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ON THE STATISTICAL CONVERGENCE OF
SEQUENCES OF FUZZY POINTS IN A FUZZY

NORMED LINEAR SPACE

Gil Seob Rhie*, In Ah Hwang**, and Jeong Hee Kim***

Abstract. In this paper, we introduce the notion of the statist-
cally fuzzy convergent sequence and the statistical fuzzy α -Cauchy
sequence of fuzzy points in a fuzzy normed linear space. And in-
vestigate some related properties.

1. Introduction

The idea of statistical convergence was introduced for the first time by
Fast [4] as a generalization of ordinary convergence for real and complex
sequences. Since then it has been studied by many authors. Statistical
convergence has also been discussed in more general abstract spaces
such as the fuzzy number space [1,12], locally convex spaces and Banach
spaces [3].

The concept of fuzzy norm was first introduced by Katsaras [7] in
studying fuzzy topological vector spaces. Krishna and Sarma [8] ob-
served the convergence of sequences of fuzzy points in a fuzzy normed
linear space. In [9], Rhie et al. introduced the fuzzy α-Cauchy sequence
of fuzzy points and studied the fuzzy completeness in a fuzzy normed
linear space.

In the present paper, as a generalization of those described above, we
introduce the notion of the statistcal fuzzy convergent sequence and the
statistical fuzzy α -Cauchy sequence of fuzzy points in a fuzzy normed
linear space. And investigate some related properties.
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2. Preliminaries

Throughout this paper, X is a vector space over the field Φ(R or C).
Fuzzy subsets of X are denoted by Greek letters in general. χA denotes
the characteristic function of the set A. By a fuzzy point µ we mean a
fuzzy subset µ : X → [0, 1] such that

µ(z) =
{

α if z = x
0 otherwise

where α ∈ (0, 1) and IX denotes the set {µ | µ : X → [0, 1]}. We usually
denote the fuzzy point with support x and value α by (x, α)

Definition 2.1. [5] For two fuzzy subset µ1 and µ2 of X, the fuzzy
subset µ1 + µ2 is defined by

(µ1 + µ2)(x) = ∨{µ1(x1) ∧ µ2(x2) | x = x1 + x2}.
And for a scalar t of Φ and a fuzzy subset µ of X, the fuzzy subset

tµ is defined by

(tµ)(x) =





µ(x/t) if t 6= 0
0 if t = 0 and x 6= 0
∨{µ(y) | y ∈ X} if t = 0 and x = 0.

Definition 2.2. [7] µ ∈ IX is said to be
1. convex if tµ + (1− t)µ ⊆ µ for each t ∈ [0, 1]
2. balanced if tµ ⊆ µ for each t ∈ Φ with | t | ≤ 1
3. absorbing if ∨{tµ(x) | t > 0} = 1 for all x ∈ X.

Definition 2.3. [7] Let (X, τ) be a topological space and ω(τ) =
{f : (X, τ) → [0, 1] | f is lower semicontinuous}. Then ω(τ) is a fuzzy
topology on X. This topology is called the fuzzy topology generated
by τ on X. The fuzzy usual topology on Φ means the fuzzy topology
generated by the usual topology of Φ.

Definition 2.4. [6] A fuzzy linear topology on a vector space X over
Φ is a fuzzy topology on X such that the two mappings

+ : X ×X → X, (x, y) → x + y

· : Φ×X → X, (t, x) → tx

are continuous when Φ has the fuzzy usual topology and Φ × X and
X ×X have the corresponding product fuzzy topologies. A linear space
with a fuzzy linear topology is called a fuzzy topological linear space or
a fuzzy topological vector space.
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Definition 2.5. [10] Let (X, τ) be a fuzzy topological space. A fuzzy
subset µ in X is called a neighbourhood of (x, α) if there exists ψ ∈ τ
with ψ(x) ≥ α and ψ ≤ µ.

Definition 2.6. [7] A fuzzy seminorm on X is a fuzzy set ρ in X
which is convex ,balanced and absorbing. If in addition ∧{(tρ)(x) | t >
0} = 0 for x 6= 0, then ρ is called a fuzzy norm.

Theorem 2.7. [7] If ρ is a fuzzy seminorm on X, then the family
Bρ = {θ ∧ (tρ) | 0 < θ ≤ 1, t > 0} is a base for a fuzzy linear topology
τρ, where θ ∧ (tρ) is the function X → [0, 1] such that (θ ∧ (tρ))(x) =
min{θ, (tρ)(x)} .

Definition 2.8. [7] Let ρ be a fuzzy seminorm on X. The fuzzy
topology τρ in Theorem 2.7 is called the fuzzy topology induced by the
fuzzy seminorm ρ . And a linear space equipped with a fuzzy seminorm
(resp. fuzzy norm) is called a fuzzy seminormed (resp. fuzzy normed)
linear space.

Theorem 2.9. [10] Let ρ is a fuzzy seminorm on X, then the function
Pε : X → R+ defined by

Pε(x) = ∧{t > 0 | tρ(x) ≥ ε}
for each ε ∈ (0, 1), is a seminorm on X . Further Pε is a norm on X for
each ε ∈ (0, 1) if and only if ρ is a fuzzy norm on X.

3. Statistical fuzzy convergence of sequences of fuzzy points

In this section, we introduce the statistical fuzzy convergence of se-
quences and the statistical fuzzy α-Cauchy sequence of fuzzy points in
a fuzzy normed lilear space, and investigate some related properties.

Definition 3.1. [1] The natural density of a set K of positive integers
is defined by δ(K) = limn→∞ 1

n | {k ∈ K : k ≤ n} |, where | {k ∈ K :
k ≤ n} | denotes the number of elements of K not exceeding n.

Remark 3.2. It is clear that for a finite set K, we have δ(K) = 0.
The natural density may not exist for each set K and is different from
zero which means δ(K) > 0. Besides that, δ(Kc) = 1− δ(K).

Definition 3.3. Let (X, τ) be a fuzzy topological space, {µn =
(xn, αn)} be a sequence of fuzzy points in X and µ be a fuzzy point
in X. We say that {µn} statistically fuzzy converges to µ, written as
µn → µ if and only if for every neighbourhood N of µ, there exists a
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positive integer set K having natural density one such that µk ≤ N for
all k ∈ K. Equivalently, {µn} statistically fuzzy converges to µ if and
only if for every neighbourhood N of µ, there exists a positive integer
set K having naural densety zero such that µk ≤ N for all k ∈ Kc.

Theorem 3.4. Let (X, ρ) be a fuzzy normed linear space and {µn =
(xn, αn)} be a sequence of fuzzy points in X and µ = (x, α) a fuzzy
point in X. Then µn → µ if and only if for every t > 0, there exists
a positive integer set K having natural density one such that for all
k ∈ K, αk ≤ α and Pαk

(xk − x) < t.

Proof. Suppose µn → µ. Let t > 0. Write N = x + α ∧ 1
2 tρ. Then

N is a neighbourhood of µ. So by Definition 3.3, there exists a positive
integer set K having natural density one such that for all k ∈ K, µk ≤
x+α∧ 1

2 tρ ; that is for all k ∈ K, αk ≤ α∧ 1
2 tρ(xk−x), which means for

all k ∈ K, αk ≤ α and αk ≤ 1
2 tρ(xk − x), that is for all k ∈ K, αk ≤ α

and Pαk
(xk − x) ≤ t

2 < t. Hence for every t > 0, there exists a positive
integer set K having natural density one such that for all k ∈ K, αk ≤ α
and Pαk

(xk − x) < t.
Conversely, suppose that for every t > 0, there exists a positive inte-

ger set K having natural density one such that for all k ∈ K, αk ≤ α
and Pαk

(xk−x) < t. Let N be a neighbourhood of µ. Then N contains
a neighbourhood of the form x + α ∧ tρ for some t > 0. For this t, by
hypothesis, there exists a positive integer set K having natural density
one such that for all k ∈ K, αk ≤ α and Pαk

(xk − x) < t. Now, for all
k ∈ K, we have

Pαk
(xk − x) < t ⇒ tρ(xk − x) ≥ αk

⇒ x + α ∧ tρ(xk) ≥ αk

⇒ µk ≤ x + α ∧ tρ.

This implies that µk ≤ N for all k ∈ K. This completes the proof.

Theorem 3.5. Let (X, ρ) be a fuzzy normed linear space over the
filed Φ.
(a) If (xn, αn) = µn → µ = (x, α) and (yn, βn) = νn → ν = (y, β),

then µn + νn = (xn + yn, αn ∧ βn) → ((x + y, α ∧ β)) = µ + ν.
(b) If {tn} ⊆ Φ, t ∈ Φ and tn → t, µn = (xn, αn) → µ = (x, α),

then tnµn = (tnxn, αn) → tµ = (tx, α).

Proof. (a) Let t > 0 be given. So there exists a positive integer
set K having natural density one such that for all k ∈ K, αk ≤ α,
Pαk

(xk − x) < t
2 , βk ≤ β, Pβk

(yk − y) < t
2 . Now, Pαk∧βk

(xk + yk −
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(x + y)) ≤ Pαk
(xk − x) + Pβk

(yk − y). Hence, for all k ∈ K. we have
αk ∧ βk ≤ α ∧ β and Pαk∧βk

(xk + yk − (x + y)) < t which proves (a).

(b) Let s > 0 be given. Then there exists a positive integer set
K1 having natural density one such that for all k ∈ K1, αk ≤ α and
Pαk

(xk − x) < s
2M where M is a positive number such that | tk |≤ M

for all k. Also, since tk → t there exists a positive integer set K2 having
natural density one such that for all k ∈ K2, | tk − t |≤ s

[2Pα(x)+1] .
LetK = K1 ∪K2. Now,

Pαk
(tkxk − tx) = Pαk

(tk(xk − x) + (tk − t)x)
< | tk | Pαk

(xk − x)+ | tk − t | Pαk
(x)

< M · s
2M + s

[2Pα(x)+1] · Pαk
(x) for all k ∈ K

< s
2 + s

2 = s,

which proves (b).

Definition 3.6. Let α ∈ (0, 1). A sequence of fuzzy points {µn =
(xn, αn)} is said to be a statistical fuzzy α-Cauchy sequence in a fuzzy
normed linear space (X, ρ) if for each zero neighbourhood N with N(0) >
α, there exists a positive integer set K having natural density one such
that for all m,n ∈ K implies µn − µm = (xn − xm, αn ∧ αm) ≤ N .

Theorem 3.7. Let (X, ρ) be a fuzzy normed linear space and α ∈
(0, 1). Then {(xn, αn)} is a statistical fuzzy α-Cauchy sequence if and
only if for each t > 0, there exists a positive integer set K having natural
density one such that for all m,n ∈ K, αn∧αm ≤ α and P(αn∧αm)(xn−
xm) < t.

Proof. Assume that {(xn, αn)} is a statistical fuzzy α -Cauchy se-
quence and t > 0. Let β > α and N = β ∧ 1

2 tρ , where (β ∧ 1
2 tρ)(x) =

min{β, ρ(2x
t )}. Since N(0) > α , there exists a positive integer set K

having natural density one such that for all m,n ∈ K,

β ∧ 1
2 tρ(xn − xm) ≥ αn ∧ αm

⇒ αn ∧ αm ≤ β and 1
2 tρ(xn − xm) ≥ αn ∧ αm

⇒ αn ∧ αm ≤ β and P(αn∧αm)(xn − xm) ≤ t
2 < t.

Therefore, αn ∧ αm ≤ α and P(αn∧αm)(xn − xm) < t. For the converse,
let N be a neighbourhood of zero with N(0) > α. Then there exist t > 0
and α′ > α such that α′ ∧ tρ ≤ N . For this t , there exists a positive
integer set K having natural density one such that for all m,n ∈ K,



102 Gil Seob Rhie, In Ah Hwang, and Jeong Hee Kim

αn ∧ αm ≤ α′ and

P(αn∧αm)(xn − xm) < t ⇒ tρ(xn − xm) ≥ αn ∧ αm

⇒ α′ ∧ tρ(xn − xm) ≥ αn ∧ αm

⇒ α′ ∧ tρ ≥ (xn − xm, αn ∧ αm).

Therefore, N ≥ α′ ∧ tρ ≥ α ∧ tρ ≥ (xn − xm, αn ∧ αm). The proof is
completed.

Corollary 3.8. Any subsequence of a statistical fuzzy α-Cauchy
sequence is also a statistical fuzzy α-Cauchy sequence.

Note. Let α < α′. Every statistical fuzzy α-Cauchy sequence is a
statistical fuzzy α′-Cauchy sequence and statistical Pα′-Cauchy sequence
is a statistical Pα-Cauchy sequence.

Theorem 3.9. If {(xn, αn)} statistically fuzzy converges to (x, α)
then it is a statistical fuzzy α -Cauchy sequence.

Proof. Since {(xn, αn)} statistically fuzzy converges to (x, α), for ev-
ery t > 0, there exists a positive integer set K having natural density
one such that for all k ∈ K, αk ≤ α and Pαk

(xk − x) < t
2 . If m,n ∈ K,

then αn ∧ αm ≤ α and

P(αn∧αm)(xn − xm) ≤ P(αn∧αm)(xn − x) + P(αn∧αm)(xm − x)
≤ Pαn(xn − x) + Pαm(xm − x)
< t

2 + t
2 = t.

Therefore, {(xn, αn)} is a statistical fuzzy α-Cauchy sequence. The proof
is completed.
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