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ON THE GENERALIZED HYERS-ULAM STABILITY OF
A BI-JENSEN FUNCTIONAL EQUATION ON A
PUNCTURED DOMAIN

YaNc-Hi LEg*

ABSTRACT. In this paper, we investigate the stability of a bi-Jensen
functional equation

2f (552, 2) = f(z,2) = f(y,2) =0,
2f(ma yTJrz) - f(xvy) - f(JZ,Z) =0
in the spirit of P.Gavruta.

1. Introduction

In 1940, S. M. Ulam [13] raised a question concerning the stability of
homomorphisms: Let G; be a group and let G2 be a metric group with
the metric d(-,-). Given € > 0, does there exists a § > 0 such that if a
mapping h : G1 — G satisfies the inequality

d(h(zy), h(z)h(y)) <6
for all x,y € G then there is a homomorphism H : G; — G5 with
d(h(z),H(x)) <e

for all x € G1?7 The case of approximately additive mappings was solved
by D. H. Hyers [3] under the assumption that G; and G5 are Banach
spaces. In 1978 Th. M. Rassias [12] gave a generalization of Hyers’
Theorem by allowing the Cauchy difference to be controlled by a sum
of powers like

17z +y) = h(z) = h(y)l| < e(ll=]” + lly]]*)-

P. Gavruta [2] provided a further generalization of Th.M.Rassias’ Theo-
rem in which he replaced the bound e(||z||”+||y||P) by a general function.
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During the last decades, the stability problems of functional equations
have been extensively investigated by a number of mathematicians|7,9-
11].

Throughout this paper, let X and Y be a normed space and a Banach
space, respectively. A mapping g : X — Y is called a Jensen mapping
if g satisfies the functional equation 2g(*+) = g(z) + g(y). For a given
mapping f: X x X — Y, we define

Jlf(xayvz) = Qf(zT-i_yVZ) - f(l',Z) - f(ya Z)a
JZf(xayaZ) = 2f(l'? y;z) - f(x,y) - f($az)

for all x,y,z € X. A mapping f : X x X — Y is called a bi-Jensen
mapping if f satisfies the functional equations J;f =0 and Jof = 0.

Bae and Park [1] obtained the generalized Hyers-Ulam stability of a
bi-Jensen mapping. The Jun et al [4, 5] improved the results of Bae and
Park.

In this paper, we investigate the generalized Hyers-Ulam stability of
a bi-Jensen functional equation on the punctured domain.

2. Stability of a bi-Jensen functional equation

Jun et al [6] established the basic properties of a bi-Jensen mapping
in the following lemma.

LEMMA 2.1. Let f : X x X — Y be a bi-Jensen mapping. Then the
following equalities hold:

fl@y) = f(zn;fny) * 227;n_+11(f(2”w, —=2"y) + f(=2"z,2"y))
H1- )P(0,0)

for all x,y € X and n € N.

From Lemma 3.1 in [8], we get the following lemma.

LEMMA 2.2. Let A be a subset of X satisfying the following condition:
for every x # 0, there exists a positive integer n, such that nx ¢ A for
all with |n| > ng, and such that nx € A for all with |n| < ng. Let
f: X xX — Y be a mapping such that

Jlf(wayvz) =0, J2f(xayaz) =0
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for all x,y,z € X\A. Then there exists a unique bi-Jensen mapping
F: X x X —Y such that

F(z,y) = f(z,y)
for all x,y € X\ A. Moreover,

F(z,y) = f(z,y)
holds for all (z,y) € (X x X)\(A x A).

THEOREM 2.3. Let ¢,9 : X x X x X — [0,00) be two functions
satisfying

(2.1) > (p(@a, 2y, 292) + (D, 2y, 22)) < o0
=0
for all x,y,z € X\A. Let f: X x X — Y be a mapping such that
(22) HJlf(xvy7 Z)H < 90(30,317 Z)7
(2.3) 12f (z,y,2)|| < ¥(z,y,2)

for all z,y,z € X\A. Then there exists a (unique for the bi-Jensen
mapping F' with F(0,0) = F’(0,0)) bi-Jensen mapping F : X x X —Y
such that

(2.4) 1f(z,y) = Fz,y)l| < M(z,y)
for all x,y € X\ A, where
oo )
1 1 - - 1427 » -
M(z,y) = ZO[(W + W)q)l@]xv 27y) + W(PQ(QJ:E» 27y)
]:
1+ 27+ o 1+ 27+t .
W(IQ(QJ% 2j+1y) + W‘Iﬁ@]x? 27y)
V(2 e, 2y) | Ua(2a, 27y) \112(2”19[:,2@)]
22j+5 27+2 2j+3
(P(-:U, —x,y) + \Il2(x7y>
2 4 7
11 1
=0 m=0n=0
(EQ(‘T?:U) = QO(.%', _x,y)+<,0($7 _xa_y)7
1 1 1
Ui(z,y) = oYY (=D, (=)™ 3y, (—1)"y),

m=0n=0

N
I
o

\:[12(1',:1/) = ¢($ay,—y +¢(—$,y,—y)-
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The mapping F': X x X — Y is given by

fre2iy) | f029) | fZ20)

F(z,y) =lmj_o + 90

for all z,y € X, where f: X x X — Y and yy € Y are given by

f(%y) — f(z,y) = f(=z.y) —é{(l” —y) + f(—a, —y)

for all xz,y € X and

J —92
= lim {20+ 10 -P
j—o0

for any w € X\{0}.

Proof. By (2.1), (2.2) and (2.3), we get the following relations

f(2a,20y) f(2j+1w,2j+1y)”
4] 4j+1

LI 1)mntl ' L '
= HZZZ 22]+4 Juf (2 (1), 2 (=1)"a, 27 (=1)"y)
=0 m=0n=0
L 1)l+n+1 - l o
P R () e 812y, 2 (1))
l 0 m=0n=0
< 4j+2<1>1(23x 279) + 22j+5\111(2j+1x,2jy),

||2j1+1<f<o V)~ (0, ~2y)) ~ g (F(0,277 1) — 50, -2 +y))]

- W |47 f (D, ~2a, 2y) — 4T f (P, ~ 2z, ~2y)
_2J1f(2jx —QjZE 97 +1 ) + 2J1f(2j$, _ij, _2j+1y)

—ZZZ )" I f((—=1)- 2P, (=1)™ - 3- 2y, (—1)" - 2y)

=0 m=0n=0

< %4 [4D9 (27, 27y) + 2B9(27 2, 27 y) + Wy (27, 27y)],
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1 . . .
§Hf(0, 2y) + £(0,—27y) — (£(0,271y) + £(0,—27"y))|
1 . . ) . . .
= §||2J1f(2j‘ra _2jxa2jy) +2J1f(2]1', _2j$a _2]y)
—2J1f(2j:c —2]' L2y o f(2, — 2w, —27 T Yy)

_ZZZ m+an ) .ij’ (—1)m-3-2jy, (_1)n_2jy)H

=0 m=0n=0

1 . . . . . .
< §[2®2(2]$7 2]y) + 2q)2(2]$7 2J+1y) + 1111(231" 2jy)]7

i (F2P2,0) = f(=272,0)) = (/21,0 = (=21, 0))|

< e [AWo (2, 27y) + 2Wy(20H , 20y) + @1 (272, 27y)]

for all z,y € X\ A and j € N. From the above relations, we can easily
show that, for given integers I, m (0 <[ < m), the inequalities

f@lz2ly)  f2ma,2my)

m—1
1 1 ) .
(2‘5) = Z [4J+2 @1(2]$ 2] ) 922j+5 \Ijl(2j+lx’ ZJy)]’
j=l

|| f<07 2ly) B f(()? _2ly) _ f(Oa me) B f(Oa _2my) ||
2l+1 2m+1
-1
(26) < > 2—[4%(2?:5 20y) + 2®9(27 2, 27 y) + Wy (20, 27y)],

o~

<

S17(0,2y) + £(0,~2'y) — (F(0,2™) + F(0, ~2"y))]
m—1

(2.7) < (209 (272, 27y) + 205(27 2, 27T y) + Wy (27, 27y)],

oo\)—n

J=l

f2la,0) = f(=2'2,0)  f(2™x,0) — f(—2"x,0)

iR ot

m—1
1 . ) A . A A
(28) < Y rrilAv2(2'z, 27y) + 2Wy (2 2, 2y) 4 &1 (2, 27y)]
j=l
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hold for all z,y € X\A. By (2.1), (2 5), (2.6), (2.7), and (2.8), the
{f 2J:E2Jy)} {f(02~7 (0 2J } {fOQJ +f(0 2] }and

f(292,0) — f(—272,0
{ ( )2j+1( )}

sequences

are Cauchy sequences for all z,y € X \A Since Y is complete, the
{f(02J (0 —2iy } {f027 )+f(0 —2iy )}

f(272,0) — f(—=272,0
( ( )2j+1( )}

(20 2J
sequences {f - } , and

converge for all z,y € X\ A. Using the inequality

H f(oa ij) + f(Ov _ij) o f(zjxa 0) + f(_ij’O) ||
2 2

= Z‘|J1f(2jx7 _2]1:7 2jy) + Jlf(2]x7 _2jx7 —QJ?J)

—Jof (Ya, 2y, —2y) — Jof (=22, 27y, —27y)|
1 o o
< q192(2z, 2y) + Ua (22, 27y)]
for all z,y € X\A and j € N, we get

lim ([ Z 20+ (=22,0)  f(0,2) + /(0,=2'y)
Jj—o0 2 9

=0

forall z,y € X\{0}. From this and the Cauchy sequence {f(O’ij)Jer(O’*ij) }
there exists a unique yg € Y such that

J _9j j o
yo = lim f(27x,0) +2f( 2x,0) lim £(0,27y) +2f(0, 2y)
j—00 e

for all z,y € X\{0}. Therefore, we get

f(07 2jy) + f(07 _2jy)

for all z,y € X and we can define Fi, F5, F3: X x X — Y by
F(23p. 97
Fi(z,y) := lim M,
j—00 479
F2 (:Ca y) E Jll)rgo 9j+1 - ]11)120 Ta

o f(22,0) — f(—272,0 o f(29x,0
Byz,y) = Jim ( )2j+1( )_jlggo(m)'
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By (2.2), (2.3), and the definition of F}, we obtain

Jlf(2jl‘a 2]ya 23’2) — Jlf(_2]$a _2]y7 2]’2)

S Fi(x,y,2) = ]1520[ o
J1f (2, 2y, —272) — i f(=2,—20y, ~22),
B 4j+1 ]_ ’
JoFi(z,y,2) = lim | 2f (Y, 2y, Yz) - Jof (-2, 2y, 2z)
Jj—oo 4J+1
Jof (P, =2y, =212) — Jof (—2x, =27y, —272)
_ ' =0
45+1

for all z,y, z # 0. Since

J2F2(':U7y7 —2/) = 07

o _9J j—1 Y j
JoFs(z,y,z) = lim [Jlf(2 T, —2 x?2 (y+2)) B Jif(2x,—2x,2y)

j—00 27 27+1
Jf(Da, =22, 22) | Jof (Pa,2y,2z)  Jof(=2x,2y,272),
N 2j+1 + 9j+1 + 9j+1 J=

for all x,y, z # 0 with y 4+ z # 0, we have
J1Fy(z,y,2) =0, JoFy(z,y,2) =0

for all xz,y, z # 0. Similarly the equalities
J1F3(z,y,2) =0, JoF3(z,y,2) =0

hold for all z,y,z # 0. By Lemma 2, there exist bi-Jensen mappings
F{,F3,F5: X x X — Y such that

(29) F{(l’,y) = Fl(xay)7 Fé(:z,y) = F2(:E7y)’ F§($ay) = Fg(:l),y)

for all (z,y) # (0,0). From the definitions of Fy, Fy, F3, we have J; Fi (z,
—z,0) = 0, J1Fa(z, —z,0) = 0, and J; F3(x,—x,0) = 0 for any = # 0.
From (2.9) and the equalities
F{(0,0) — F1(0,0) = 3J1 F{ (2, —2,0) — 3J1 Fi (2, —2,0) = 0,
F5(0,0) — F3(0,0) = 31 F5(x, —,0) — 31 Fo(x, —,0) = 0,
F}(0,0) — F5(0,0) = L 1 Fj(z, —2,0) — Ly F3(z, —2,0) = 0,

we conclude that Fy, Fb, F3 are bi-Jensen mappings.
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Putting { = 0 and taking m — oo in (2.5), (2.6), and (2.8), one can
obtain the inequalities

||.]E(x7y) - Fl(x7y)||

(210) <) ﬁ@l(y% 2y) + 22;5\1/1(2%195, 27y).
j=0
I f(0,y) _2f(07 Y) — By(z,y)|
(2.11) < i %%[4%(2%, W1y) 4 205(P x, 277 y) + U (2, 27y)],
j=0
O ZIER0 pay)

o0
1 . . ) . . .
(212) <Y [T, 27y) + 20 (201 2, 27y) + @4(22, 2Ty)),

for all z,y € X\A. By the above inequalities and the following two
inequalities

1f(z,y) = F(z,y)]]
f($, 0) — f(—x,O)

SHf(xvy)*f(l‘ay)*f(ovy)* 9

u
HFy) — Fol + 1 72T gy

13) +L20 IR0 gy 00+ 0 2)

5 5 = yoll,
I£(e) - Fay) - £(0.y) - LD TR,

1 1 1
< || - §J1f(.%‘, —$,y) - ZJQf(x7y) _y) + ZJQf(_xvyu _y)H

1 1



Stability of a bi-Jensen functional equation 167

we obtain that F' is a bi-Jensen mapping satisfying (2.4) for all z,y €
X\A, where F is given by

F(z,y) = Fi(z,y) + Fa(x,y) + F3(z,9) + vo

forall z,y € X. Now, let F’ : X x X — Y be another bi-Jensen mapping
satisfying (2.4) with F’(0,0) = F'(0,0). By Lemma 1 and (2.4), we have
the inequality
1F(z,y) — F'(z,y)||
1 1
< g (F = N@%, 2% + 5z [(F = £)(=2"2, 2%)|

1 1
+WH(F — 2"z, =2"y)|| + ||27(f — F)(2"z, 2"y)|
1 1
+W||(f — F')(—2"z,2"y)| + W”(f — F')(2"x,-2"y))||

2M 2"z, 2"y) + M (—2"x,2"y) + M (2"z, —2"y)
< on

for all z,y € X\ A and n € N. Taking n — oo in the above inequality,
we get

F('x:y) = F/(Jf,y)

forall z,y € X\ A. By Lemma 2, such a bi-Jensen mapping F' : X x X —
Y is unique. O

COROLLARY 2.4. Let p < 0O ande > 0. Let f : X x X — Y be a
mapping such that

11 (@, y, )| < ezl + [[yll” + |[217)
12 (2, y, 2)I| < e(llz[” + lyll” + [I2]]*)

for all z,y,z € X\A. Then there exists a (unique for the bi-Jensen
mapping F' with F(0,0) = F’(0,0)) bi-Jensen mapping F : X x X — Y
such that

24+2P+2.37 10422 4+2-37 3

ypT: sz—o) Tl
3+3° 12427 42.3P
VT G

1/ (2, y) = F(z,y)l] < (

+(

+3)ellyll”

for all x,y € X\A.
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Proof. Put o(x,y,2) = e(llz]” + [[ylI” + [[2[") and ¢(x,y,2) =
e([|z||” + [|y]|P + ||z||?) for all z,y € X\ A in Theorem 3. Since

0, 0,—
Hf( y)+2f( y)—yoH

0, 0, — . f(2z,0 —272,0
_ Hf( y)+2f( y)_}lj{}oﬂ x )+2f( x )H

1 : . , :
= 1 lim || J1f(2x, -2 z,y) + J1 f (2 2z, -2 2, —y)
j—00

— D f(@x,y,—y) — Jof (=2 z,y,—y)|
L3, 3
< lim S (27 |z)P + (ly[1P) = SllylP
j—o0 2 2

for all z,y € X\A, we can use the inequalities (2.10), (2.11), (2.12),
(2.13), and (2.14) in Theorem 3 with the above inequality to obtain the
desired result. O

THEOREM 2.5. Let p,9 : X x X x X — [0,00) be two functions

satisfying

— 1

227 (272,279, 272) + (22, 27y, 272)) < oo

7=0
for all z,y,z € X\A. Let f,®1,®2, U1, Uy be as in Theorem 3 and let
xo be a fixed element of X\ A. Let f: X x X — Y be a mapping (2.2)
and (2.3) for all x,y,z € X\ A. Then there exists a unique bi-Jensen
mapping F': X x X — Y such that

1f(2,y) = F(a,y)]

[e.9]

1 1 Dy(2/z, 27y)
< Z[(m + 2J+4)@1(2j$ 27y) + oz
=0

Dy (22, 20 y) W (2, 2y)) Wy (20, 2y)
2j+3 2j+4 922j+5

Uy (202, 2y) | W22, 2y).  p(a, —x,y)
2j+2 25+3 ) 2

\\J Z, P o, +\I/ Zo,

(2.15) N 2(4 ) N 2(70,y) ; 2(20, )

for all z,y € X\ A with F(0,0) = yo, where yo € Y is given by yo =

w' The mapping F : X x X — Y is given by

(21:;;2] ) (027 ) 20 rO)]

4 1027y | f(

F(z,y) =1limj ] + Yo
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for all x,y € X.

Proof. As in Theorem 3, we can define F, Fy, F3 by

f(2x27y)
49 ’
Fr(z,y) = lim; f(0,2fy)2;ﬂ0,727y)7
F3(x,y) == lim; o f(m’o)iﬁ_%’o)
and obtain the inequalities (2.10), (2.11), and (2.12). For a fixed z¢ €
X\A, we get the inequality

F0.9) + F(0,~y) _ f(0,0) + f(~0,0)
RE 5 [

= iHJlf(xO) _x07y) + Jlf(xo) —X0, _y)
—sz(a:o,y, —y) — J2f (=20, y, —y)|l
Z[QQ(ZEO7 )+ \112(.T07y)]

for all y € X\ A. By (2.10), (2.11), (2.12), (2.13), (2.14) and the above
inequality, we get the inequality (2.15) for all z,y € X\ A. Since
J2F2(x> Y, _y) = Oa
JQFQ(:I:7 Y, Z)

Fi(z,y) :==lim;j_

1
= lim 2]+2[ 21 f(2x, —2x, 2Ny + 2)) + Jif (P, =2z, —27y)
j—o0

+ I f(2w, — 2w, —202) — Jof (2w, —2y, —272)
—Jof (=2, =2y, —272) + 2], f (2w, =2, 27 (y + 2))
—Jlf(QJm, —2 2, 20y) — I f (2, =22, 2 2) + Jof (2, 27y, 2 2)
+of(—22,27y,272)] =0
for all x,y, z # 0 with y 4+ z # 0, we have

N Fy(x,y,2) =0, JaFs(z,y,2) =0

for all ,y,z # 0. The remainder of the proof of this theorem is same
to the proof of Theorem 3. O

COROLLARY 2.6. Let p < lande > 0. Let f: X x X — Y bea
mapping such that
[J1f (@,y, 2) || < e(llzlP + llyllP + l=[”)
1 J2f (@, y, 2) || < e(llz|[” + [lyl[” + [|=[1*)
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for all z,y,z € X\A and let xo be a fixed element of X\ A. Then there
exists a unique bi-Jensen mapping F' : X x X — Y such that

242P4+2.37 1042P+2-37 3

—F < 2 p
1) = Pyl < (o sy T el
3 3+3P  12+2P 2.3
— p p

for all ,y € X\A with F(0,0) = {0t/ Cr0.0),
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