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ON THE STATISTICAL CONVERGENCE OF
SEQUENCES OF FUZZY POINTS IN A FUZZY
NORMED LINEAR SPACE

GIL SEOB RHIE*, IN AH HWANG**, AND JEONG HEE Kim***

ABSTRACT. In this paper, we introduce the notion of the statist-
cally fuzzy convergent sequence and the statistical fuzzy a -Cauchy
sequence of fuzzy points in a fuzzy normed linear space. And in-
vestigate some related properties.

1. Introduction

The idea of statistical convergence was introduced for the first time by
Fast [4] as a generalization of ordinary convergence for real and complex
sequences. Since then it has been studied by many authors. Statistical
convergence has also been discussed in more general abstract spaces
such as the fuzzy number space [1,12], locally convex spaces and Banach
spaces [3].

The concept of fuzzy norm was first introduced by Katsaras [7] in
studying fuzzy topological vector spaces. Krishna and Sarma [8] ob-
served the convergence of sequences of fuzzy points in a fuzzy normed
linear space. In [9], Rhie et al. introduced the fuzzy a-Cauchy sequence
of fuzzy points and studied the fuzzy completeness in a fuzzy normed
linear space.

In the present paper, as a generalization of those described above, we
introduce the notion of the statistcal fuzzy convergent sequence and the
statistical fuzzy «a -Cauchy sequence of fuzzy points in a fuzzy normed
linear space. And investigate some related properties.
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2. Preliminaries

Throughout this paper, X is a vector space over the field ®(R or C).
Fuzzy subsets of X are denoted by Greek letters in general. x4 denotes
the characteristic function of the set A. By a fuzzy point u we mean a
fuzzy subset p: X — [0,1] such that

« if z==x
ue =1 6

otherwise

where a € (0,1) and I denotes the set {u | p: X — [0,1]}. We usually
denote the fuzzy point with support x and value a by (z, «)

DEFINITION 2.1. [5] For two fuzzy subset p; and ug of X, the fuzzy
subset (11 + po is defined by
(1 + p2)(@) = V{p (1) A pa(a2) | =21 + 22}

And for a scalar ¢t of ® and a fuzzy subset p of X, the fuzzy subset
tu is defined by

p(z/t) if t#0
(tu)(z)=4¢ 0 if t=0 and z#0
V{un(y) | ye X} if t=0 and z=0.
DEFINITION 2.2. [7] € I is said to be
1. conver if  tu+(1—t)uCp foreach t € [0,1]

2. balanced if tuCp foreachte ® with|t]| <1
3. absorbing if  V{tu(x)|t>0}=1 foral ze X.

DEFINITION 2.3. [7] Let (X, 7) be a topological space and w(7) =
{f:(X,7) = [0,1] | f is lower semicontinuous}. Then w(7) is a fuzzy
topology on X. This topology is called the fuzzy topology generated
by 7 on X. The fuzzy usual topology on ® means the fuzzy topology
generated by the usual topology of ®.

DEFINITION 2.4. [6] A fuzzy linear topology on a vector space X over
® is a fuzzy topology on X such that the two mappings

+ @ X xX-—>X, (z,y) >z +y
P x X — X, (t,x) — tx
are continuous when ® has the fuzzy usual topology and ¢ x X and
X x X have the corresponding product fuzzy topologies. A linear space

with a fuzzy linear topology is called a fuzzy topological linear space or
a fuzzy topological vector space.
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DEFINITION 2.5. [10] Let (X, 7) be a fuzzy topological space. A fuzzy
subset p in X is called a neighbourhood of (x,«) if there exists ¢ € 7
with ¢ (z) > « and ¢ < p.

DEFINITION 2.6. [7] A fuzzy seminorm on X is a fuzzy set p in X
which is convex ,balanced and absorbing. If in addition A{(tp)(x) | t >
0} =0 for x # 0, then p is called a fuzzy norm.

THEOREM 2.7. [7] If p is a fuzzy seminorm on X, then the family
B,={0N(tp) |0 <8 <1, t>0} isa base for a fuzzy linear topology
T,, where § A (tp) is the function X — [0,1] such that (0 A (tp))(x) =

min{d, (tp)()} -

DEFINITION 2.8. [7] Let p be a fuzzy seminorm on X. The fuzzy
topology 7, in Theorem 2.7 is called the fuzzy topology induced by the
fuzzy seminorm p . And a linear space equipped with a fuzzy seminorm
(resp. fuzzy norm) is called a fuzzy seminormed (resp. fuzzy normed)
linear space.

THEOREM 2.9. [10] Let p is a fuzzy seminorm on X, then the function
P.: X — R* defined by

P.(xz) =Nt >0]tp(x) > €}

for each € € (0,1), is a seminorm on X . Further P. is a norm on X for
each € € (0,1) if and only if p is a fuzzy norm on X.

3. Statistical fuzzy convergence of sequences of fuzzy points

In this section, we introduce the statistical fuzzy convergence of se-
quences and the statistical fuzzy a-Cauchy sequence of fuzzy points in
a fuzzy normed lilear space, and investigate some related properties.

DEFINITION 3.1. [1] The natural density of a set K of positive integers
is defined by 6(K) = limp—o = | {k € K : k < n} |, where | {k € K :
k < n} | denotes the number of elements of K not exceeding n.

REMARK 3.2. Tt is clear that for a finite set K, we have §(K) = 0.
The natural density may not exist for each set K and is different from
zero which means 6(K) > 0. Besides that, §(K¢) =1 — §(K).

DEFINITION 3.3. Let (X,7) be a fuzzy topological space, {pu, =
(Tn,an)} be a sequence of fuzzy points in X and p be a fuzzy point
in X. We say that {u,} statistically fuzzy converges to p, written as
n — b if and only if for every neighbourhood N of u, there exists a
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positive integer set K having natural density one such that u; < N for
all k € K. Equivalently, {u,} statistically fuzzy converges to p if and
only if for every neighbourhood N of u, there exists a positive integer
set K having naural densety zero such that pux < N for all k € K°€.

THEOREM 3.4. Let (X, p) be a fuzzy normed linear space and {p,, =
(zn, )} be a sequence of fuzzy points in X and pu = (z,«) a fuzzy
point in X. Then pu, — p if and only if for every t > 0, there exists
a positive integer set K having natural density one such that for all
ke K, ap <aand P, (v —z) < t.

Proof. Suppose pu, — p. Let £ > 0. Write N =z + a A %tp. Then
N is a neighbourhood of ;. So by Definition 3.3, there exists a positive
integer set K having natural density one such that for all k € K, pup <
J?—FOZ/\%t,O ;thatisforall k € K, ap < aA %tp(:ck — ), which means for
allk € K, o < aand ap < %t,o(xk —x), that is for all k € K, oy < «
and Py, (x — z) < % < t. Hence for every t > 0, there exists a positive
integer set K having natural density one such that for allk € K, o < «
and P,, (x —x) < t.

Conversely, suppose that for every ¢ > 0, there exists a positive inte-
ger set K having natural density one such that for all ¥ € K, ap < «
and P,, (zr —x) < t. Let N be a neighbourhood of . Then N contains
a neighbourhood of the form x + a A tp for some ¢t > 0. For this ¢, by
hypothesis, there exists a positive integer set K having natural density
one such that for all k € K, «a; < o and P,, (x; —z) < t. Now, for all
k € K, we have

Po(wp —2) <t = tplar —x) = o
= z+aitp(xr) > o
= < x+aAip.

This implies that ui < N for all kK € K. This completes the proof. [

THEOREM 3.5. Let (X, p) be a fuzzy normed linear space over the
filed ®.
(a) If(xnyan) = Mn — U= (1‘,0&) and (ynaﬁn) =VUn — V= (wa)a
then pp + vn = (Tn + Yn, o A Bn) — ((z +y,a A B)) = p+v.
(b) If{t,} C®,te®and t, —t, = (Tn,an) — 1= (z,q),
then typy = (thoy, an) — tp = (tz, o).

Proof. (a) Let t > 0 be given. So there exists a positive integer

set K having natural density one such that for all ¥ € K, ap < «,

Pak(xk —$) < % ) ﬁk < ﬁa P/Bk<yk _y) < % . NOW7 PakAﬁk(xk+yk -
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(x+y)) < Pu,(xx — ) + P, (yx —y). Hence, for all k € K. we have
ap A Br < aApand Py, ap, (zr + yr — (z +y)) < t which proves (a).

(b) Let s > 0 be given. Then there exists a positive integer set
K1 having natural density one such that for all k € K, ap < « and
P, (zr — ) < 537 where M is a positive number such that | t; [< M
for all k. Also, since t; — t there exists a positive integer set K5 having
natural density one such that for all k € Ky, | tp —t |< [ 2

2P, (x)+1]°
Let K = K1 U Ks. Now,

Pak (thk — t.%') = Pak (tk(l'k — x) + (tk — t)x)
< |t | Poy(zi = 2)+ [t — t | Poy (@)
< M-ﬁ—l—m-]?ak(x) for all ke K
< §+5 = s

which proves (b). O

DEFINITION 3.6. Let o € (0,1). A sequence of fuzzy points {u, =
(Tn,an)} is said to be a statistical fuzzy a-Cauchy sequence in a fuzzy
normed linear space (X, p) if for each zero neighbourhood N with N (0) >
a, there exists a positive integer set K having natural density one such
that for all m,n € K implies p, — fim = (T, — T, 0y A ) < N

THEOREM 3.7. Let (X, p) be a fuzzy normed linear space and « €
(0,1). Then {(xn,an)} is a statistical fuzzy a-Cauchy sequence if and
only if for each t > 0, there exists a positive integer set K having natural
density one such that for all m,n € K, an Aoy, < a and Py, nap,) (Tn —
Tm) < t.

Proof. Assume that {(zp,an)} is a statistical fuzzy a -Cauchy se-
quence and t > 0. Let 6 > aand N = G A %tp , where (0 A %tp)(a:) =
min{, p(2£)}. Since N(0) > « , there exists a positive integer set K
having natural density one such that for all m,n € K,

G A %tp(a:n — Tp) = A Qg
= apNay <G and %tp(azn — Ty) = ap A Qi
= ap Aoy, < and P(an/\am)(wn —Tpy) < % < t.

Therefore, a, A oy, < o and P(an /\am)(xn — &,) < t. For the converse,
let N be a neighbourhood of zero with N(0) > «. Then there exist t > 0
and o > « such that o/ Atp < N. For this ¢ , there exists a positive
integer set K having natural density one such that for all m,n € K,
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an N oy, < o and

P(an/\am) (xn - xm) <t = tﬂ(l"n - xm) > O N\ Qo
= ' ANtp(xy — Tm) > an A am
= ' NAtp > (T — Ty A ).

Therefore, N > o/ ANtp > aANtp > (T — T, an A Q). The proof is
completed. O

COROLLARY 3.8. Any subsequence of a statistical fuzzy a-Cauchy
sequence is also a statistical fuzzy a-Cauchy sequence.

Note. Let a < o'. Every statistical fuzzy a-Cauchy sequence is a
statistical fuzzy o/-Cauchy sequence and statistical P,/-Cauchy sequence
is a statistical P,-Cauchy sequence.

THEOREM 3.9. If {(x,,an)} statistically fuzzy converges to (z,a)
then it is a statistical fuzzy a -Cauchy sequence.

Proof. Since {(xn, ay,)} statistically fuzzy converges to (z, «), for ev-
ery t > 0, there exists a positive integer set K having natural density
one such that for all k € K, aj < o and Py, (2 — ) < % Ifm,ne K,
then oy, A oy, < @ and

P(an/\am)(xn - x) + P(an/\am)(‘rm - x)

P(ozn/\am)(xn - xm) <
< Po,(zn—2) + Po,(zm—2)

t ot _
< L4t = ¢
Therefore, {(zn, @)} is a statistical fuzzy a-Cauchy sequence. The proof
is completed. O
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