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SOME PROPERTIES INVOLVING THE HIGHER
ORDER ¢-GENOCCHI NUMBERS AND POLYNOMIALS
WITH WEIGHT (a,3) VIA THE p-ADIC ¢-INTEGRAL
ON 7,

JONG JIN SEO* AND SERKAN ARACI**

ABSTRACT. The main properties of this paper is to describe the
higher order ¢-Genocchi polynomials with weight («, 8). However,
we derive some interesting properties concerning this type of poly-
nomials.

1. Introduction, definitions and notations

The main motivations of this paper are the papers [8], [14] by Kim
et al. and Hwang et al., in which they introduced and studied on higher
order g-Euler numbers and polynomials with weight o and higher order
g-Bernoulli numbers and polynomials with weight «, respectively.

By using g-Volkenborn integral, Kim introduced the ¢-Bernoulli num-
bers and polynomials with weight o which are derived some interest-
ing properties of g-Bernoulli numbers and polynomials with weight «.
However, several mathematicians have studied on the special numbers
and poynomials with weight a(see for details [3],[4], [8], [9], [10], [11],
[14],[17], [22)).

Assume that p is a fixed odd prime number. Throughout this paper
Zyp, Qp, C and C,, will, respectively, denote the ring of p-adic rational
integers, the field of p-adic rational numbers, the complex number field
and the completion of algebraic closure of Q. Let N be the set of natural
numbers and Z; = N U {0}. Let v, be the normalized exponential
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valuation of C, with [p[, = p () = 15 (see [1-6,8-17]). If ¢ € C, then

we always assume that |¢| < 1. If ¢ € C,, then we usually assume that
1

|1 —g|, <p »-7, which yields ¢" = exp (log q) for |z[, < 1.

The g-basic naturel numbers are defined by [z], = % (x € N).
Hence, limy 1 [z], =  for any x with |z[, < 1 in the present p-adic case.
The g-factorial is defined as [n] ! = [n],.[n — 1] . [n — 2] .-~ .[2], . [1],,

. [n] !
¢ = =R,

Note that lim,_, (Z)q =)= W (see [5,8-16]).

In [5,10,11,16], the g-binomial formulas are known,

(b;q), = (1 —b) (1 —gb)--- (1 —¢"'b)
(1.1) - "o A
B kzo <k>qq (=1)" b7,

(b:q),"

and the Gaussian binomial coefficients is defined by (Z)

1
T (=) (T—gb)---(1—q" b

:i <”+:1> b,
k=0 q
We say that f (and write f € UD (Z,)) is a uniformly differentiable
function at a point a € Z,, if the quotients Fy (z,y) = f(‘r) y( Y have
a limit f(a) as (z,y) — (a,a). For f € UD(Z,),T. sz defined
the fermionic p-adic g-integral on Z, ( or g-Volkenborn integral in the
sense of fermionic) is defined as

I, /f ) dji—y (@)

(1.2)

(1.3) N
7‘7 _5.8-
=" Jim Z:: . (see [1-5,8-17)).
The Genocchi polynomials are defined by
2e” & tn
(1.4) 1= ;)Gn () = [t < (see [6,7,10,11]).

The g-extension of Genocchi numbers are defined by

" 2]y, n=1
1.5 Gog =0 G 1 Gnog =
(1.5) 0,9 , q(q gt )"+ 4 {0’ n#1
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with usual the convention about replacing (G4)" by G 4 (see [1]).
The (h, q)-extension of Genocchi numbers are defined by

(h) _ h—2 (R) h) _ 2], n=1
(1L6) G =0, 4 (qu n 1) + G {07 i

with usual convention about replacing (Ggh)>n by Gn}g (see[2]).
Recently, For a € N, the weighted ¢-Genocchi numbers are defined
by
2], fn=0

~(a) _ l—a ( a(a) " () _
wn de e (pap ) g (B G
with usual convention abut replacing (é((]a))n by égfg (see[4]).

By same the motivation of [8], [14], we consider on the higher order
g-Genocchi polynomials with weight («, 3). However, we derive some
interesting properties concerning this type of polynomials.

2. Higher Order ¢-Genocchi numbers and polyomials with
weight (o, 3)

DEFINITION 1. Let be h € Z, a,k,8 € N and n € Z;. Then we de-
fined higher-order q-Genocchi polynomials with weight («, 3) as follows:

| k(")
— / / [x+$1++xk]ga q2§:1$](h—‘7)
Zp ZP

dp_gs (1) -+ - dp_gs (1)

By (1.3) and (2.1), we arrive at the following theorem:
THEOREM 1. For h € Z, a, k,3 € N and n € Z,. We obtain

Gop (hkla) [Pl Im\, L, g
=

k'(n:k) (1 _ qa)n e I al+h—k+ﬂ; q)k
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We simply get,

[1 + @2 4 -+ ap] o g7 TR

= [331 + o+ + «’Ek}n qzl(h*"‘*1)+‘"+Zlc(h*a*k)qa(zlJrzererzk)
o

a(zitestFop) _ 1
_ [371 oo+ mk}:r;a qxl(h—a—l)+...+xk(h—a—k)((qa _ 1) q

g —1 )

= [mitae ol g TR OO (0 D o et ] +1)

Namely, we have Corollary 1 as follows:
COROLLARY 1. For a, k € N. Then we get

(23) [1'1 + 29+ -+ $k]Za qxl(h_1)+"'+;tk(h—k)

(“ =D [z1+a2+-+ mk]Z;H g1 (h—a=D)+-+ay(h—a—k)
- + [331 +xo+---+ xk};‘a qml(h_a_l)'i'"'-l-zk(h—a—k)

With regard to (2.3) and by using fermionic p-adic g-integral, we
obtain the following theorem:

THEOREM 2. For h € Z, o, k,3 € N and n € Z,. We obtain

Gty ()

(2:4) (") ) ~(a,8)
=(¢g—1) [a]q 7(714—]6—&—1) Goikig (h—a,k)+ G, (h—a,k)
k

By (2.1), we have,
ég;ﬂ) (ma, k+1)

k!
Flma—j)z;
_ / . qzy‘:l( 7) Tdp_gs (1) - dp_gs (Thy1)
Zp Zp

(@1+-Fwpr1) " .
// (qwl axT 1(qo‘—1)+1> g ZiEi i
Zy Zp q~ —

dp_gp (x1) -+ dp_gp (Thy1)

. k+1 .
Z <m) (qa_l)l/ / [x1+"'+$k+1]f]a qujiljxj
l z, 7,

dp_gs (21) - dp_gp (Tpet1)

_ ’Z”: ™\ (1) G\ 0,k + 1)
: ()
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Therefore, we obtain the following theorem:

THEOREM 3. For h € Z, o, k, 3 € N and m € Z,. We obtain

(2.5) G\ (ma,k+ 1) = (ng (¢ —1)' G 0,k +1)
1=0 \ k
Moreover, we readily see,
_ k! [ ]k—i—l
2.6 G(:H) ma,k+1) =
( ) k,q ( ) ( gme— k—i—,@; q)k

By (2.5) and (2.6), we get following theorem:

THEOREM 4. For h € Z, a, k, € N and m € Z,. We obtain

m m k9 k+1
(2.7) 3 (Si,z (¢ —1' G 0,k +1) = 2y
=0 k

(_qma k+ﬁ’ )k

From (2.1), we can derive the following equation:

> <Z> (¢" - 1)j/ / (21 + - + )l gD
j=o M z, Jz,

dquﬁ (xl) e dquﬁ (.’Ek)
= / .. / [+ -+ + xk](?«;l ngczl(h—l)zzqa(x1+---+xk)(i71)
Zp Zyp

dquﬁ (xl) e dﬂfqﬁ (LUk)

i— . (a 5)
= j k|(n z—]i;]-&-k:)

Thus, we obtain the following theorem:

THEOREM 5. For h € Z, o, k, 3 € N and n,i € Z,. We obtain

L)
m“ — 17 G (=)
=0

k
i—1 Z 1)

Z n z+j+k a )J szayzﬁj-]-l-k (h’ k) :

(2.8)
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3. Polynomials G,(f‘q’ﬁ) 0,k | x)

In this section, we discuss the polynomials G( o) (O, kE|lxz)b

G, 0. 12

A (nJrk)
/ / T+ x1+ o+ g Zﬁ:ljij
Zp ZP

dp_gs (1) - dp_gs () -

(3.1)

From (3.1), we get

A (S B ) | -
(32) k"(nzk) - (1 . qa)n Z (l) (—1) W

=0

By (3.1), we can easily derive the equation.

k Nz +anx
/ | gEamlenmdEtana gy () dp s ()
Zyp Zyp

(3.3) n ()
— l (qoc N )l k|(ll"];k) Gl(Jrk (0 k | SU)
=0 :
and

k j)x;+anx
/ .. qzj=1(‘m’9):""f+ d,u_q,a (x1)--- dﬂ_qﬁ (2k)
Zyp Zp
(3.4) k _anx
[2]gs q

(—qom=k+B: q),

Therefore, we get the following theorem.
THEOREM 6. For a,k,3 € N and n € Z. We get

Gl 0kl Z<n> "
k(") (1—q*)" l (—q™=+F5; q),,

=0

and

n . n N [2]/; anx
S0 i 0 k19 = o
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Assume that d € N with d = 1 (mod 2) . We readily see, namely,

n

k
— k 1T
/ .. / T+ ij q > =1 T d,u_q,a (x1)-- .d,u_q,B (zk)
Zyp Zyp j=1 a
q
_ [d]ga dil q Yk, (G-Day (_1)Z§:1 aj
[d]_gs
ai,...,ap=0
ko ok "
[ GRS SIS S i R
z Z d ;
D P .7:]- ad

d/l(_qﬁ)d (z1) -+ dﬂ(_qﬁ)d (k)

As well as, we obtain the following theorem.

THEOREM 7. For a,k,f € N, n € Z; and d = 1 (mod 2). We get

G 0,k | x)

n+k,q
_ [d]:;“ § q Y ioa(i=1)a (_1)Z§:1 aj
[d]_gs
ai,...,ap=0
~(a,8) rT+ar+ax+---+ag
X G gl <O,k: \ 1

From (3.1), we have

~(a, . n+k alz n—1l ~(a,
Gy Ok o) =3 (1 ) ol Gl 0.0,

Thus, we note that

)l G, 0k ),

(o) e
Gring (0K [z +y) = < I+k,q
=0

4. Polynomials 655‘4@ (h,1|x)

We now consider polynomials é’%hc), (h,1| z) as follows:

vy Bl
' n+1

_ /Z [m 4 xl];la q(hfl)md,u,q,e (z1).
P
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By (4.1), we get

e (n1] x) 25 <~ /n L g
(4.2) n+1 = (1 _qa)n ; (l) (—1) 1+qal+h—1+6

By applying fermionic p-adic g-integral on Z,, we see that

¢ /Z (& + )™ ds_ga (1)

P

= (a= 1), [ o+l eV (1)

P

+/ [z + $1]Za qxl(h*o‘*l)d,u,qg (21)
Z

P
Therefore, we obtain the following theorem:

THEOREM 8. For h € Z, o, 3 € N and n € Z,. We get
=G (b1 2)

n+1 ,q
(4.3) n+1 ~(a
= 5 (@ =Da], G (h— a1 2) + G (h— ] 2)
It is simple to indicate
(4.4) GD (01| 2) = (n+1) / &+ 211 dpt_ga (21)
Z

P

—ax — (n+1 n+1-—(+1) a(H—l)x (o, )
= ) 1
q 2 (l 1> [] e G 2 (A1)

. n+1
= ¢ <qwcgaﬁ> (h,1) + [a:]qa> , forn >0,

with usual the convention about replacing (é,(la’ﬁ ) (h, 1))n by éﬁfjf ) (h,1).
By Iy (f1) + Ly (f) = [2], £ (0) where fi (x) = f (x+1). We get,

(45) [ o 10 (o)

P

+/[$+Mﬁ4m4mwlw@ﬂ
Z

P
= [2] s [2]ga -
From (4.1) and (4.5), we simply see,

B+h—1 1 =~
q a, n
G (1 @)+ = G (b1 | @) = [2],6 [alf

(4.6) -
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For x = 0 into (4.6), we obtain

g1

(e.3) L ~(ap) )12, ifn=0
Gy (b1 x)+mGn+1 (h,1]x) —{ 1

n+1 0, if n £ 0.

From the fermionic p-adic g-integral on Z,, we simply get,

~(a — [2] &
G 112 = [ D 1) =
’ Ly [2]qh+5_1
By (4.1), we see that,
G (h1]1— )
n+l,g= 1 \'" o . n —(h—1)z
e = /Zp [l -2+ 21,0 q Ydp_ s (71)

n _na+h— [2](1 - n ok

~(e,3)
(_l)n qna—i-h—l Gﬂ+1,q (h’ 1 | :U)

n+1

Therefore, we obtain the following theorem,
THEOREM 9. For h € Z, o, € N and n € Z,. We get

B (11151 = (1 250060, 01|

Assume that d € N with d = 1 (mod 2) . Then we have

(4.7) jé [dz + 21]50 ¢ g (21)
P

[d]na = a a a " —1)z
a qqﬁ th (-1) /Z [x + p + x1i|qad qd(h 1) 1d“(_qﬁ)d (z1)
4" a=0 P

Thus, from (4.7) we obtain the following theorem,
THEOREM 10. For h € Z, d = 1 (mod2), o, € N and n € Z. We
get

G (n,1] do) =

[d];a « ha a ~la,pB) @
S () G (h1 e+ ).
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5. Polynomials é,(f‘q’ﬁ) (k, k| x)

In (2.1), we know that

o) Gt (k| 2
| H)
Z:D ZP

dp_gs (w1) - - dp_gs ()

As well as we get,

G (hk | )

n+k,q
n+k
sy MDY
1 n _n n qlz
- (=) 3 (1) v
[2]gs 1—qv) &\ ( )(_qal-i-h—k—i—ﬁ;q)k
and

(5.3) qhw*l/ / [+ 1421+ + 2p]ja X
ZP ZP

k Ve
g=i=1(h=) Tdp_gs (1) - - dp_ s ()

_ = Jo, o Jo Tttt w ==t DT Ay s () - dp s ()
- k N .
S DRRRE PR E k2T SRR ok T g=o=2 DA o (o) - dp_ g (k)

From (5.1) and (5.3), we obtain the following theorem.
THEOREM 11. For h € Z, o, k, 5 € N and n € Z,. We get

¢ LG (hok | x4+ 1) + G (h k| x)

=+ k)G (h—1k—1]x)

Assume that d € N with d = 1 (mod 2) . Then we obtain

k n
K .
/ / x4 ij qzjzl(h—J)mdu_qﬁ (z1) - dp_gs (xg)
Zp Zp le ad
q
oy D DI e el G R A
[d]_qB ai, - ,a=0
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Z] 19 E : dgk (h—3)z;
JZ q j=1 J)Tj
/Zp /Zp

qad
d#(_qﬁ)d (z1)-- dﬂ(_qﬁ)d (7)
Thus, we obtain the following theorem.

THEOREM 12. For h € Z, ai,k,3 € N, n € Z, with d = 1 (mod?2).
We get

G\ (hk | z)
[d]na d-1 k L k . . k
— [d]”q Z thjzl aj—> ;—2(—1)a; (_1)2] 1@5

=% a1, a,=0
k
Gl (h m“zjﬂ‘”)

n+k,q¢ d

Assume that éfﬁc}m (k,k|z) = @,‘3;,5) (k| ). Then we obtain

G(aﬂ kl|lx 2k " /n lz
oy kel B S () )

GO e D~ D
and
(5.5) / / [k—ﬂc+m1+x2+"'+$k]gfax
Z, Jz,
qf((kfl)m+-"+(k*k)xk)du o (1) dp_ys (zr)

[ a
1—q P —q*"*7;5q),,
e AUE
n+k

RI(")

By (5.5), we get the following theorem.

THEOREM 13. For h € Z, o, k, € N and n € Z,. We get

n+k,q—1 n+k q (k ‘ :1:)
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By simple calculation, we get

- n n —b0)T
=0 Zp Zp

=
dpp_gp (x1) - dp_ -5 (1)
[2]%
(—q*"*P; q),,

and

G\ (k| x)

k' TLJrk)

= / / x _|_ :1;1 _|_ + ]n q(kfl)ml‘i’""i'(k*k)xk
Zp Zy

du—qﬁ (‘Tl) T du—qﬁ (‘Tk)

n ~(a,B)
_ Z n qalx [x} Gl-‘rk g (k ’ O)
l q* k!(Hl;k) :

=0
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