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THE GENERALIZED TRAPEZOIDAL FUZZY SETS

BoNncJu LEE* AND YONG SIK YUN**

ABSTRACT. We would like to generalize about trapezoidal fuzzy
set and to calculate four operations based on the Zadeh’s extension
principle for two generalized trapezoidal fuzzy sets. And we roll
up triangular fuzzy numbers and generalized triangular fuzzy sets
into it. Since triangular fuzzy numbers and generalized triangular
fuzzy sets are generalized trapezoidal fuzzy sets, we need no more
the separate painstaking calculations of addition, subtraction, mul-
tiplication and division for two such kinds once the operations are
done for generalized trapezoidal fuzzy sets.

1. Introduction

The purpose of this paper is to generalize the results of four opera-
tions for two generalized trapezoidal fuzzy sets. We use four operations,
addition A(+)B, subtraction A(—)B, multiplication A(-)B and division
A(/)B for generalized trapezoidal fuzzy sets A and B. These operations
for two fuzzy numbers (A, I A) and (B S B) are defined in Definition 2.3
and based on the Zadeh’s extension principle ([2], [3], [4]). Addition
A(+)B and subtraction A(—)B become generalized trapezoidal fuzzy
sets. However, multiplication A(-)B and division A(/)B need not to be
generalized trapezoidal fuzzy sets.

There are so many results of above four operations for two triangu-
lar fuzzy numbers and two generalized triangular fuzzy sets([1]). Since
these fuzzy numbers and fuzzy sets are generalized trapezoidal fuzzy sets,
we roll it up into the single concept of generalized trapezoidal fuzzy set.
Thus we would like to show that we need no more the separate painstak-
ing calculations of addition, subtraction, multiplication and division of
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two such kinds once the operations are done for generalized trapezoidal
fuzzy sets. And we provide some examples.

2. Preliminaries

DEFINITION 2.1. A triangular fuzzy numberis a fuzzy set A = (a1, ag,

a3) having membership function

0, r<ay,a3<T
pa(x) = o=, a1 <z <a
a3—=x
ws—ay 27T <as

DEFINITION 2.2. A generalized triangular fuzzy set is a symmetric
fuzzy set A = (a1, ¢, a2) having membership function

0, r<ai,a2 <
_ ) 2¢(z—a1) ai+a
pa(z) = o= a1 <o < g
—2c(z—a2) a1+a2
a—ar 5 Sz <az

DEerFINITION 2.3. The addition, subtraction, multiplication and divi-
sion of two fuzzy sets A and B are defined as
1. Addition A(+)B:

paB(z) = Sup min{pa(z), up(y)}, © € A,y € B
TH+y=z2

2. Subtraction A(—)B :
pa)B(2) = P min{pa(z), up(y)}, v € A,y € B
3. Multiplication A(-)B :
raB(z) = sup min{ua (), up(y)}, = € A,y € B

4. Division A(/)B :
payp(z) = supminfpa(z), up(y)}, € A,y € B

y
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3. Generalized trapezoidal fuzzy set

DEFINITION 3.1. A fuzzy set A having membership function

0, r<ay,a4 <
c(z—aq)
a1 <x<as
pa(z) = q @@’
c, as <z < as
c(as—2x)
o) BT <ay

where a; € R,7 =1,2,3,4 and 0 < ¢ < 1, is called a generalized trape-
zoidal fuzzy set and will be denoted by A = (a1, a9, ¢, as, as).

REMARK 3.2. A triangular fuzzy number A = (aj,a2,a3) is just a
special case of a generalized trapezoidal fuzzy set. In fact, (a1, az,a3) =

(a1,a2,1,a2,a3).

REMARK 3.3. A generalized triangular fuzzy set is also a special case
of a generalized trapezoidal fuzzy set. In fact,

ai + az ai + az
)CL?)

A= ((Cll,Cl,CLQ)) = ((11, 2 » C1, 2

We generalize about four operations for two generalized trapezoidal
fuzzy sets, A and B, in the following 3.1 ~ 3.4. For that, let A =
(CLl, as,mi,as, a4) and B = (bl, ba, ma, b3, b4>, where a;,b; € Rt =
1,2,3,4,0 <myp <mg < 1and pug(x) >m; in [p,r].

3.1. Addition

It is convenient to consider min{u(z), up(y)} as a function of two
variable.
Now

pa+)B(2) = Sup min{pa(z), up(y)}, v € A,y € B
THy=z2

Therefore to find the value of this function we have to look at the
values of (z,y) — min{pa(x),up(y)} on the line x + y = 2. In fugure
1, we see that the maximum value of min{u(z), up(z)} on the curve
x +y = z occurs at the intersection point of the x + y = z and the path
joining the four points F, P, R and G.
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X+ Y= ay+hy

X+y= ag+r

E \ F

X+y=a;+by X+y=az+p

F1cure 1. Contour plot of (z,y) — min{ua(x), up(y)}
andz+y =z

Then

0, z<ay+b,a4+by <z
1/11(2), a1 +b1<z<as+p
m(z), a+p<z<ag+r
C(2), az+r<z<ag+iy

MA(+)B(Z) =

To find the expressions of the functions 11,71, (1, we have to find y
coordinates of the points P and R. The y-coordinate p of P(ay,p) is
determined by
p—b
by — b1

mip =mg9 -

Hence
miy

m2

p=>b1+ (ba—b1)-

The y-coordinate r of R(as, ) is determined by

by —r
by — b3

mip = mg -

Hence
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r=by— (by—bs) =
mao
Therefore

e 11(2) is determined by the intersection point of the line z +y = z
with the line joining the two points £ and P:

r+y ==z
—b
y—b =2L"1(r—a)

The z-coordinate of the intersection point is

zma(ag — a1) — mabi(ag — a1) + myai (b — by)
ma(az — ay) + my(by — by)

TEp =

Hence

Y1(z) = pa(zep)
mime(z —ay — by)
mg(GQ — al) + ml(bQ — bl)

e 71(2) is a constant function my on [az+p, ag+r] because (z,y) —
min{u4(x), up(y)} takes constant value m; on the rectangle
PQRS.

e 71(z) is determined by the intersection point of the line x +y = z
with the line joining the two points R and G:

rty ==z
y—r =2 (x—a)

The z-coordinate of the intersection point is

zma(as — ag) — mabs(as — as) + mias(by — b3)
ma(ag — ag) + mq(by — b3)

TRG =

Hence

C1(2) = palzra)
mima(as + by — z)
ma(as — az) + mi(by — b3)
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In summary, the membership function pi4)p(2) is

( 0, z<ay+bi,a4+by <z

mima(z—a1—b1)

malaz—a1)+mi(b2—b1)’ a1 +b1 <z <az+ by + (b2 - bl) e
my, a2+b1+(b2—b1)'%§z
<a3+b4—(b4—b3)-m

m2

b _
mQ(ETjSi;f(bflbg), ag+bs—(ba—b3) - L <z<as+by

i.e. A(+)B is a generalized trapezoidal fuzzy set.
3.2. Subtraction

In fugure 2, we see that the maximum value of min{ua(z), up(z)}
on the curve x — y = z occurs at the intersection point of the x —y = 2
and the path joining the four points H, S, Q and F.

X—y=a3—by X—y= ap—r
H G
/
4
7/
4
/
4
/
/
// /
/
/|
/ d
/1
V]
V]
V]
//
V]
4
4
/
V4
/
//
4
E / F
X-y=asg-p X-y= ay—by

F1aure 2. Contour plot of (z,y) — min{ua(x), up(y)}
andz—y =z
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Then
0, z<a1—b4,a4—b1§z
I (2) = Po(z), a1 —byg<z<ag—r
A(-)B m(z), asa—r<z<az—p
G(2), az—p<z<ay—b
Therefore

e 1)9(z) is determined by the intersection point of the line z —y = 2
with the line joining the two points H and S:

{a: —y =z

_ r—b
y—by = —r(x—a)
The y-coordinate of the intersection point is

zml(b4 — b3) — mlal(b4 — b3) — m2b4(a2 — al)
mz(ag — CL1) + ml(b4 — bg)

YHSs = —

Hence

Va(2) = ps(yns)
mlmg(z + b4 — al)
m2(a2 — al) + ml(b4 — b3)

e 72(2) is a constant function my on [ag —r, ag —p| because (z,y) —
min{u4(x), up(y)} takes constant value m; on the rectangle
PQRS.

e 12(z) is determined by the intersection point of the line x —y = z
with the line joining the two points ) and F:

rT—y ==z
by —
y—p = —2(r—as)

The y-coordinate of the intersection point is

ng(a4 — a3) — m2b4(a4 — ag) + m1a4(b4 — bg)
mg(a4 — CL3) + m1(b4 — bg)

YoQr =
Hence

G(2) = pslyer)
mime(ag — by — 2)
ma(as — az) + mi(ba — by)
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In summary, the membership function py_)p(2) is

( 0, z<ay —bsg,as — by <z
mima(z+bs—a m
mz(azl—a21()+m41(b411b3)7 ay —by <z <ap— (b4 = (ba —b3) - ﬁT;)
mi, a2—(b4—(b4_b3)'%)§2
<asg— (ler(bQ*bl)'%)
mima(as—bi—2) as — (bl + (b2 _ bl) . %) <z<ay— bl

ma(as—az)+mq (b2—b1)’

i.e. A(—)B is a generalized trapezoidal fuzzy set.

3.3. Multiplication

In fugure 3, we see that the maximum value of min{ua(z), up(z)}
on the curve xy = z occurs at the intersection point of the xy = z and
the path joining the four points £, P, R and G.

\
X
Xy= asby
[«3
N
\ N
N
N
\ N
\ NG
\ N
la Xy=agr
\\
\\
\\
E S~ F
Xy= azp
Xy= ajb;

F1cure 3. Contour plot of (z,y) — min{ua(x), up(y)}
and zy = 2
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Then
0, z < arby,asby < 2
taiys(z) = P3(z), a1by <z < agp
n3(2), agp <z <agr
(3(2), asr <z < asby
Therefore

e 3(z) is determined by the intersection point of the line xy = z
with the line joining the two points £ and P:

{xy =z
—b
y—b =" (2 —a)

The z-coordinate of the intersection point is

D+ \/D2 + 4m1m2(bg — bl)(ag — al)z
2m1(b2 — bl)

TEp =

Hence
Ys3(2) = palzep)

—Dq + \/D2 + 4m1m2(bg — bl)(a2 — CL1)Z
2(1)2 — bl)(ag — al)

where
D = blmz(ag — al) — alml(bg — bl)
Dy = bima(az —a1) +aimi(bs — b1)
e 73(2) is a constant function my on [agp, asr| because (z,y) —
min{p4(x), up(y)} takes constant value m; on the rectangle
PQRS.

e 13(2) is determined by the intersection point of the line zy = z
with the line joining the two points R and G:

Ty =z
y—r = (r—a)

The z-coordinate of the intersection point is

IND + \/152 + 4m1m2(b4 — bg)(a4 — a3)
2m1(b4 — b3)

LRG =
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Hence
G(2) = pa(yrc)
B Dy — \/52 + 4dmyma(by — b3)(ag — a3)z
2(by — b3)(ag — a3)
where
D = agmi(by — bz) — byma(ag — as3)
Dy = agmy(by — b3) + byma(as — as)

In summary, the membership function py)p(2) is

0, z < aiby,asby < z
-D D24+4mima(ba—b1)(az—a1)z m
Ly 2;1;2471)11)(2(;:11)1)( = , a1by <z < ag(b1 + (b2 — b1) - nT;)
mq, ag(bl—i-(bg—bl) ) <z
< ag(bs — (b4 — b3) - 1)
D1—+/D2+4mms(bs—bs)(as—as)z
[ D1=v g0 gy (by — (by — by) - 22) < 2 < by
where
D = bima(az —a1) — arma(bz — by)
D1 = bima(az —a1) +aimi(ba — b1)
D = aqsmi (b4 — bg) — b4m2(a4 - a3)
Dy = asmy(bs — b3) + bama(as — as)

i.e. A(-)B is a fuzzy set on (albl, a4b4), but need not to be a gener-
alized trapezoidal fuzzy set.

3.4. Division

In fugure 4, we see that the maximum value of min{ua(z), up(z)}
on the curve % = z occurs at the intersection point of the % = z and the
path joining the four points H, S, Q and F.

Then

T
1(2), L <z<P
1(z), B <z<®
(

P
G(z), P <z<gt

0, z<“1“—4<z

<

payp(z) =

3

<

Therefore
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X
B y

/
]
]
i
i
]

<X
o|&

'n
<X
RSB B

F1GURE 4. Contour plot of (z,y) — min{ua(x), up(y)}
and £ =z
y

z _

e 14(z) is determined by the intersection point of the line
with the line joining the two points H and S:

x _
_ r—
y—by ==z —a)

The y-coordinate of the intersection point is
—— mabs(ag — a1) + myai(by — b3)
ml(b4 — bg)Z + m2(a2 — al)

Hence
Ya(2) = wpp(yms)
m + 1m2(b4z — al)
ml(b4 — bg)z + mg(ag — al)

e 74(z) is a constant function m; on [%2, %3] because (z,y) —

min{pa(x), up(y)} takes constant value m; on the rectangle

PQRS.
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® 74(2) is determined by the intersection point of the line ¥ = z with
the line joining the two points () and F":

xz
v Zbl—
y—p = —as)

The y-coordinate of the intersection point is

_ bima(ag — a3) + agmy(ba — b1)

YQr =
? (bg — b1)mi1z + mo(aq — as)
Hence
G(2) = ws(ygr)
_ mime(ay — b12)
ml(bg — bl)z =+ 77’L2(CL4 — a3)
In summary,
.
0’ z < %7 % S z
myma(baz—a1) U &y G2
B m1(ba—b3)z+ma(az—a1)’ bs — b4—(b4—b3)-%
HA(B\Z) = ey a3
m b4*(b4*b3)-% Sz< b1+(52*b1)-%
mima(as—byz) as <scw
mi(ba—bi)ztma(az—as)’  bi+(ba—b1)- L = by

i.e. A(/)B is a fuzzy set on (Z’—i, Z—f), but need not to be a generalized
trapezoidal fuzzy set.

4. Examples

EXAMPLE 4.1. For two generalized trapezoidal sets, A = (1,2, %, 3,6)
and B = (2,4, %, 5,8), we have the followings.
0, 2<3,14<2
7(z=3) 3<z< 38
pap(z) = 7 as T62
" W b
—Zz
D) y T S z <14
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p 0, 2< —=7,4<z
K (Z) 7(11_Z)7 —-T7T<z< _277
A(-)B = : 7
(=) iy 777§Z<7%
0, 2 <2,48< 2
H (’Z) 712+27\/0m, 2§2<§
o ) ’ 48 123
) | =
Byt 18 <z <48
\
¢ 0, Z<é73§2
7(—=1482) 1 o
pagplz) = { 20H5D §§z<%
&) 3S2<%
7(3=z 3
( 2if1020 5§ =2<3

EXAMPLE 4.2. Let us consider now two triangular fuzzy numbers,
A = (2,4,7) and B = (3,6,11). These may be identified with A =
(2,4,1,4,7) and B = (3,6,1,6,11). Then
0, z2<5,18< 2
pap(z) = =2 5<2<10
Bz 10<2<18

0, 2<-94<z

el ey

pa—p(z) = 9J7FZ, —9<z< -2
453, —2<z<4
0, 2<6,77<z
NA(-)B(Z) = 76%\/&, 6 <z<24
BovEDE 24 <2 < 7T
0, z < %7% <z
11z-2 2 2
pags(z) = 75; 20 11 <z <7§
—3z
5730 3=%<3
EXAMPLE 4.3. For two fuzzy sets, A = ((3, %, 9)) and B = ((2, %, 7)),
we identify these with A = (3,6, %, 6,9) and B = (2, %, g, %, 7). Then
0, z2<9,16 <z
3(z=5) 5<z< 3
pap(z) = S R 3
e 5 3 <<
3(16—z) 32
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2042 _y<z<t
pa—yp(z) = P04 53
a sy 2ETTE
—Z
20 3 S z < 7
0, 2<6,63 <z
2(=13+28+2) 6 <2< 2
_ 35 ) >
pac)p(2) 4 26 < z < 28
| ACLVT) 98 < s <63
0, z < %,% <z
12(=3472) 3 9
,UfA(/)B(Z) _ 5€49+7z) ) Z <z< ?8
odlay s
—2z
50+7s) 0 13 %<3
References

[1] Y. S. Yun, S. U. Ryu, and J. W. Park, The generalized triangular fuzzy sets,
Journal of the Chungcheong Mathematical Society. 22 (2009), no. 2, 161-170.

[2] L. A. Zadeh, The concept of a linguistic variable and its application to approz-
imate reasoning, I Information Sciences. 8 (1975), 199-249.

[3] L. A. Zadeh, The concept of a linguistic variable and its application to approz-
imate reasoning, II Information Sciences. 8 (1975), 301-357.

[4] L. A. Zadeh, The concept of a linguistic variable and its application to approz-
imate reasoning, III Information Sciences. 9 (1975), 43-80.

*

Korea Institute for Curriculum and Evaluation
Seoul 100-784, Republic of Korea
E-mail: yibongju@kice.re.kr

*%

Department of Mathematics and Research Institute for Basic Sciences
Jeju National University

Jeju 690-756, Republic of Korea

E-mail: yunys@jejunu.ac.kr



