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GENERALIZED DUAL GOTTLIEB SETS AND
COCATEGORIES

YEON So0 YooN* AND Hak Do Kim**

ABSTRACT. In this paper, we introduce the concepts of DC}-spaces
for maps which are the dual concepts of C,{ -spaces for maps, and
characterize DC?-spaces for maps using the dual Gottlieb sets for
maps and the LS cocategories.

1. Introduction

A space X is called a T-space [1] if the fibration QX — X5 — X
is fibre homotopically trivial. It is well known that any H-space is a T-
space, but the converse does not hold. We introduced [5] the concepts of
C-spaces as intermediate stages between H-spaces and T-spaces. The
loop space 2X of any space X has a homotopy type of an associative
H-space. A 0-connected space X is filtered by the projective spaces of
QX by a result of Milnor [8] and Stasheff [10];

YOX = PHQX) — P*(QX) — --- — P®(QX) ~ X.

For each k, let ef : PK(Q2X) — P*(Q2X) ~ X be the natural inclusion.
We write eX = ef : 20X = P}(QX) — X. It is shown [1] that X is a
T-space if and only if e = e1 : ¥QX — X is cyclic. We see that eX ~
lx: X — X. Foramap f: A— X, abased map g: B — X is called
f-cyclic [9] if there exist a map G : Ax B — X such that Gj ~ V(fVyg),
where j : AV B — A x B is the inclusion and V : X V X — X is the
folding map. The Gottlieb set for a map f: A — X, G/ (B, X), is the
set of all homotopy classes of f-cyclic maps from B to X. For a map
f:A— X, aconnected space X is called [5] a C,f -space if the inclusion
ex - PF(QX) — X is f-cyclic. In fact, a Cj-space is Cl-space for the
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identity map 1 : X — X. We showed [5] that a space X is a C,{—space
for a map f: A — X if and only if G/(Z, X) = [Z, X] for any space Z
with cat Z < k. Let f: A— X and g: B — Y be maps. Then we also
showed that X x Y is a C,{Xg—space if and only if X is a C]f—space and
Y is a C’,g-space.

In this paper, we introduce the concepts of DC}-spaces for maps
which are generalizations of DCy-spaces [16]. We show that a space X
is a DCY}-space for a map p: X — A if and only if DGP(X, Z) = [X, Z]
for any space Z with cocat Z < k. Letp: X — Aand q: Y — B be any
maps. Then we show that the wedge space X VY is a DCZ(pVQ)
if and only if X is a DC%-space and Y is a DC/}-space.

-space

2. DC}-spaces for amap p: X — A

We now recall the following Ganea’s theorem [3].

THEOREM 2.1. ([3],[4]) Let k > 1 be an integer or k = oo and assume
that X is a O-connected space. The category cat X < k if and only if
e? : P*(QX) — X has a right homotopy inverse.

In [3], Ganea introduced the concept of cocategory of a space as
follows; Let X be a any space. Define a sequence of cofibrations

Co: X =5 B, 25 By, (k> 0)

as follows, let Cy : X i cX S—6> ¥ X be the standard cofibration. Assum-
ing Cx to be defined, let F} , be the fibre of s) and exq1” : X — F 4
lift €. Define Fy 1 as the reduced mapping cylinder of ey 1", let e; ; :
X — Fj1 is the obvious inclusion map, and let Byy = Fyy1/e), 1 (X)
and S;g+1 : Fyy1 — Fyy1/ex+1(X) the quotient map.

DEFINITION 2.2. [3] The cocategory of X, cocat X, is the least integer
k > 0 for which there is a map r : Fj, — X such that r o€} ~ 1. If there
is no such integer, cocat X = oc.

The following remark can easily obtained from the above definition.

REMARK 2.3.
(1) cocat X <k if and only if e}, : X — F}, has a left homotopy inverse.
(2) cocat X =0 if and only if X is contractible.
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For amap p: X — A, abased map g : X — B is p-cocyclic [9] if there
isamap 0 : X — AV B such that j0 ~ (pxg)A, where j : AVB — AxB
is the inclusion and A : X — X x X is the diagonal map. The dual
Gottlieb set for a mapp : X — A, DGP(X, B), is the set of all homotopy
classes of p-cocyclic maps from X to B. In fact, a 1-cocyclic map is a
cocyclic map. A space X is called a co-T-space [12] if ¢/ : X — QXX is
cocyclic. Clearly, any co-H-space is a co-T-space. Let p: X — A be a
map. A space X is called [15] a co-TP-space if ¢ =€} : X — QXX is
p-cocyclic. Clearly, a co-T'-space is a co-T-space.

DEFINITION 2.4. Let p : X — A be a map. A space X is called a
DC,f—space if the inclusion €} : X — F}, is p-cocyclic.

Clearly, a DC’,%—space for the identity map 1 : X — X is a DC}-space
[16]. We can easily show that F; and 23X have the same homotopy
type. Thus we know that a DCj-space is a co-T-space. Clearly, DCY-
spaces and co-TP-spaces are equivalent. We showed [15] that X is a
co-TP-space if and only if DGP(X,QB) = [X, QB] for any space B. It is
shown [2] that cocat Z <1 if and only if Z can be dominated by a loop
space. Thus we can generalize the above result as following theorem. It
says also that DC,’j—spaces are closely related by the dual Gottlieb sets
for maps and cocategory of spaces.

THEOREM 2.5. Let p : X — A be a map. Then a space X is a
DCY—space if and only if DGP(X,Z) = [X, Z] for any space Z with
cocat Z < k.

Proof. Suppose X is a DC’,f—space for a map p : X — A. Since
e, + X — F} is p-cocyclic, there is a map 6 : X — AV Fj, such that
jo ~ (p x €)A, where j : AV F, — A x Fj is the inclusion and
A X — X xX is the diagonal map. Let Z be a space with cocat Z < k.
Let g : X — Z be any map. Since cocat Z < k, thereisamaps: Fp — Z
such that soe) ~ 1. Interpreting F}, as a functor, we have the following
homotopy commutative diagram;

, 1

F S
Fu(x) 29F(2) == 2.

Also, we consider the following homotopy commutative diagram;
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(pxeh) 1XF, s
X x X 2 A px) RO 4 piz) ) Axz
a] i d i
X — L AvEx) WD Ay pz) Y 4y oz

Thus we have a map ¢ = (1V s)(1V Fi(g))0 : X — AV Z such
that jo ~ (p x g)A, where j : AV Z — A x Z is the inclusion. Thus
g : X — Z is p-cocyclic. On the other hand, we assume that for any
space Z with cocat Z < k, DGP(X,Z) = [X, Z]. It is well known [2]
that if F 5 E 2 Bisa fibration, then cocat F' < cocat E + 1. From

the fact that Fj, ~ F} — Fj_4 g Bj._q is a fibration, we know that
cocat Fy, < cocat Fy_1 + 1. Then we have, by induction, cocat Fj, < k.
Thus we know, by our assumption, that e} : X — Fj is p-cocyclic and
X is a DC}-space for a map p: X — A. O

If we take p =1 : X — X in the above theorem, then we have the
following corollary.

COROLLARY 2.6. [16] X is a DCy-space if and only if DG(X,Z) =
[X, Z] for any space Z with cocat Z < k.

It is well known fact [14] that a space X is a co-HP-spaces if and
only if 1 : X — X is p-cocyclic. Moreover, it is also known [9] that if
f: X — Y is p-cocyclic and g : Y — Z is any map, then gf : X — Z
is p-cocyclic. Any co-H-space X is a co-HP-space and any co-HP-space
X is a co-TP-space for any map p : X — A. Thus we have the following
corollary from the definition of cocategory and the above theorem.

COROLLARY 2.7. Let p: X — A be any map.
(1) X is a DCY—space < X is a co-TT —space < X is a co-TP-space.
(2) If X is a co-Th,—space, then X is a co-Th—space for any n < m.
(3) If X is a DCh,—space, then X is a DCh—space for any n < m.
(4) If X is a DC}—space and cocat X < k, then X is a co-HP-space.
PRrROPOSITION 2.8. Letp: X — Aandq:Y — A be any maps. Then
the relation

DGV (X vY,B) = DGP(X, B) x DG(Y, B)
holds for any space B.

Proof. Let g: XVY — AV B be a V(pV q)-cocyclic map. Then there
isamap G: X VY — AV B such that jG ~ (V(pV q) x g)A, where
j: AV B — Ax B is the inclusion and A: X VY — (X VY) x (X VY)
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is the diagonal. Consider the maps G; = Gi; : X — AV B and Gy =
Gis : Y - AV B, where i1 : X — X VY, i : Y — X VY are
natural inclusions. Then jG; ~ (p X gi1)A, jG2 ~ (g X giz2)A, where
i1: X = XVY, is: Y — X VY are the inclusions. Thus we have
(gi1,gi2) € DGP(X, B) x DG(Y, B). On the other hand, let (g1,¢92) €
DGP(X,B)xDG1(Y, B). Since g1 : X — Bisp-cocyclicand g2 : Y — B
is g-cocyclic, there are maps G;1 : X - AvBand Gy, : Y — AV B
such that jG1 ~ (p x g1)A and jGa ~ (¢ X g2)A respectively. Let
T:AV(BVA)VB— AV (AV B)V B be the switching map. Then
consider the map G = (VV V)T(G1 VGz2) : X VY — AV B. Then
JG ~ ((V(pVq)xV(g91Vge))A, where A: XVY — (XVY)x (X VY)is
the diagonal map. Thus we know V(g1 V g2) € DGVPV)(X VY, B). O

THEOREM 2.9. Letp: X — Aandq:Y — A be any maps. Then the
wedge space X VY is a DCZ(p V) -space if and only if X is a DCﬁ -space
and Y is a DC}-space.

Proof. It X VY is a DCV®V9_space for a map V(pVgq) : XVY — A,
then we know, from Theorem 2.5 and Proposition 2.8, that DGP(X, Z) x
DGY(Y,Z) = DGVWO(X VY, Z) = [X VY, Z] = [X, Z] x [Y, Z] for any
space Z with cocat Z < k. Then we have DGP(X,Z) = [X, Z] and
DGYY,Z) = Y, Z]. Thus we know that X is a DC}-space for a map
p:X — Aand Y is a DC}-space for a map ¢ : ¥ — A. On the
other hand, suppose that X is a DC’,f—space foramapp: X — A
and Y is a DC{-space for a map ¢ : ¥ — A. Then DGP(X,Z) =
(X, Z], DGUY,Z) = [Y, Z] for any space Z with cocat Z < k. Thus we
know DGV (PVO(X VY, Z) = DGP(X, Z)x DGA(Y, Z) = [X, Z|x[Y, Z] =
[X VY, Z] for any space Z with cocat Z < k. Thus X VY is a DC’kv(pvq)—
space for amap V(pVgq): X VY — A.
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