powers of ¢, we obtain the determining equations for the functions ¢,
and show that if A\s # 0,then these equations possess the solution (8)
with the coefficients (A,,)s uniquely determined through the coefficients
(A1)s by the recursion relation.Thus, the theorem gives us the method
for constructing particular solutions of Fq.(4).
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3. The first model equation for shallow water waves

In this section, we apply the formal linearization to the first shallow
water waves equation:

X
(3.1) Ugzt + JUUs + 3ux/ up dx — ug — up = 0.
Using the potential
(32) u = /UQH
Eq.(9) becomes
(33) Vgzzt + 30Uzt + VgVt — Uga — Vgt = 0.

Integrating (11) with respect to x and neglecting the constant of inte-
gration we obtain

(3.4) Vgpat + U0 — Uy — v = 0.

Thus, Eq.(12) can write in the form

(3.5) L(Dy, Dy)u(t, z) = —3v,vy,
L(Dy,D,) = D?>D; — D, — D;.

For simplicity we look for a solution of Eq.(13) in the form

(3.6) v(t,z) =Y "¢n(wr, wy),
n=1

where
S; —

1
w; = Wiexp| (z —sit)], i=1,2,

i
is the basis of the subspace P? C L(let s; and W; be some real constants).
Substituting (14) into Eq.(13) and collecting equal powers of € we obtain
the determining equations for the functions ¢,, as follows

L¢y =0,
A n—1
(3.7) Lén=-3> DutpDidny, n > 2.
k=1

These equations possess the solution ¢,, = Z|5|:n (An)gw?Q), d = (01,09),
which can be rewritten in this case in the following form

(3.8) ¢n —ZAkwlwz (61 € P?),
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the coefficients A} can be found through A} and A] (we can assume
that either A} = Al =1 or A} =0, A} = 1)by the recursion relation:
If n>2, 0 <k <n then

. n—1 n—I 51_1 32_1
Ap = SN (k —m) + (1 —k+m)]
)‘(knk 52

=1 m=0

-1 -1
[ 81\/31 m—i—sm/S2 (n—1- )]A mAZIl,
S1 S92

if k <0ork>nthen A7 =0,

51—1

M-ty = (s1—1) - k(1 — k%)
L Ln— k)1 = (n - k)?)
L D) aTn
(s 1)21 1 259) — T 2
5 .

If s <0, 81 >1and sg <0, s2 > 1, then A ,,_) # 0 for every pair
(k,n—k) withk,ne Z,n>2,0<k <n.

Thus, By (10), (14) we obtain a 2-soliton solution of the first shallow
water waves equation in the form:

e S1 — 1 S9 — 1 n n—
u(t, ) => Y k+ (n — k) Afwiwy ",

REMARK 3.1. If A} = 0, then ¢; € P! and we get form (14) the
expansion for a 1-soliton solution. For obtaining the N-soliton solution,
we must take ¢; € PN,

If A} =0, then by (14) we obtain

o0

1 n— 51— 1 n— n
U:;(—Z) Y T) Hewn)

- ewq _/s1—1 2w
141 sfhgwl V o s1 14w’

2

(3.9)
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_ € 51
where w = 5 prp

1w1.
In (¢, z)-variables we have:

-1 1 -1
o(t,x) = 5181 (1+ tanh| L7 (2 — s1t)]),

s1—1

where we assumed Wy = % prt

Therefore, By (10) we obtain exact soliton solution of the first shallow
water waves equation in the form

4. The second model equation for shallow water waves

In this section, we apply the formal linearization to the second shallow
water waves equation:

X
(4.1) Ugrt + U + 3ux/ U dT — Ugge — 6uU, — up = 0.

Using of (10), Eq.(18) becomes
(42) Vgzat + vavxt + vaacvt — VUggzx — Gvaxzv — Vgt = 0.

Integrating (19) with respect to = and neglecting the constant of inte-
gration we obtain

(4.3) Vprt + UVt — Vggr — 3(%)2 — v = 0.

Thus, Eq.(20) can write in the form

(4.4) L(Dy, Dy)u(t, z) = 3(vg)? — 3,0t
L(Dy, D) = D?>D; — D2 — D;.

The equation linearized near a zero solution has the form Lw =0, and
the space of its solutions contains the subspace P? with the basis

Si
s; +1
We look for solutions of (21) in the form (14) and obtain the determining
equation as follows:

w; = Wiexp| (x —sit)], i=1,2.

Loy =0,

n—1 n—1
(45)  Lon =30 DudkDudnr — Y _ DudpDidn k), n > 2.
k=1 k=1
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These equations possess the solution
(4.6) bn = ZAkw1w2 (¢1 € P?),

the coefficients A} can be found through A} and A} (we can assume
that either A} = Al =1 or A} =0, A} = 1) by the recursion relation:
If n>2, 0 <k <n then

l

n—1 n—
S1
Al = k—m)+ l—k+m
: knmilmﬂ“/&+1( Y et )
[ S [ 82 l n—l
—1— A A
[ Sl+1 m+ 32+1(n m)] kfm m
n—1 n—I 55
l—k
+ Y Y] ,/ —m) g =k m)]
=1 m=0
[ S1 82
[ S1 81+1m+52
if k <0ork>n then A7 =0,
31 2
k(1—-k
81\/31+1( )
59 2
—-k)(1—-(n—-k
o[ — R = = k)
B 252 + 5150 +3s1 [ s2 k2(n — k)
s1+1 so+1
22
255+ 5152+ 382 81 k(n—kz)2.
so+1 V os1+1

If s < =1, 51 > 0 and s3 < —1, s2 > 0, then A, ,_p) # 0 for every pair
(k,n—k) withk,ne Z,n>2,0<k<n.
Thus, we obtain a 2-soliton solution of the second shallow water waves

equation in the form:
(o) n S
2 k
u(t,x) = —k o
) ;Z%\/ 1/52+1(“ ) kwle

(0 — 1= m) AL, 45},

Abn—k) =
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If A} =0, then by (14) we obtain

1. s1+1,. _ ewWq
”:Z(—§)n Y )" ewr)" = ’ -
- 51 141, /8 cu
(4.7) 2V s
_ S1 2w
Vs 114w’
where w = § %wl.

In (¢, x)-variables we have:

S1 1 S1

t = 1+ tanh — s1t
where we assumed W7 = % p fjrl

Therefore, By (10) we obtain exact soliton solution of the second shallow
water waves equation in the form

1 s

2V s+1

u(t,r) = (x — st)].

5. The third model equation for shallow water waves

We finally apply the formal linearization to the third shallow water
waves equation:

X
(5.1) Ugzt + U + SUz/ Up dx — Uy — Ugpe — OUUL — up = 0,

Using of (10), Eq.(25) becomes
(52) Vegat + IVzUgt + 3VzaVt — Vpg — Vzgaa — OUzVzz — Vgt = 0.

Integrating (26) with respect to = and neglecting the constant of inte-
gration we obtain

(5.3) Veat + 3020 — Uy — Vgaw — 3(vz)? — vp = 0.

Thus, Eq.(27) can write in the form

(5.4) L(Dy, Dy)o(t, ) = 3(ve)? — 3vp0y,
L(D;,D,) = D?D; — D, — D3 — D,.

In this case, the subspace P? is generated by the functions

—1
L (x—sit)], i=1,2.

s
w; = Wiexp| P
(]
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Our procedure gives

o0 n
(5.5) v(t,z) = Zs" ARwfwy =,
n=1 k=0
n—1 n—lI 82—1
An = ,/ (1 — k +m)]
g Alk,n— k){;m 0 s+ 1
s1—1 [s2 — 1 ! -1
-1 - A A
n—1 n— l
81—1 82—1
I —k
+ 31+1 —m) + 32—1—1( +m)]
=1 m= 0
51*1 82*1

- Al Anfl
S m s [ 2 L)l A,

n>2 0<k<nif k<0ork>n then A} = 0;

s1—1
Moy = (51— Dy k(1= )

o2 DY 2= (L= (= k)

(s1 —1)(2s1 + s2+3) /SQ-le(n_k)
s1+1 sg+1
— -1
(82 1)(81+282+3) S1 k(n—kz)2.
so+1 Vs +1

Here either A} = A} = 1 or Ay = 0,A} = 1. If s < -1, 8 > 1
and sy < —1, s3 > 1, then A,y # 0 for every pair (k,n — k) with
kkneZy,n>20<k<n.

Thus, we obtain a 2-soliton solution of the third shallow water waves
equation in the form:

. — s 1 s9—1
—_ 1— — o n, k, n—k
= g E ( 31+1k+ Sg—l—l(n k))Ajpwiws
n=1 k=0

If A} =0, then by (29) we obtain
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o
1. _ s1+1,,_ T
v=Y ()" (=) ew)" =
2 s1—1 14+ 1 /sty
(5.6) =l 2\ 515
s1—1 2w
s1+11+ w’
_ +1
where w = § 271“’1'
In (¢, x)-variables we have:
s1—1 1 /s1—1
v(t,x) = 1+ tanh|—= T — sqt
where we assumed W7 = % iij&

Therefore, By (10) we obtain exact soliton solution of the third shallow
water waves equation in the form

1 1 -1
u(t,z) = sech?[= i (z — st)]
2(s+1) 2Vs+1
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