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SOME EXAMPLES OF ALMOST GCD-DOMAINS

Gyu Whan Chang*

Abstract. Let D be an integral domain, X be an indeterminate
over D, and D[X] be the polynomial ring over D. We show that
D is an almost weakly factorial PvMD if and only if D + XDS [X]
is an integrally closed almost GCD-domain for each (saturated)
multiplicative subset S of D, if and only if D + XD1[X] is an
integrally closed almost GCD-domain for any t-linked overring D1

of D, if and only if D1 + XD2[X] is an integrally closed almost
GCD-domain for all t-linked overrings D1 ⊆ D2 of D.

1. Introduction

Let D be an integral domain, K be the quotient field of D, X be an
indeterminate over D, and D[X] be the polynomial ring over D. Let
c(f) denote the ideal of D generated by the coefficients of a polynomial
f ∈ D[X]. An overring of D means a ring between D and K.

1.1. Definitions

Let F(D) be the set of nonzero fractional ideals of D. For any A ∈
F(D), let A−1 = {x ∈ K|xA ⊆ D}, Av = (A−1)−1, and At = ∪{Iv|I ⊆
A is a nonzero finitely generated fractional ideal of D}. An A ∈ F(D) is
called a divisorial ideal (resp., t-ideal) if Av = A (resp., At = A), while
an integral t-ideal A is a maximal t-ideal if A is maximal among proper
integral t-ideals of D. One can easily show that each maximal t-ideal
is a prime ideal; each proper integral t-ideal is contained in a maximal
t-ideal; and D has at least one maximal t-ideal if D is not a field. An
I ∈ F(D) is said to be t-invertible if (II−1)t = D. The class group
of D is an ableian group Cl(D) = T (D)/Prin(D), where T (D) is the
group of t-invertible fractional t-ideals of D under the t-multiplication
I ∗J = (IJ)t and Prin(D) is the subgroup of T (D) of nonzero principal
fractional ideals.
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An overring R of D is said to be t-linked over D if I−1 = D for a
finitely generated ideal I of D implies (IR)−1 = R. It is known that
R is t-linked over D if and only if (Q ∩D)t ⊂ D for each prime t-ideal
Q of R [14, Proposition 2.1], if and only if R[X]Nv ∩ K = R, where
Nv = {f ∈ D[X]|c(f)v = D} [12, Lemma 3.2]. We know that if R is an
overring of D, then R[X]Nv ∩ K is the smallest t-linked overring of D
containing R [12, Remark 3.3].

We say that D is a Prüfer v-multiplication domain (PvMD) if each
nonzero finitely generated ideal of D is t-invertible. Following [15], we
say that D has the tQR-property if each t-linked overring of D is a ring
of fractions of D. Clearly, if D has the tQR-property, then D is a PvMD.
Also, if D is a PvMD with Cl(D) torsion, then D has the tQR-property
[14, Theorem 1.3].

As in [18], we say that D is an almost GCD-domain (AGCD-domain)
if for each 0 6= a, b ∈ D, there is an integer n ≥ 1 such that anD∩ bnD is
principal. Clearly, a GCD-domain is an AGCD-domain, but Z2[X2, X3]
is an AGCD-domains that is not a GCD-domain (cf. [11, Lemma 3.2]).
It is well known that an integrally closed domain D is an AGCD-domain
if and only if D is a PvMD and Cl(D) is torsion, if and only if for any
0 6= a, b ∈ D, there is an integer n = n(a, b) ≥ 1 such that (an, bn)v is
principal, if and only if D[X] is an AGCD-domain [18, Theorems 3.9
and 5.6]. In particular, each t-linked overring of an integrally closed
AGCD-domain D is a quotient ring of D, because Cl(D) is torsion.

Let X1(D) be the set of height-one prime ideals of D. We say that D
is a weakly Krull domain if (i) D = ∩P∈X1(D)DP and (ii) the intersection
D = ∩P∈X1(D)DP is locally finite, i.e., each nonzero nonunit of D is
contained in only a finite number of prime ideals in X1(D). A nonzero
element a ∈ D is said to be primary if aD is a primary ideal. As in [5],
we will call D a weakly factorial domain (WFD) if each nonzero nonunit
of D is a product of primary elements. It is known that D is a WFD if
and only if D is a weakly Krull domain and Cl(D) = 0 [7, Theorem]. As
in [6], D is called an almost weakly factorial domain (AWFD) if for each
nonzero nonunit x ∈ D, there is an integer n = n(x) ≥ 1 such that xn is
a product of primary elements. It is known that D is an AWFD if and
only if D is a weakly Krull domain and Cl(D) is torsion [6, Theorem 3.4].
We know that any localization of a weakly Krull domain (resp., WFD,
AWFD) is a weakly Krull domain (resp., WFD, AWFD) [9, Lemma 2.1].

Let S be a saturated multiplicative subset of D, and let N(S) = {0 6=
x ∈ D|(x, s)v = D for all s ∈ S}. We say that S is a splitting set if for
each 0 6= d ∈ D, we can write d = sa for some s ∈ S and a ∈ N(S).
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The S is called an almost splitting set of D if for each 0 6= d ∈ D, there
is an integer n ≥ 1 such that dn = sa for some s ∈ S and a ∈ N(S).
Clearly, a splitting set is an almost splitting set. It is known that each
saturated multiplicative subset of D is a splitting set (resp., an almost
splitting set) if and only if D is a WFD (resp., an AWFD) [7, Theorem]
(resp., [4, Theorem 2.11]). The notation and terminology used in this
paper are standard as in [16] or [17].

1.2. Motivations and results

Let A ⊆ B be an extension of integral domains and X be an indeter-
minate over B. Clearly, A + XB[X] is a subring of the polynomial ring
B[X]. It is known that A+XB[X] is a GCD-domain if and only if A is a
GCD-domain and B = AS for a splitting set S of A [10, Theorem 2.10].
Also, D[X] is a WFD if and only if D is a weakly factorial GCD-domain
[5, Theorem 17]. We know that every saturated multiplicative subset of
D is a splitting set if and only if D is a WFD. So D is a weakly factorial
GCD-domain if and only if D + XDS [X] is a GCD-domain for every
saturated multiplicative subset S of D [3, Theorem 10].

In this paper, we study when D + XDS [X] is an integrally closed
AGCD-domain for every saturated multiplicative subset S of D. Pre-
cisely, we show that D[X] is an integrally closed AWFD if and only if
D is an almost weakly factorial PvMD, if and only if D +XDS [X] is an
integrally closed AGCD-domain for each multiplicative subset S of D, if
and only if D + XD1[X] is an integrally closed AGCD-domain for each
t-linked overring D1 of D, if and only if D1 + XD2[X] is an integrally
closed AGCD-domain for all t-linked overrings D1 ⊆ D2 of D.

2. Almost weakly factorial AGCD-Domain

Let D be an integral domain, X be an indeterminate over D, D[X]
be a polynomial ring over D. Obviously, if D1 ⊆ D2 are overrings of D,
then D1 + XD2[X] is an overring of D[X].

Lemma 2.1. 1. If D′ is an overring of D, then D + XD′[X] is
integrally closed if and only if D and D′ are integrally closed.

2. D is a PvMD if and only if D + XD1[X] is integrally closed for
each t-linked overring D1 of D.

Proof. (1) [2, Theorem 2.7]. (2) This follows from (1), because D is a
PvMD if and only if each t-linked overring of D is integrally closed [14,
Theorem 2.10].
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An integral domain D is called a generalized Krull domain if (i) D =
∩P∈X1(D)DP , (ii) DP is a valuation domain for each P ∈ X1(D), and
(iii) the intersection D = ∩P∈X1(D)DP is locally finite. It is clear that D
is a generalized Krull domain if and only if D is a weakly Krull PvMD.

We next give the main result of this paper.

Theorem 2.2. The following statements are equivalent for an inte-
gral domain D.

1. D[X] is an integrally closed AWFD.
2. D is an almost weakly factorial PvMD.
3. D + XDS [X] is an integrally closed AGCD-domain for each satu-

rated multiplicative subset S of D.
4. For each t-linked overring D1 of D, D + XD1[X] is an integrally

closed AGCD-domain.
5. For any t-linked overrings D1 ⊆ D2 of D, D1 + XD2[X] is an

integrally closed AGCD-domain.
6. D is a generalized Krull domain and Cl(D) is torsion.

Proof. If D is a field, then the result is clear. So we assume that D
is not a field.

(1) ⇔ (2) [8, Theorem 3.3].
(2) ⇒ (3) We first note that S is an almost splitting set [4, Theorem

2.11], because D is an AWFD. Next, note that D and DS are integrally
closed AGCD-domain, and so DS [X] is an AGCD-domain [18, Theorem
5.6]. Thus D+XDS [X] is an integrally closed AGCD-domain by Lemma
2.1 and [4, Theorem 3.10].

(3) ⇒ (2) If D+XDS [X] is an integrally closed AGCD-domain, then
S is an almost splitting set and D is an integrally closed AGCD-domain
by Lemma 2.1 and [4, Theorem 3.10]. Hence D is an AWFD [4, Theorem
2.11] and D is a PvMD.

(2) ⇒ (5) Let D1 ⊆ D2 be t-linked overrings of D. Note that an
integrally closed AGCD-domain has the tQR-property; so Di = DNi for
some multiplicative subsets Ni of D. Also, note that anDN1 ∩ bnDN1 =
(anD ∩ bnD)DN1 for any a, b ∈ D and an integer n ≥ 1 (so DN1 is an
AGCD-domain); DN1 is an integrally closed AWFD by (2); and D2 =
DN2 = (DN1)N2 = (D1)N2 . Thus D1 + XD2[X] is an integrally closed
AGCD-domain by the implication (2) ⇒ (3) above.

(5) ⇒ (4) This is clear, because D is a t-linked overring of D itself.
(4) ⇒ (3) Let S be a multiplicative subset of D. Then DS is t-linked

over D [14, Proposition 2.2], and thus D + XDS [X] is an integrally
closed AGCD-domain by (4).
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(2) ⇔ (6) This follows, because D is an AWFD if and only if D is a
weakly Krull domain and Cl(D) is torsion.

Let A ⊂ B be an extension of integral domains, and let X be an
indeterminate over B. Then R = A + XB[X] is an integrally closed
AGCD-domain and char(A) 6= 0 if and only if A+X2B[X] is an AGCD-
domain with integral closure R [11, Corollary 3.5]. Thus, by Theorem
2.2, we have

Corollary 2.3. Let D be an almost weakly factorial PvMD with
char(D) 6= 0. If D1 ⊆ D2 are t-linked overrings of D, then D1+X2D2[X]
is an AGCD-domain.

We next give three interesting examples.

Example 2.4. Let A ⊂ B be an extension of integral domains,
R = A + XB[X], Z be the ring of integers, and Q be the field of ra-
tional numbers. For m ∈ Z, let E be the integral closure of Z[

√
m]

in Q(
√

m) such that E is not a principal ideal domain (for example,
m = −17,−15,−14,−13,−10,−5, 10, 15, 26 [1, pages 325-326]).

(1) We know that E is a Dedekind domain with Cl(E) torsion. So E
is an almost weakly Krull PvMD, and thus E[X] is an integrally closed
AWFD by Theorem 2.2.

(2) It is known that if R is a weakly Krull domain, then qf(A)∩B =
A, where qf(A) is the quotient field of A, [9, Theorem 3.4]. So in
Theorem 2.2, if D1 ⊂ D2, then D1 + XD2[X] is an integrally closed
AGCD-domain but not an AWFD. For example, if A = E and B =
Q(
√

m), then R is an integrally closed AGCD-domain but R is not an
AWFD.

(3) Let {Xα} be a nonempty set of indeterminates over A, N = {f ∈
A[{Xα}]|c(f)v = A}, and B = A[{Xα}]N . Then R is an integrally closed
AWFD if and only if A is an integrally closed almost weakly factorial
AGCD-domain by Lemma 2.1(1) and [9, Corollary 3.10]. Thus if A = E,
then R is an integrally closed AWFD but R is not an AGCD-domain.

We end this paper by studying the property of the ring D + XD1[X]
for each t-linked overring D1 of a GCD-domain D. To do this, we
recall that an element x of D is primal if whenever x divides y1y2, with
y1, y2 ∈ D, then x = z1z2 where z1 divides y1 and z2 divides y2. An
integrally closed domain in which each element is primal is called a
Schreier domain. The notion of Schreier domains was introduced by
Cohen [13]. It was shown that a GCD-domain is a Schreier domain, and
if D is Schreier, then D[X] is also Schreier [13, Theorems 2.4 and 2.7].
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Proposition 2.5. The following statements are equivalent for a Schreier
domain D.

1. D is a GCD-domain.
2. D has the tQR-property.
3. D is a PvMD.
4. D + XD1[X] is a Schreier domain for each t-linked overring D1 of

D.
5. D + XD1[X] is integrally closed for each t-linked overring D1 of

D.

Proof. (1)⇒ (2) This follows from [15, Theorem 1.3], because a GCD-
domain D is a PvMD with Cl(D) = 0.

(2) ⇒ (3) This is clear.
(3) ⇒ (1) Assume that I is a nonzero finitely generated ideal of D.

Then I is t-invertible, and hence I−1 = Jv for some nonzero finitely
generated ideal J of D. Thus Iv is principal [19, Corollary 3.7].

(3) ⇔ (5) This follows from Lemma 2.1(2).
(2) ⇒ (4) Let D1 be a t-linked overring of D. Then D1 = DS for

some multiplicative subset S of D, and since D is a GCD-domain by
the (1) ⇔ (2) above, D + XD1[X] is a Schreier domain [20, Proposition
4.5].

(4) ⇒ (5) This follows, because a Schreier domain is integrally closed.
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