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SOME APPLICATIONS OF THE UNION OF
STAR-CONFIGURATIONS IN P"

YoNG Su SHIN*

ABSTRACT. It has been proved that if X*) is the union of two
linear star-configurations in P? of type s x s, then (Iy(s.s))s # {0}
for s = 3,4,5, and (Iy(s,s))s = {0} for s > 6. We extend P? to P"
and show that if X(**) is the union of two linear star-configurations
in P", then (Iy(s,s))s = {0} for n > 3 and s > 3. Using this gen-
eralization, we also prove that the secant variety Seci(Split,(P™))
has the expected dimension 2ns + 1 for n > 3 and s > 3.

1. Introduction

We are interested in the secant variety to the variety X C P” and the
tangent space ideal at a point in X C P", where X is a non-degenerate,
reduced, and irreducible variety of dimension d. We are also interested
in the dimension of the secant variety to determine if the secant variety
is not defective. Recent papers studied the secant varieties ([1, 3, 4, 5,
7,8,9, 10, 12, 13)).

In [13], the author showed that if X(~*) is the union of two linear star-
configurations in P2 of type ¢ x s with 3 <t < 9 and s > t, then R/ Iy
has generic Hilbert function, and (Ix(.«)s = {0} for s > 6. With these
two results, the author also showed that when n = 2, the secant variety
Secy (Split,(IP?)) has the expected dimension 4s + 1 for s > 6 and that
the ideal Ix(s,s) has the following property:

3,3,1 for s =3,4,5, respectively,

dimy,(Ixe.0)s = for s > 6
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In this paper we attempt to generalize this result and find an answer to
the following question.

QUESTION 1.1. What is dimy(Ix)s when X := X% is the union of
two linear star-configurations in P" of type s x s, n > 3 and s > 37

In [3] the author showed that when 3(s—1) < n and s > 2, the secant
variety Sec,_1(Split,(P")) has the expected dimension using Terracini’s
Lemma, which will be introduced in the next section. We will however
use the ideal of the union of two linear star-configurations X in P" instead
of Terracini’s Lemma to find first the dimension, dimy(/x)s, and then
the secant variety Sec,_1(Split,(P")).

Our goal is to find an answer to Question 1.1 and its applications. In
Section 2, we briefly review some definitions, notations, and preliminary
results of the secant varieties Sec,_;(Split,(P")). In Section 3, we show
that if X := X% is the union of two linear star-configurations in P"
with n > 3 and s > 3, then

(Ix)s = {0},
which is the key element to the complete answer to Question 1.1. With
this result, we introduce another method to prove that the secant variety
Secy (Split,(P™))
has the expected dimension 2ns + 1 for n > 3 and s > 3.

2. Preliminary results and definitions

First, we recall definitions of Hilbert function, the secant varieties
Sec,_1(Splity(P™)), and irreducible varieties respectively. Let R = k[xo,
Z1,...,Ty] be an (n+ 1)-variable polynomial ring over a field k of char-
acteristic 0, Ry its homogeneous part of degree d, and P" the projective
n-space over a field k. With these notations, P(Ry) := P("i) =1 is nat-
urally identified with the set of hypersurfaces of degree d in P". Recall
that if I is a homogeneous ideal in R or the ideal of a subscheme X in P",
then R/I = @,-, R¢/I; is a graded ring. In this situation the Hilbert
function of X (or R/I) is the function of the subscheme X (or of the ring
R/I) as follows:

Hx(t) = H(R/I,t) := dimy R; — dimy, I;.
The first difference of the Hilbert function H is defined by
AH(0) =1 and AH(¢) = H(t) —H(t — 1) for t > 0.
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Let A d denote a partition of the integer d, i.e.

A=(A,...,\) where A\;>--->\.>1 and Z)\ =d.

We associate a variety, denoted by X ,,, to R = k[zg,z1,...,2,] and A,
which is defined by

Xom =A{[F] € P(Rg) | F = Fy--- F,, deg F; = Ai},

and we omit the n if it is clear from the context. Such varieties are
called varieties of reducible forms. If X is the d-tuple (1,...,1), then
the variety is often referred to as the variety of completely decomposable
forms or split forms. In this case, X, is denoted by Split,(P").

Let Xy,...,X, all be non-degenerate, reduced and irreducible vari-
eties in P” with dim X,; = d;.

DEFINITION 2.1 (Definition 2.1, [1]). (a) Choose points P; € X; such
that {Py,..., P} are linearly independent (and so r < n). The
join of {Py, ..., P} is the linear space spanned by the points, i.e.,

A(Py,...,P):=(Py,...,P) ~ P 1
(b) The join of Xy,...,X, is
AXy,.... X)) =UA(PL, ..., P)

for all P,..., P, linearly independent with P, € X.
() f Xy ==X, =X with dim X = d, then we write

AXy, ..., X)) = Sec,—1(X)
and call it the (r — 1)-st secant variety to X.

The number of parameters shows that the upper bound of the dimension
of the join is
dim A(Xy, ..., X, <rn1n{ Z d+7‘—1)}
and thus
dim Sec,_1(X) < min{n,dr + (r — 1)}.
We now introduce Terracini’s Lemma, which is useful to find the

dimensions of both joins and secant varieties.

LEMMA 2.2 (Terracini’s Lemma, [14]). Let Xy, ..., X, be as above and
let P; be a generic point on X;. Let P be generic points in A(Py, ..., P,).
Then the projective tangent space to A = A(Xy,...,X,) at P is

TPJ\ = <TP1,X1> cee 7TP7-7X7»>
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i.e., the linear space of the tangent spaces at the given points.

DEFINITION 2.3. Let X C P™ be a projective variety of dimension

d. Then the expected dimension of the secant variety Sec,_1(X) to X is
defined by

expdim(Sec,_1 (X)) = min{n,dr + (r — 1)}.

However, the expected dimension of Sec,_1(X) is not always the same as
dim Sec,_1(X). When 6,_1 = expdim(Sec,_1 (X)) — dim Sec,_1 (X) > 0,
we say that the secant variety Sec,_1(X) to X is defective and 0,1 is
called defect.

Since we are interested in secants to the varieties of reducible forms,
we introduce another important result (in view of Terracini’s Lemma) in
[7] to find a description of the tangent space at a generic point of those
varieties.

PROPOSITION 2.4 ([7]). Let A d, X = (A1,..., ;) and let X, ,, C
P(dtn)_l. Let P = [F --- F,] be a generic point of Xy ,, where deg F; =
Ai, t=1,...,7. Then

Tpx,, =P(Vp)
where Vp is the subspace of Ry = k[xg,...,%y|q defined by

r

Vp = Z(Fl . FZFT)R)\Z,

i=1
where % means that we omit .

When we wish to find the dimension of the secant variety Sec,_1 (X »,)
to X\, Terracini’s Lemma clearly suggests that we choose first generic
points, P, ..., P, on X, ,, and then find the dimension of the subspace

Vp,+---+Vp C k[xo,.. . ,{Bn]d.
We try to place this problem in a more general context.

DEFINITION 2.5. The tangent space ideal of Xy ,, at the point P is the
unique saturated ideal, 7p, in R = k[xo, ..., zy], with the property that

(Tp)d = Vp.

The following corollary shows the dimension of the secant variety, by
which we can decide whether or not the dimension and the expected
dimension of the secant variety are the same. In other words, we can
determine if the given secant variety is not defective.
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COROLLARY 2.6 ([7]). Let A = d, A = (Ai,...,\,) and let X, ,, C

d+n

P21, Let Py,..., P ber generic points on X, ,,. Then

d+n
n

dim Sec,—1 (X)) = [(

where A= R/I and I =Tp, +---+7Tp,.

>—H(A,d)] —1:dimkId—1

Finally we introduce a star-configuration and a linear star-configuration
in P™.

PropoOSITION 2.7 ([1]). Let Fy, Fy, ..., F, be general forms in R =
klxo,x1,...,xn] with r > 3. Then

r

N FF)=S(F-F--F)

1<i<j<r i=1

DEFINITION 2.8. With notations in Proposition 2.7, the variety X
in P of the ideal ;o (Fi, Fj) = Y y(Fy- Fj--- F,) is called
a star-configuration in P of type r. In particular, if deg F; = 1 for
every i = 1,...,7, we call X a linear star-configuration in P" of type r.
Furthermore, if X is the union of two star-configurations in P" defined
by s general linear forms and ¢ general linear forms, respectively, then
we call X the union of two linear star-configurations P" of type s X t,
denoted by X := X(:),

REMARK 2.9. (a) If X is a star-configuration in P", then X is an
arithmetically Cohen-Macaulay subscheme in P" of codimension 2
(see Remark 2.2, [2]).

(b) Let R = k[xo,...,z,], X be a star-configuration in P" with n > 3,
and L be a general linear form in R/Ix. Since X is an arith-
metically Cohen-Macaulay subscheme in P" of codimension 2, L
is a non-zero divisor of R/Ix. Thus R/(Ix,L) is also a Cohen-
Macaulay ring of codimension 2. In other words, (Ix,L)/(L) is
also the ideal of a star-configuration in P*~1.

3. Secant varieties Sec; (Split,(P"))

As mentioned in the introduction, in [3] they proved that the secant
variety Sec,_1(Split,(P™)) has the expected dimension for 3(s — 1) < n
and s > 2 using Terracini’s Lemma. As these two conditions indicate, it
has been unknown for n = 2. In [13], the author showed that the secant



812 Yong Su Shin

variety Secy(Splity(P?)), where n = 2, has the expected dimension for
5> 2.

In this section, we shall find the dimension of the ideal of the union
of two linear star-configurations in P of type s x s in degree s. With
this result, we shall give another method to prove that Sec; (Split,(P"))
has the expected dimension for n > 3 and s > 2.

The following lemma is immediately from Proposition 2.7 and Re-
mark 2.9 (a), (see also Corollary 2.5 in [2]).

LEMMA 3.1. Let L; be general linear forms in k[xg,z1,x2,x3] for
i=1,...,s with s > 3 and let

=1

be the ideal of a linear star-configuration in P2. Then the Hilbert func-
tion of R/I1¥ is

st 0<t<s—2
H(R/IV,t) = (’3); <t< ;
(R0 {(3+<§—2>)+(t—(s—2))(2+<;—2>), t>s5—1.

Proof. Let L be a general linear form in R. By Remark 2.9 (b), the
Hilbert function of R/(I1¥], L) is the same as the Hilbert function of the

linear star-configuration in P? of type s. Thus the first difference of the
Hilbert function of R/I! is

24t). 0<t<s—2,
AH(R/I,t) = {523(2—2)) P> s 1.

This implies that

H(R/I[s}vw = { (3+(s—2)

as we wished. O

REMARK 3.2. Let n and s be positive integers. By induction on n,
we can easily obtain the following equation, and so we omit the proof.

(o) = (G20 + 7RI o+ (G0 + (G5°).

The following proposition shows the dimension of the ideal of the
linear star-configurations in P". Using Corollary 2.5 in [2], one can obtain
the following proposition. However, an elementary proof (which we now
give) is also possible.
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PROPOSITION 3.3. Let R = k[xg,x1,...,z,] and L; be general linear
formsin R fori=1,...,s with s > 3 and n > 3. Let

S ~
I = Zizl(Ll oo Lio- Ly)
be the ideal of a linear star-configuration in P". Then
dimy I = ns + 1.

Proof. We shall prove this by induction on n with n > 3.
First, let n = 3. Then, by Lemma 3.1, the statement holds for this case.
Now assume n > 3. By Remark 2.9 (b), the first difference of the Hilbert
function of R/I¥ is the Hilbert function of a linear star-configuration
in P"~! of type s. Hence, by induction on n, we have

H(R/I¥,s) — H(R/IF, s —1)

= AH(R/IV, )
(T () s

(=1 =2 (P (-1 - 1) (P,

This implies that

(3.1)

H(R/I", 5)

= AH(R/IU,s)+ H(R/I¥, s - 1)

(G +2- (UG (=) =2 (P
(=1 =1 ()] + [dimy Ry — dimy 17,
(
(

R A2 (R e+ (=D =) ()4
R O e (e
= ((S*i);(ﬁfl)) +92. ((37?7);(27;72)) 4t
(n=1)=2)- (P + (=1 = 1)- (73]
O 4 () e (P
(s_%)ﬂ) + ((5_(2))+0) - 5} (by Remark 3.2)
)

(
= [T 2 (R
(

(n—1)—-2)- ("I (n-1)-1)- ((S‘?“)} +

((=2+m)y 4 ((5_?)t(17;_1)) 4ot (6792 4 ((8—2)+1)]

n 1
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(s— %2?({)%1)) +9. ((87%2:(27;72)) NI

(
(n—1)—2)- ((s—§)+3) F((n—1)—1)- ((s—§)+2)] I
((s—2)+n)) n ((s—2)+(n—l)) T ((S_§)+2) n ((s—%)+1):|

n (n—1)
= (g 2 ()
(n=2)- (G257 + (=1 - (257,
as we wanted. Furthermore, it is from Remark 3.2 that
) = D (U e (D) ()
I I
(( ) ((s 2)+1) (5 2)-1—0)7
e o B Uit R e
((5 2+2) ((s 2)+ ) (s 2)-1—0)7
() (DY ¢ (P o (D) (D),
(1) = (D (D) (),
This indicates that
dimk Rs
s+n
(20 2 () k) ()

n—1). (2% 4 [((S*i)Jrl) i ((sf(l))+0):| n
1

n=1) (P + (5

= ()2 (CRET) 4k (-2 ()4

(n—1)- (“"22) 4 ns 41
= H(R/I® s) +ns+1.

(
(3.2) (

From equation (3.2), we have

dimy, I = dimy, Ry — H(R/I"), s) = ns + 1,

which completes the proof. O
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We now find the dimension of the ideal of the union of two linear
star-configurations in P3 of type s x s in degree s. This lemma is a
bridge to the main theorem (see Theorem 3.7).

LEMMA 3.4. Let R = k[xg,x1,2z2,23] and L;, M; be general linear
forms in R fort=1,2,...,s with s > 3 and let

Thsl = le(h . - L),
5] .— e o M-
J . Zi:l(Ml Mz Ms)a

i.e., the ideals of linear star-configurations in P3 of type s defined by
linear forms L1, ..., Ls and My, ..., M, respectively. Then, for 3 < s <
5,
dimy (I 0 gy, = 0.
Proof. We shall prove this lemma with 3 cases for s = 3,4, and 5,

respectively.
Case 1. Let s = 3.
Define the ideal Il = (xg,z1). Without loss of generality, we may
assume that
M1 = X2, M2 =3, M3 = axg + bxl + cxro + daj‘g,
where a,b,¢,d € k — {0}. Consider the following exact seqeuence.

(33) 0 — JBn - gBl o gBl/ BTy — o,

Since JB/(JBI N 1Ry ~ (JB 4 1) /1) we can rewrite equation (3.3)
as

(34) 0 — JBNIA — gB o (gBl 4R/l .

Since the dimesnion of (JP + I12)/11% in degree 2 is represented by
dimk(R/(a:o,xl))gz
dimy((JB 4 12) /1B),
= dimy (((M1Ma, MyMs, MaM3) + (0, 1))/ (0, 1))
= dimy (((argxg, za(axg + bxy + cxo + drs),
z3(axo 4 bry + caxg + drs)) + (xo, 1))/ (w0, 21)),
= dimy, (((z223, ca3, dz3) + (20, 1))/ (0, 71)),
dimy, (73, Z273, 73)2
dimk(R/(l‘o,I‘l))Q,

2

we get that
dimy ((J¥ + 1120) /1) 3 = dimg (R/ (20, 21))3 = 4.
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Note that the Hilbert function of R/JP is 3t + 1 for t > 0. It is from
equation (3.4) that

55) dimy,(JB¥ N 112)5 = dimy J5Y — dimy, (B + 112) /112,
’ —=10—4=6.
Now consider two ideals I8 and JB! and we assume

Ly = xg, Lo = w1, L3 = @2.

Define
J[g’l] = (Ml, Mg) N (Ml, Mg) N (MQ, Mg) N (1:1, .CCQ), and
J[S:Q] — J[371] N (xo’ 1'2)

= JBIN(zg,z2) N (21, 22).
Since My, My, and Ms are general linear forms,

dimy, ((JBY + 1B /1P,
= dimy ((M; Mo, My Mz, MaM3) N (732))3

3.6 .
(3.6) = dimy((zo My My, x9 My M3, 2o My Ms))3
= 3.
Moreover, it is from equation (3.5) that
dimy, ngg’l] = dimk((Ml, Mg) N (Ml, M3) N (MQ, Mg) N (1'1,1'2))3

= dimy((M1, M2) N (M, M3) N (Ma, M3) N (20, 21))3
= dimy(JB n 123 = 6.

So, for every t > 0,

dimy, JP? = dimg(JB N (21, 22) N (20, 22)):
(3.7) = dimy,(JB N (21, 22) N (x0, 1))
= dimy (JB N 1R,

Using equation (3.7) and the following exact sequence
0 — JBUng - gB1I (J[3,1] + [[2])/][2] — 0,

we obtain

dimy, JI? = dimy (JBY N 112,
(3.8) = dimy, JPY = dimy ((JBY + 112y /112))4
= 3.
Furthermore,
J[3’2] = J[3’1} N (:C(), .%'2)

= J[?’] N (131,1‘2) N (l’o,ﬂj’g)
= J[3] N (.CC[)JZl,a?Q),
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and so
dimy ((JB2] 4 112) /112);
dimy ((J32 + (20, 21))/ (20, 21))3
= dimg((JB N (zoz1, 22) + (20, 21))/ (70, 1))3
= dimg (2o M1 Mz, 2o M1 M3, 20 M2 M3)3
= 3.
Note that
JBINIBL = gBln (zo,21) N (21, 22) N (20, 22)
(3.9) = (JB] N (a:l,xg) N ((L'(),{L'Q)) N (.%‘0,1‘1)

JB2 g,
Using equation (3.9) and the following exact sequence
0 — JBAnA - gB2 (g2 4 R/l o,
we have that
: 3 3NV, — 1 3,2] : 3,2 2 2
(3.10) dimy,(JB 0 183 = glm];Jg O — dimy, (12 + 182 /1121,

Case 2. Let s = 4.
Without loss of generality, assume that

Ly =x9,Ly = 71,L3 = 12, Ly = w3.

Since all the M; are general linear forms, we have that

4
djmk((JM] +I[2}]/I[2])3 = dimy <Z(M1 oo M - --M4)>
3

(3.11) i=1

4

= dimk(R/({Eo, .%‘1))3.
Thus

dimy, ((J4 4 12 /1)y, = 5.
Using Proposition 3.3 and the following exact sequence
0 — JHNR — Ju - g4 R/l oo,

we obtain that
dimy,(J¥ N 12, = dimy JJY — dimy,((J¥ + 112) /12,
(3.12) 13 5—3g

Define
J[471] = J[4] N (1:17 :E2)7 and
g2 .— gl (x1,22) N (22, x3).
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By equation (3.12),

dimk

(3.13)

Note that

(3.14)

g1 _ dimy,[J4 N (21, 22))4

= dimg[J¥ N (2, 21)]s (since M; are general)
= dimy(J¥ N 1B,
= 8.

<

Il
o
g
ol
TN N N N
=
D)
—~
=
N
S~—
~—
o~

[4.1) 4 pl2hy /12,
40 (21, 22) + (20, 21)) / (w0, 71))4

dimg
dimk

=

[l
=~ g
5
S
]

, (by equation (3.11)), and

dimy, J[4’2] = dimg J N xr1,22) N .%‘2,.%'3))t
t

dimy (JU N (21, 22) N (20, 21))s
(since M; are general linear forms)
= dimg(JAU N IR, for every t > 0.

Using equation (3.14) and the following exact sequence

0 — Jalngel - guil (J[471]_|_[[2})/][2] — 0,

we get that
dimy, JI = dimg (JBU A 120,
= dimy (J*Y), — dimy ((JEY 4 181) /1],
= 84
= 4.

Using the same method as in equation (3.14), we obtain that

(3.15)

Note that

(3.16)

dimy ((JI2] + 11) /11,

dimy, (S + (20, 21))/ (w0, 21))a

dimk(J[4] N (2?1,1‘2) N (xg, xg) + (1‘0,$1))/($0,$1))4
dimk(J[4] N (x2) N (x2, x3) + (z0, 1))/ (20, 21))4
dimy (JU 0 (29) + (20, 71))/ (20, 21))a

dimk(J[4] N (52))4

dimk j?[jﬂ

4.

JH N 7 - (J[Zq N (33'1, IL‘Q) N (1'2,1'3)) N ({L‘o,ZEl)

J2 N2,
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Using equations (3.15) and (3.16), and the following exact sequence
0 — JWAnr - g (g2 4 1R/l oo,
we have

dimy,(J4 0 14, dimy, J42 N 112

dimy, (J421), — dimy, (((J®2 + 1821 /1124 = 0.

I IA

Case 3. Let s = 5.
Define

Ly = x9,Ly = 11, L3 = 12, Ly = x3.

Since the M; are general linear forms, we have that

(M1M1M5)>

dimk((J[5} + [[2]]/[[2])4 = (

= 5
= dimy(R/(x0, x1))4.

5
= 4

1

Thus we know
dimy,((JB 4 13 /125 = 6,
and by Proposition 3.3,
dimy, J& = 16.
Using the following exact sequence
0 — JBlnrkl — Jbl — (bl 42/ - o,
we obtain that

dimy (J19) 0 1205 = dimy JE! — dimy, ((JB) + 120y /112

3.17
( ) =16 — 6 = 10.
Define
JB = JBlN (21, 25), and
J[5’2] = J[5] N (:cl,xg) N (1‘2,3:‘3).
By equation (3.17),
dimj, JE[]S’” = dimk(ﬂ5] N (1‘1, 1'2))5

518) = A/ (o)
dimy, (JI) N 125
= 10.
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Moreover, note that

dimy, ((JI 4 112y /11215
dimy, ((JPU + (20, 21)) /(z0, 21))5
dimy, [5] N ($1,$2) + ($07$1))/($07x1))5

(J
imy, (JC N (22))s

Il
=

=]

B

(3.19)

I

£
B
o
~

5, and
dimy, J[5 4 = dimy, (JB! N (21, 22) N (22, 23))5
= dimk(J[E’] N (331,1‘2) N (.%'0,.%'1))5
(since M; are general linear forms)
= dimy (JBU 0 1R,

Using equations (3.18), (3.19) and the following exact sequence
0 — JBUn — gl (b4 g2/l o,
we obtain that

dimy, J22 = dimy,(JPY)5 — dimg (S5 4 12y /112,

(3.20) =10—-5="5.
Note that
dimy,((JB2 4 1) /1)
dimg (J JbBln (x1,22) N (22, 23) + (x0,21))/(0,21))5
= dimg (JP N (22) N (22, 23) + (20, 21))/ (20, 71))5
= dimg(JP N (22) + (20, 21))/ (w0, 21))5
dlmk(J[5] N (72))s
(since M; are general linear forms)
(3.21) = dimy(JB)),
= dimk(J[5])4
= 5, and

dimy, (JBI N 10])

dimy,(JI) N 1145

dimy, (JPL O (w1, 29) N (w2, 23) N (0, 21))5
dimy, (JI524 N 1125,

A IA

Using equations (3.20) and (3.21), and the following exact sequence
0 — JBAnA - gb2d (b2 4 B/l o,
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we have
dimy, (JPI N 105 < dimy (J62 0 1Rl
= dimk(J[5’2])5 — dimk((ﬂ&m + (Io, $1))/($0, .751))5
0,

which completes the proof. O

Now we are ready to prove the main theorem. We first introduce the
following theorem and proposition in [13].

THEOREM 3.5 ([13]). Let R = k[zo, z1, 2] = @} R; Let X := X(#3)
be the union of two linear star-configurations in P? of type t x s with
3<t<9ands>t. Then R/Ix has generic Hilbert function.

PROPOSITION 3.6 (Proposition 4.1, [13]). Let X := X(*%) be the union
of two linear star-configurations in P? of type s x s with s > 6. Then

(Ix)s = {0}.
THEOREM 3.7. Let R = k[zg,z1,...,2,] with n > 3 and L;, M, be
general linear forms in R fori=1,2,...,s with s > 3. Let

Then
dimy, (I 0 gl = 0.
Proof. We shall prove this theorem by induction on n > 3. First, by
Lemma 3.4, the statement holds for n =3 and 3 < s < 5.
Now assume n > 3 and 3 < s < 5. By Remark (b), the union of
two star-configurations in P™ is also a subscheme in P" of codimension

2, and so we may assume L = z is a nonzero divisor of R/I [s]  glsl,
Define

(1B ngkl ny/(L)y = 16nJls)
- C R/(zo) =~ S = k[z1,..., x4,
L; = (Li+ (x0))/ (o),
M; = (JS\4¢+($0))/ o),
7l .= Z@l oLy .-L,), and
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Since Ils N Jls] is not saturated in general, for 3 < s <5
dimy,(Ils) 0 Jlsly, < dimg (111 N JB), = 0
(3.22) (by Lemma 3.4 and induction on n)
= dimy (Il N Jll) = 0.
Furthermore, since L is not a zero divisor of I8! N JlsI, we get that
([[S] N J[S])S = {0}

for such s.
Now consider the case for n > 3 and s > 6. With the same notations
as above, by Proposition 3.6,

(I*1 0 Jih, = {0} for n =3 and s > 6.
By the same arguments as in equation (3.22),
(I n gkl = {0} forn=3and s> 6.
Therefore, by induction on n, we show that
(IMQJ[S])S:{O} forn >3 and s > 6,
which completes the proof. O

As an immediate consequence of Proposition 3.3, Lemma 3.4, and
Theorem 3.5 with Corollary 4.3 in [13], we obtain the following corollary.

COROLLARY 3.8.
Secy (Split,(P™))
has the expected dimension for n > 2 and s > 3. In particular,
dim Sec; (Split,(P")) = expdim Sec; (Split,(P")) = 2ns + 1,
for n >3 and s > 3.

Proof. First, by Corollary 4.3 in [13], the statement holds for n = 2
and s > 3.
Now suppose n > 3 and s > 3. Let X := X(#%) be the union of two linear
star-configurations X; and Xy in P" of type s, and let [ := Ix, + Ix,.
By Theorem 3.7 and the following exact sequence

0 - Ix —» Ixo0lx, — I — 0,
we have that

dimy, I, = dimk(lxl)s + dimk(IXQ)s = Qdimk(le)s = 2ns + 2,
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and hence

expdim Sec; (Split,(P"))
= min{2 x dim(P(Ry) x --- x P(Ry)) + 1,dim P(R;)}

s-times

= min{2ns—|—1, <s+n> —1}
n

= 2ns+1 (since n > 3 and s > 3)
= dimg [, —1
= dim Sec; (Split,(P")) (by Corollary 2.6),

as we wished. ]

REMARK 3.9. In [3], they showed that the secant variety

Sec,_1(Split,(P™))

has the expected dimension for 3(s —1) < n and s > 2 using Terracini’s
Lemma (see [3] and [14]). Their results however do not cover the case of
reducible plane curves. For this case, the author in [13] showed that the
secant line varieties Secy (Split,(IP?)) still have the expected dimension.
In Corollary 3.8 of this paper, we introduced another way (algebraic
method) to prove that the secant line varieties Secy (Split,(P™)) have the
expected dimension for n > 3.
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