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SERIES RELATIONS FROM CERTAIN MODULAR
TRANSFORMATION FORMULA

SuNG-GEUN Liv*

ABSTRACT. B. C. Berndt [4, 5] evaluated several classes of infinite
series and established many relations between various infinite series.
In this paper, continuing his work, we derive new relations between
infinite series.

1. Introduction and preliminaries

In [5], B. C. Berndt proved a transformation formula for a large class
of functions that includes the classical Dedekind eta function. From this
formula, he [4, 5] evaluated several classes of infinite series and found
a lot of relations between various infinite series. Some of the results
have been stated in the Notebooks of Ramanujan [7]. He says [5] that
the flavor of all his findings on series is much like that found in the
Notebooks. One of them is Ramanujan’s famous formula.([7])

For a, 3 > 0 with o8 = 72,
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where N is any positive integer, By is the £th Bernoulli number and ((s)
is the Riemann zeta function.
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Recently he suggested that one could obtain analogous results of his
work. Actually, the author derived a more generalized series relation
than (1.1);

THEOREM 1.1. ([6]). Let o and B be positive real numbers with
af = 2. Let c denote a positive integer. Then, for any integer n,

oo oo —on—
k2n1 k2n1

a kzleﬂv(a im)/c 1 (_5)7 ;W
c 2n42
n By (j/¢)Ban o .
oy S BBt/ ok i+ 1y (o),
j=1 k=0
where
Io(n) = % ( n) ¢(1+2n), ifn#0,
—i(logﬁ loga)+ Lim, ifn=0.

If ¢ =1 in Theorem 1.1, then Ramanujan’s formula follows.

In this paper, we find several new series relations between infinite
series, some of which are compared with series relations in [4, 5, 6]. For
example,(see corollary 2.13 and 2.14)

W3 e+ 50 = 0 S skt + 507
n=0

oo

- _ 2(-1)"
Zl sech(nm) = ZO @D — 1

The notation in this paper follows those in [5]. For a complex w, we
choose the branch of the argument for a complex w defined by —7 <
arg w < 7. Let e(w) = > and V1 = V(1) = g::fl always denote a
modular transformation with ¢ > 0 for every complex 7. Let r = (r1,72)
and h = (hy, he) denote real vectors, and the associated vectors R and

H are defined by
R = (Ry, Ry) = (ary + crg,bry + drg)

and
H = (Hl,HQ) = (dhl — bhy, —chy + ahQ).
Let A denote the characteristic function of the integers. For a real

number z, [z] denotes the greatest integer less than or equal to z and
{z} := x — [z]. For real o, x and Re(s) > 1, let

(1.2) U(x,a,s) = Z M.

n+a>0 (n + a)s
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If  is an integer and « is not an integer, then ¥ (z,a,s) = ((s,{a}),
where ((s,x) is the Hurwitz zeta-function. The function ¢ (z, a, s) can
be analytically continued to the entire s-plane [2] except for a possible
simple pole at s = 1 when « is an integer. Let H = {7 € C | Im(7) > 0},
the upper half-plane. For 7 € H and an arbitrary complex numbers s,
define

A(rysimh) = > ) ¢ (mh1 + (m +_r1)7::2)(n — )
n (n hz)
m—+r1>0n—ha>0
Let
H(r,s;r,h) = A(7,s;r,h) + e(s/2) A(t, s; —r, —h).

We now state the theorem which is important for our results.

THEOREM 1.2. [4]. Let Q@ = {7 € C | Re(7) > —d/c} and p = c{R2}—
d{R:1}. Then for T € Q and all s,

(cr+d)"*H(Vr,s;7,h) = H(1,s; R, H)

—A(r1)e(=riha)(er + d) " °T(s)(—2mi)"° ((ha, 2, 5) + e (5/2) Y(—hz2, =72, 5))
-I-)\(Rl)6(—R1H1)F(8)(—2ﬂ'i)75 (’(ﬁ(HQ, RQ, 8) +e (—8/2) ’(/)(—HQ, —RQ, 8))
+(2mi) " °L(7,s; R, H),

where
L(r,s;R,H)
Cl

= e(—Hi(j + [R1] — ) — Ha([Ro] + 1+ [(jd + 0)/c] — d))
j=1

du,

oy e lertdi—{Ri}u/e elld+e)/ctu
/Cu e—(ettd)u — ¢(cHy + dHs) e* — e(—H?)

where C' is a loop beginning at 400, proceeding in the upper half-plane,
encircling the origin in the positive direction so that u = 0 is the only
zero of

(e_(CT+d)“ —e(cHy + ng)) (" —e(—H3))

lying “inside” the loop, and then returning to +oco in the lower half
plane. Here, we choose the branch of u® with 0 < arg u < 27.

Remark 1.3. Theorem 1.2 is true for 7 € (). But, after the evaluation
of L(r, s; R, H) for an integer s, it will be valid for all 7 € H by analytic
continuation.
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We shall use two kinds of polynomials. One is the Bernoulli polyno-
mials By (x), n > 0, defined by

temt o tn
=3 Bu(@)% (1] < 27).
n=0

et —1 n!

The n-th Bernoulli number B,,, n > 0, is defined by B, = B,(0). Put
B, (z) = Bp({z}), n > 0. Recall that Ba,4+1 = 0, n > 1, and that
Bont1(1/2) =0, n > 0. The following formulas are helpful [1];

(1.3) B,(1—z)=(-1)"B,(z),

1
B, <2) = —(1-2"""B,, n>0.

The other is the Euler polynomials E,(z), n > 0, defined by

2e% ad t"
ﬁ = nZ:OEn(l‘)n, (It] < ).

The Euler numbers E,, are defined by
1
E, :=2"E, <2> , n>0.

Put E,(x) = E,({x}), n > 0. Recall also that Ea,41(1/2) =0, n > 0.

2. Infinite series identities
From now on, we let V' a modular transformation corresponding to

1 -1
c 1—c
for ¢ > 0. Put r = (r1,72/c). Then

2
Ry =171+ 179, RQZ—Tl—TQ—i-?.

Replacing ¢ + 1 — ¢ by z, we have

1 1 1 1
Vri=—-——, 7=1— -+ —2.
c cz c c

If 7 € Q, then Re z > 0 and z € H. In this section, we consider three
cases of h = (hy, h2), i.e., h =(1/2,1/2), (1/2,0) and (0,1/2). We also
suppose that r; is an integer and r9 is not an integer. By Theorem 1.2,
for any integer m and z € H with Re z > 0,

2"H(Vr,—m;r,h) = H(t,—m; R, H) + (274)" L(7, —m; R, H)
(2.1) —e(=rihy) lim (=2mi) 27 @4 (s, 7, h),
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where
T2 S T2
D, (s,r,h) :=T(s) (1/) (hQ, ?,s) +e (§> ) (7}12, ,?75)) .

Let Wy(z) be the digamma function defined by

d
Vy(z) = %F(x)
For brevity, we let
(2.2) Zi(s,x) = ((s,z) £((s,1 —x),
and let
Sy & (e
(2.3) 3460 =2 G * L ooy

for 0 < 2 < 1and Re s > 0. Then 34 (s, ) can be analytically continued
to an entire function.

We need the following basic equations to compute (2.1). For r; an
integer,

‘ B e(r2(n — h2)/c) e(hi+Vr(n— hs))
BVT 857, 4) = el=rihs) HZM (n—ha)i=> 1—e(h +V7(n— ho))

mis e(=r2(n+ h2)/c) e(—hi+V71(n+ h2))
(2.4) +e™e(—rhy) Y (ot F) s T e(hn ¥ Va(n T ha))’

n+ho >0
and, for Ry not an integer,

e({R1}7 + Ra2)(n — H3))

H(r, s B, H) = e(—[Fa] Hh) Z (n— Ha)'=s(1 — e(Hy + 7(n — Ha2)))

- " (= (R )T — Ra)n+ H))
@) B V) D Gy 1 = e+ rn+ 2T

THEOREM 2.1. Let o, 3 > 0 with a3 = w2. Let ry be a real number,
not integer. Then, for any integer k and for any positive even integer c,

ke 2cos ((2n + 1)wra/c)
6 Z (zn + 1)2k+1(e(a7ﬂ'i)(2n+1)/c + 1)

n=0
oo

_ r2 —k - sinh (((2{r2} — 1)(8 + i) — 2mirz)(2n + 1)/ (2¢))
= (D)EHT Y (2n + 1)2k+1 cosh (B + i) (2n + 1)/(2¢))

n=0

- c ) ok R, (I=tr2d g, (itlre]
(=l s+[Er2l) ¢ ( c ) 2kt c AR
* 2 (NS 0(2k — 0)] (=mi) ™

j=1 =0
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where
02/ Rp( k)3 (—2k, {2}) if k <0,

(,1)[T2/C] (10 o \\ _ 1, ; —
) = gcot( { }) m) if k=0,
Jl(kj) - 7(2n+1)7rzr2/c 2
if k>0.

a—k
Z (2n + 1)2k+1

Proof. Let h = (1/2,1/2) and m = 2k in (2.1). We have from (2.4)
that
H(VT,—2k;r, h)
— (1) f: e(r22n4+1)/(2¢)) ~ —e((1 =1/2)(2n+1)/(2¢))
2 72T 2n 4 P T e((1— 1/2)(2n + 1)/(20))

o e(—ra2n £ 1)/(26))  —e((1—1/2)(2n +1)/(2¢))
DD 2-2—1(2n + 1)1 T+ e((1 = 1/2)(2n + 1)/(2¢))

n=0

_ 1102k cos(mra(2n+1)/c)
(2.6) = (=1 2 Z 2+ )21 (1 f e—mi(—1/=)@nr1)/e)"

Since cis even, H; =0 (mod 1) and Hy = 1/2 (mod 1). Thus it follows
from (2.5) that
. e (- )[T1+T2] mi(2n+1)({r2}(z2—1)+r2)/c
H(T>_2k,R7H ng() 92—2k— 2TL+ 1)2k+1(1 +e7r7,(z 1)(2n+1)/c)
o0 Jlri-4ra] = mi2n 1) ({r2} (=) ra) fe griCe—1)(2n+1) e
Z 2—2k—1 2n+1)2k+1(1+eﬂ'1(2 1)(2n+1)/c)

n:O

_ ritralgzht N sinh(mi(2n +1)((2{r2} — 1)(z — 1) + 2r2)/(2¢))
(27) = (-plntreigsht Z (2n + 1)2+1 cosh(mi(z — 1)(2n + 1)/(2¢))

n=0

We see that

e~z {F})/e _1 - g (1= {Ri}) (=2w)”

e?u 41 247" c nl 7
{(G(1—0)+e)/c}u ~ vy n
et I 1 Z g, (1re) v
ev +1 2 ord c n!

and

C

{M] — —j —[Ri] - [Ro] + [@] .

Then, by the residue theorem,

c

L(r,~2k; R, H) = ize(_l ([R Irex {WD)

/ ok 1ZE (J—{Rl ) (—:!i)" . i B, (#) %du
( 1)1"1+7”2]

_ 7.”2 J+(J+ ra])/c
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2k . = .
25 5 Bl = {rs))fe) Bt/ oy

Now we compute ®4 (s, 7, h). It is easy to see that, for x ¢ Z,

Y(1/2,2,5) = ()27, {w}/2) (s, {x})),
Y(=1/2, —a,s) = (=D)FFRI7T((s, (1 - {2})/2) = (s, 1~ {=})).

For Re s <0and 0 <z <1 [8],

(29) F(S)C(S,x) _ '(271')3) Z Sln(27'('n$ + 71'5/2)

nlfs

It follows that for Re s < 0,

o, (5,1, h) = T(s) (w (; Tjs) te (%) " (-i —f,s»

—mira(2n+1)/c

(2.10) e
— (2n+1)

In case of s = 0, using the expansions at s = 0,
2175 =2 —2log2s + - -,
((s,z) = % —x+ <logF(3:) — ;logQﬁ) 5+
et =14 mis+ -,

we have
lin%) D, (s,r,h)
L 1 7 S 1 7
- iLH%F(S) (1/} (27 C’S) +e (5) 1;[} (_27 _C75>>
(2.11) = (—1)lr2/d <10g cot (g {%}) - ;m) .
Finally combining (2.6), (2.7), (2.8), (2.10), (2.11) and putting z = i/«
n (2.1), we prove the theorem. O

COROLLARY 2.2. For any integer k and for any positive even integer
c7

i 2cos ((2n + 1) /(2¢))

_0 2n+ 1 2k+1 e(a 7i)(2n+1)/c + 1)

3 tsin ((2n + 1)7/(2¢))
—(=p) nZ:O (2n + 1)2k+1 cosh ((B + mi)(2n + 1)/(2¢))

< 2k Ey (M> B (1)
J+[J/ < e [+1 k2t
; Ak —or + i (k),

L1
4
J

:1
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where
5(=B)T(=2k)3_(—2k, ;) if k<0,
llogco‘c — 37 if k=0,
jl(k) =42 i (—(2)7L+1)§|"L/2C )
_ Z T 1)2k+71 if k>0.
Proof. Put 7 = 1/2 into Theorem 2.1. O

THEOREM 2.3. Let o, 3 > 0 with a3 = w2. Let ry be a real number,
not integer. Then, for any integer k and for any positive odd integer c,

,kz 2cos ((2n + 1)wra/c)
a < (2n+ 1)2kz+1(e(a—7ri)(2n+1)/c 1)

— (—1)lr2lg2k1(_ gy sinh (((2{r2} — 1)(8 + i) — 2mira)n/c)
=(-1)"2 Z n2k+1 cosh ((8 + mi)n/c)
2 1 j*{"'Q} R M
e B () ()
+— ;(—1) i 1};} 02k +1—0)! (=)™ a
-|—J1(k)

Proof. Let h = (1/2,1/2) and m = 2k in (2.1). Since ¢ is odd,
Hy =1/2 (mod 1) and Hy =0 (mod 1). Thus it follows from (2.5) that

. B > (_1)[7'1+rz] 2rin({r2}(z—1)+rz)/c
H(r,—2k;R, H) = Z n2k+1(1+e27r1n(2 1)/c)

n=1

[r1+r2] 727rzn({r2}(z 1)+r2)/c627rin(z71)/c

(-1)
Z n2k+1( + eQwin(z—l)/C)

_ jiratra) unh (min((2{r2} = 1) (z—=1)+ 27"2)/0
212) = Z n2k+1 cosh(min(z — 1) /c)

We see that
{(](1 c)+g)/c}u 1 — C + Q n
ul
et ZB (=)

Then, by the residue theorem,
L(r,—2k; R, H) 22 < ]+R1—c))
) —2k—2 Jj—A{Ri}Y (—2w)" . o 5 Jdl—c)+o\u™
/Cu nZ_OEn ( c ) n! Z S ( c ) m!

(_5[T1+T2]+1 ¢

=Y

j=1

.2531 E((j _g!{TQ})/C) Bogr1-e((j + [r2]) /) (—2)".

(2.13) @k + 10

=0
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Put (2.6), (2.10), (2.11), (2.12) and (2.13) in (2.1) and let z = 7i/a.
Then the desired results follow. O

COROLLARY 2.4. For any integer k and for any positive odd integer
C7

ot 2cos ((2n + 1)w/(2¢))
Z 2n_|_1 2k+1 6(0‘ 7rz)(2n+1)/c+ 1)

]

 o-2%-1, vk isin (nw/c)
2 (=6) ;nzk“ cosh ((8 + wi)n/c)

WAL e (55 ) Barre (1)
2 Z ]+1 Z (@(2])—’_ T (_m)4+1ak—z + Ji(k).

Proof. Put ro = 1/2 into Theorem 2.3. O

COROLLARY 2.5. For any positive integer k,

ok = (—1) ™ (2k) n§=o: (2n+1)2k+1
Proof. Let ¢ =1 in Corollary 2.4 and use the facts;

1 1
FEso, = 22" Ey, <2> y Bonyg1 <2> =0, n=>0.

O]

COROLLARY 2.6. Let r2 be a real number, not integer. Then, for any
integer k,
ko 2cos ((2n + 1)mrsy)
o ZO (2n + 1)2k+1(e(2n+1)a _ 1)

= (—1)lral+ig=2k—1(_gyk i sinh ((2{r2} — 1)nf)

n2k+1 cosh(npg)

n=1

(-

zk: Ese11(1 — {r2})Bar—2¢ aF L) 1 Iy (),

T 0 (20+1)1(2k - 20)!
where
GO gyRD(—2k)3- (=2k, {ra}) if k <0,
Ji(k) = Ml g;‘)t( IW{TQ}) if k=0,
’“Z % if k>0.

Proof. Put ¢ =1 in Theorem 2.3 and equate the real parts. ]
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COROLLARY 2.7. For any integer k > 0,

—1)[r2l kg (2k)1 S
(=1) ( )2;

Eo(1 —{ra}) = a2kt L

sin((2n 4+ 1)7re)
(2n + 1)2k+1 :

Proof. Put ¢ = 1 in Theorem 2.3 and equate the imaginary parts. [

THEOREM 2.8. Let o, 3 > 0 with a3 = w%. Let ro be a real number
not integer. Then, for any integer k and for any positive even integer c,

2isin ((2n + 1)7ra/c)

o k12
Z 27’L+ 2k+1 e(a 772)(2n+1)/c_|_1)

= (1) gy Z cosh (((2{r2} — 1)(B + mi) — 2mir2)(2n + 1)/(2¢))

(2n + 1)2k+1 cosh (22 (8 + 7))

(_1)[7“2] +[J+[7‘2]]
S
4 =
2k+1 F, (#) Bops1—e <j+£r2])

. (—ﬂi)£+lak_g+l/2+=]2(k),

vart 0(2k — 0)!

where
if k< —1,

GO )Rl (—ok — )3 (=2k — 1,{"2})
M‘”%wa{%}w+walf{%})

(—1)lr2/el+1 (7
2
Ta(k) o= Wo(3{2}) ~ o} - }{%})  2log2) if k=1,
7(2n+1)7'r27‘2/c
if k>0

_a k12 R
@ Z (2n 4 1)2k+2

Proof. Let h = (1/2,1/2) and m = 2k +1 in (2.1). By the same way

as we derived equations (2.6), (2.7) and (2.8), we have
)r1+122k+3

H(V7,—2k —1;7,h) = (-1
isin(mra(2n+1)/c)

Z 27’L+1 2k+2 1+6 mi(1— 1/2)(2n+1)/g)7

(2.14)
H(r,—2k — 1; R, H) = (—1)lr1+r2lg2h+2

= cosh(7i(2n 4 1)((2{r2} — 1)(z — 1) 4 2r2)/(2¢))
(2.15) ; (2n + )22 cosh(mi(z — )(2n + 1)/(20)
and

L(r,—2k - 1;R, H) = (=1 Tﬁﬁ7m§: yitl+raD/el
2k+1

(2.16) .;; EeJ-;?ibﬂﬁ.Enigz+afﬂgp/@(_@4
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In cases that k > 0 or k < —1, lim,_, o1 P4 (s,7,h) can be computed
by the same matter as in the proof of Theorem 2.1. If k¥ = —1, then,
employing the following expansions at s = 1,

2175 =1 — (log2)(s — 1) + - - -,

((s,z) = 8_%—\1’0(1‘)-1-“' ;
e =—1—mi(s—1)+---,
we obtain that
lim @ (5,7, ) = (~1)"*/ (o ({Z2)) + wo(1 - {2})
1.7 1 1 79

(2.17) ~Wo(5 {2 — Woly — 5 {2 ) - 210g2).
Let z = mi/a and put (2.14), (2.15), (2.16) and (2.17) (2.1). Then
we obtain the desired results. O

COROLLARY 2.9. For any integer k and for any positive even integer
c?

_k_l/gi 2isin ((2n 4+ 1)7/(2¢))
(% . (2n + 1)2k+2(e(a—7ri)(2n+l)/e + 1)

9]

k12 cos ((2n 4+ 1)m/(2¢))
===h ; (2n + 1)2k+2 Cosh((ﬂ—i—m') 2n+1)/(2¢))

(2n
c 26+1 F, (L=22) E (1)
1 J+J/c] ( ) 2k+1-0 ¢ e+l k—041/2

where

—2(=B)F /2D (—2k — 1)3(—2k — 1, 5) if k< —1,

—3(=B) 2w (i)+\lfo(1—f)

Jo(k) == —To(£) = To(3 — &) —2log2) if k=1,
7(2n+1)7'rz/(2c)

k12 . N
Z (2n + 1)2k+2 if k0.

Proof. Put 73 = 1/2 into Theorem 2.8. O

THEOREM 2.10. Let o, 3 > 0 with o8 = 72. Let ro be a real number,
not integer. Then, for any integer k and for any positive odd integer c,

o F1/2 Z 2isin ((2n 4+ 1)7re/c)
271 + 1 2k+l(e a—7i)(2n+1)/c + 1)

- (- 1)[T2]+12,2k 2( —k—1/2 Z cosh (((2{r2} — 1)(8 + mi) — 27wirs)n/c)
n2k+1 cosh ((8 + mi)n/c)
c j—{ra} Jtlra]
+(_1)[m] Z(—l)j‘H 2552 Ey ( - ) Bakia—s ( " > (—wi)eﬂak_eﬂ/Q
2 22k +2—20)!

j=1 =0

+J2(k).
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Proof. Let h = (1/2,1/2) and m = 2k + 1 in (2.1). In similar to
(2.12) and (2.13), we have

i ra] N cosh(min((2{r2} — 1)(z — 1) + 2r3))
H(r, -2k -1 R H) e Z n2k+2 cosh(min(z — 1)) ’

L(r,—2k — 1; R, H) = (— 1)’"1”21“7”2

2k+2 .
(2.18) ;) Eo(( *g"{m})/c) szJr(zg;fi(JQt[;‘;])/C)(_z)’z.
Now put (2.14), (2.17) and (2.18) in (2.1) and put z = mi/a to complete
the proof. ]

COROLLARY 2.11. For any integer k and for any positive odd integer
C7

o F1/2 2isin ((2n 4+ 1)7/(2¢))
Z Zn + 1 2k+2 e(oc 7i)(2n+1)/c + 1)
2,2;@ 2 —k—1/2 COS 7’L7T/C)
Z n2k+2 cosh ((8 + wi)n/c)

2k+2 F, (7/) BQk+27z (7)
J+1 c o) ekl k—et1/2
P Z Z 02k +2—0) (=) o + Ja(k).

Proof. Put r5 = 1/2 in Theorem 2.10. O

COROLLARY 2.12.

—k—1/2 Z 2(_1)n
2n + 1)2k+2(e(2n+1)a _ 1)

— (—1)MH1g2k-2g—h- 1/22 sech(nf3)

n2k+2
+5 i ) Bk oestra_ gyt 1 g, 1)
*3 yard 2k +2—20)! 2
where
\ko—2k—1k+1/21( o7 — (=n" . _
(=1)"2 B I'(—2k 1); (2n + 1)—2k-1 if k<-1,
Ja(k) == —1al/? if k=—1,
—k—1/2 - (=" ;
«@ ;(2n+1)2k+2 if k>0.
Proof. Put ¢ =1 in Corollary 2.11. O

Corollary 2.12 should be compared with Proposition 4.27 in [6] or Corol-
lary 4.19 in [5].
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COROLLARY 2.13.
o2 Z ﬂ + 101/2 — 51/2 Z sech(ng) + %51/2.

e(@n+l)a _ 1 2

n=0 n=1
Proof. Put k = —1 in Corollary 2.12. O
COROLLARY 2.14.
T;l sech(nm) = nZ:O c@nthm — 1
Proof. Put a = 8 = 7 in Corollary 2.13. O

COROLLARY 2.15. Let ro be a real number, not integer. Then, for

any integer k,

o k12 Z 2sin((2n + 1)7r2)
2’n +1 2k+2(e 2n+1)a 1)

- Ty h((2{r2} — 1)ng)
— (_q)[r2ltktlg—2k—2 g—k—1/2 cos
=1) s Z n2k+2 cosh(np)

n=1
k+1
(-1l E2 (1 — {r2})Boks2-20 k—s41/2 £+1
DS 2012k +2 — 201 (=B + Ja(k),
where
COIRlE ght1/2p( 9k — 1)3, (~2k — 1, {r2}) if k<1,
_q)lr2l+1
GO 12 (g ({r2)) + %(1 —{r2})
Da(k) = ~Wo({ra}) — Wo(} — {ra}) ~ 21052) if k=1,
o-k-1/2 sin((2n + 1)7r2) .
/Z 2n+172’“+2 if k>0

Proof. Put ¢ = 1 in Theorem 2.10 and equate the imaginary parts.

O
COROLLARY 2.16. For any integer k > 0,
(=)l kg (2K + 1)) S cos((2n + 1)mry)
Egp1(1—{r2}) = a2k+2 Z (2n 4+ 1)2k+2
Proof. Put ¢ =1 in Theorem 2.10 and equate the real parts. 0

THEOREM 2.17. Let o, 3 > 0 with a3 = w2. Let o be a real number,

not integer. Then, for any integer k and for any positive even integer c,

_ 2 cos (2mnrs /c)
k Z 2

n2k+1 e(a 7i)2n/c + 1)

o ,2] _k sinh (((2{r2} — 1)(B + 7i) — 2mirz)n/c)
N Z n2k+1 cosh ((8 + mi)n/c)
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c 2642 B, # Bonyo_e j+£r2]
_(_1)[r2]22k+1 ;(_1)3 ; ( Z!(2>]g o Z)!( ) (_m)eak 41
+J3(k),
where
22 (—B)FT(—2k) 24 (—2k,{2}) if k<O,
iy ] 108 (1 _%2”2//) if k=0,
*"Z T if k> 0.

Proof. Let h = (1/2,0) and m = 2k in (2.1). We find from (2.4) and
(2.5) that

2 cos(2mran/c)
r +1 2
H(VT,—2k;rh) 1 Z n2k+1(1 4 e—2min(1-1/2)/c)’

T1+T2] Z sinh(min((2{r2} — 1)(z — 1) + 27“2)/0)

(2.19) H(r, —2k; R, H) n2h+1 cosh(min(z — 1) /c)

By the residue theorem, it is easﬂy deduced that

L(r, —2k; R, H) = (—1)I"1F72] 27?12
Bl - {m})/c) Bawra—e(( + [r2]) /), e
(2.20) ' ; 0 k+(2ké+ 2 0)! (=)
Since ho = 0,

O (s, h) =T(s)(C(s,{ra/c}) + e(s/2)C(s,1 = {r2})).
For Re s < 0, apply (2.9) to have

(2.21) @ (s, h) = (27)° 7”5/22

f2mn{r2 /c}

By using the following expansions at s =0, for 0 < z <1,
1 1
((s,z) = §—x+ <logF(:c) - 2> S+ -,
1

D(s) = — 7+

e =14 mis+ -,
where « is the Euler’s constant, we find that
(222) hr% (I)+(S7 T, h) = — log(l — 6_27”'{T2/C}).

S—>

Now put z = mi/a and plug (2.19), (2.20), (2.21) and (2.22) into (2.1)
to complete the proof. O
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COROLLARY 2.18. For any integer k and for any positive even integer

C7
ok 2cos (nm/c)
Z n2k+1 ela—mi)2n/c + 1)
vk isin (n7/c)
=—(-P) ;n%“ cosh ((B8 + mi)n/c)
c 2642 B, <M) Bojra—e (1)
_ o2k+1 Y c el e k—E+1
2 ;( 2 ; Ak +2_gr e+ Bk,
where
2K (=BT (—2k) 24 (—2k, 5-) if k<0,
_ o ile ep
To(k) = log(li / ) if k=0,
*’“Z T if k> 0.
Proof. Put 5 =1/2 in Theorem 2.17. O

THEOREM 2.19. Let o, 8 > 0 with a8 = w2. Let ry be a real number,
not integer. Then, for any integer k and for any positive odd integer c,

_ 2cos (2mnra/c)
k Z 2

n2k+1 e2n(a—mi)/c + 1)

o ylrelo2kdl, vk = sinh (((2{r2} — 1)(8 + mi) — 2mwir2)(2n + 1)/(2¢))
= (-l )Y ]

o (2n 4 1)2k+1 cosh ((6 + i) (2n + 1)/(2¢))
c k1 B, (j—{m}) Borr1 e (a‘+[r21>
+[T2 c c
1)[r2192k J+[J L k41
)2 ;( Z 02k +1-0)! (=mi)a

+J3(k).

Proof. Let h = (1/2,0) and m = 2k in (2.1). Since ¢ is odd, H; =0
(mod 1) and H; = 1/2 (mod 1). Then we have

H(r,—2k;R,H) = (_1)[T1+T2]22k+1

> sinh(7i(2n 4 1)((2{r2} — 1)(z — 1) 4 2r2)/(2¢))
(2.23) ' nz::o (2n + )2 cosh(mi(2n + 1)(z — 1)/(20))
and
L(r,—2k; R, H) = T1+T2]+1Tmz ]+[(J+ ral)/c]
T B((j — {7«2})/0) Eop1-0((j + [r2])/©) -1
(2.24) ' Z«) 7] +(21<; +1-20) (="

Let z = mi/a in (2.1) and use (2.19), (2.21), (2.22), (2.23) and (2.24)
to arrive at the desired result. O
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If ¢ =1 in Theorem 2.19, then we obtain Theorem 5.11 in [5].

COROLLARY 2.20. For any integer k and for any positive odd integer
c7

_ 2cos (nm/c)
k Z n2k+1 ela—mi)2n/c 4 1)
g2k+1( Z isin ((2n 4 1)7/(2c))
“= (2n+ 1)2+1 cosh ((B + mi)(2n + 1)/(2¢))

2k+1 BB, (—7> E2k+1 ¢ (l)
2k ]+[J/C c c 0 k—0+1
2 Z Y amn i e T(k).

£=0

Proof. Put 7 = 1/2 in Theorem 2.19. O

COROLLARY 2.21. For any integer k,

2(=1)"

—k

o Z n2k+1(62na + 1)
n=1

g2k kz csch ((2n+1)3/2)
2n+ 1 2k+1

Bzz E2k+1 2@(0) _
22k: k—t1, a0 | ~

where
T ] —log2 if k=0.

Proof. Let ¢ = 2 in Corollary 2.18 or ¢ = 1 in Corollary 2.20 and use
the facts;

1
Baont1 <2> =0, n>0.
O

THEOREM 2.22. Let o, 3 > 0 with a3 = w2. Let o be a real number,
not integer. Then, for any integer k and for any positive even integer c,

o k12 Z 2isin (2mnre/c)
n2k+2 (a—mi)2n/c + 1)

—k—1/2 Z cosh (((2{r2} — 1)(B + 7i) — 2mwirz)n/c)
n2k+2 cosh ((8 + wi)n/c)
2k+3 B j—{r2} B B J+[ra]
1)lralg2k+2 Z Y S ¢ ( c ) 2k+3-L ( c ) (—mi) = tr3/2
~ 22k 43 —£)!

= (- 1)[T2 +1
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+Ju(k),
where
2% ()T <2k~ )2 (<2k—1.{%)) if k< -1,
Ja(k) = —%(—5)_IZ(W S(;Er(i:i’"/fc}) — i) if k=1,
—aTh Y enTm if k> 0.

n=1

Proof. Let h = (1/2,0) and m = 2k + 1 in (2.1). We find from (2.4)
and (2.5) that

(2.25) H(Vr,—2k—1;r,h) = (_1)7‘1+1 Z

n=1

2isin(27ran/c)
n2k+2(1 + 6727777.(171/2)/0)

and
H(r,—2k—1;R,H)

(2.26) B 1 ra] o= cosh(min((2{r2} — 1)(z — 1) + 2r2) /c)
(=pin Z n2k+2 cosh(min(z — 1)/c) '

n=1

Similarly as in (2.20), it is deduced that

L(r,—2k — L; R, H) = (=1)\"72l27i Y~ (1)
Jj=1

2k+3 . = .
(2.27) , ; Be((y _K!{TZ})/C) szJr(;feEr(Jg-t[;)zl])/C) (—2) "

For k > 0, apply (2.21) to obtain
O, (—2k—1,7h)

(2.28) o e 2min{ra/c}
= (2m) 1(_1)k+1lz n2k+2
n=1
Using the expansions at s = 1,
1
= - v
(o) = =g~ Wole) 4
€ =—1—-mi(s—1)+---,
we have
(2.29) linri b, (s,r,h) = weot(n{re/c}) — mi.
S—

Lastly put (2.25)—(2.29) into (2.1) and let z = mi/a to complete the
proof. O
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COROLLARY 2.23. For any integer k and for any positive even integer
¢

ok 1/22 2isin (n7/c)

n2k+2 ela—mi)2n/c + 1)

_ —k—1/2 Z cos (nm/c)
n2k+2 cosh ((8 + mi)n/c)
2843 By (T) Borys—e (1)
YD (=) a2 4 Ta(k),
< 02k +3 - 0)!

=0

where

R ok D2 (21, 8) if k<1
_l_p -V T — i ; ==
Ja(k) :== s(=B)"! 2( cot(z;) — i) if k

77rzn/c

7k 1/2 .
/Z ERSTIEN if k>0.

Proof. Put 75 = 1/2 in Theorem 2.22. O

Corollary 2.23 should be compared with Corollary 2.11. If ¢ = 2 in
Corollary 2.23, then we obtain Corollary 2.12.

THEOREM 2.24. Let oo, 3 > 0 with a3 = w2. Let 15 be a real number,
not integer. Then, for any integer k and for any positive odd integer c,

o E1/2 2isin (2mnra/c)
Z n2k+2 ela— 7rL)2n/c_|_1)

— (—)lraltigke2 gy k1) cosh (((2{r2} — 1)(B + i) — 2mir2)(2n + 1)/(2c))
=(-1) gt Z 2n—|—1 2k+2 cosh ((B + 7i)(2n 4+ 1)/(2¢))

(=)l ig2ee Z 1)+ (£tral

2k+2 j—{r2} Jtlra]
. By ( p > Eopyos ( c ) (_m_)eak_g%p +Ja(R)
02k +2—20)! '

=0

Proof. Let h = (1/2,0) and m = 2k + 1 in (2.1). Use (2.5) to obtain
that

H(r,—2k — LR, H) = (-1 )[”“2122“2

= (mi(2n + 1)((2{r=2} — 1)(z — 1) + 272)/(2¢))
(2.30) g 2n + 1)2k+2 cosh(mi(2n + 1)(z — 1)/(2¢))

Apply the same method as in (2.24) to deduce that

L(t,—2k — 1;R,H) = Tl*rz]ﬂmz 1)7+GHIr2D/el
2k+23 — 172 C E2 2 T2 C —1
(2.31) Z 268! b/o H(%ei(g;[@!n/)(_z)e |
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Now plugging (2.25) and (2.28)-(2.31) into (2.1) with z = mi/a, we
obtain the desired result. O

COROLLARY 2.25. For any integer k and for any positive odd integer
c7

_ 2isin (n/c)
k— 1/22

n2k:+2 ela—mi)2n/c + 1)

_ o2k42, g\ —k—1/2 cos ((2n + 1)7/(2¢))
PR Y 2+ 1252 cosh (B + m)(2n + 1)/(20))

c 2k+2 B, (M) Barra e (2)
2k+1 i+[i/c] c c 0 k—0+3/2
DB C DY Aokta—gr e + Ja(k).
j=1 =0

Proof. Put o = 1/2 in Theorem 2.24. O

If we put ¢ =1 in Corollary 2.25, then we obtain a well-known formula
for the zeta function;

(—1)k+1o2k+2p), o r2kt2
(2k +2)! ’
If ¢ =1 in Theorem 2.24, then we obtain Theorem 5.12 in [5].

C(2k+2) =

k> 0.

THEOREM 2.26. Let o, 3 > 0 with o3 = w2. Let ry be a real number,
not integer. Then, for any integer k and for any positive integer c,

o F Z 2cos ((2n + 1)7wra/c)
(2n+ 1 2k+1 e(a 7i)(2n+1)/c _ 1)

n=0

vk > cosh (((2{r2} — 1)(8 + i) — 2mwir2)(2n + 1)/(2¢))
==A nz::o (2n + 1)2k+1 sinh (8 + i) (2n + 1)/(2¢))

c 2k |, (1= { 2} Fop_ J+lra]
1 J+[2] [( ) k(’.( c O] k—t
- ]:1 Z 2k = D) (—md)" a4 J5(K),
where
(—1)lr2/cl+1 k ro i
(=)' (-2k)3-(—2k, {2}) if k<O,
_\[rg/c+1 - . .
Ts(k) = %(logcot( { 2}) — %m) if k=0,
: e 7(2n+1)7ru“2/c ]
—Q Z W Zf k > 0.

Proof. Let h = (0,1/2) and m = 2k in (2.1). In this case, Hy = Hy =
1/2 (mod 1). We find from (2.4) and (2.5) that

= 2cos(mr2(2n+1)/c)
. _ o2k+1
(2.32) H(Vr, —2k;r,h) =2 2—:0 (2n + 1)26+1 (e-m@niD(A-1/2)/c _ 1)
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and
H(r, ~2k; R, H)
g2k+1 cosh(mi(2n + 1)((2{r2} — 1)(z — 1) + 2r2)/(2¢))
(2.33) " Z (@n + 121 sinh(—i(2n + 1)(= — 1)/(20))

By the same way as in the proof of Theorem 2.1, it is deduced that

L(t,—2k; R, H) = %Z Z(,l)ﬂﬁlrzmc}

j 1

((4 - {7’2} /) Bor—e((G +[r2])/c) e
(2.34) ZZ 2r 0] (—2)".
For s = —2k, the function ®(s,r, h) is also computed by the same way
as in the proof of Theorem 2.1, namely, for k& > 0,

ok > 7r7,r2(2n+1)/c
and
B — (_q)[r2/el T r2\) _ 7

(2.36) %12% D(—2k,r,h) = (-1) (logcot (2 { - }) 5 ) .

Finally, employing (2.32)—(2.36) and putting z = 7i/«, we readily ob-
tain the desired result. O

If ¢ =1 in Theorem 2.26, then we obtain Theorem 4.17 in [5].

COROLLARY 2.27. For any integer k and for any positive integer c,

ok 2cos ((2n + 1)m/(2¢))
Z 2n + 1 2k+1 ela—mi)(2n+1)/c _ 1)

K Z cos ((2n + 1)7/(2¢)
(2n 4 1)2k+1 sinh ((8 + 7)) (2n 4+ 1) /(2¢))
RN Jli/e <J = )E"’k (D
T4 ;(_ Z TeT e T S GO

where
_%(_6) F( 2k)3 ( Qka 210) Zf k<07
logcot + > if k=0,
TIs(k) = e (—(2)7z+1)7r2/(2(‘) )
Proof. Put 73 = 1/2 in Theorem 2.26. O

If ¢ = 1 in Corollary 2.27, then we also obtain Corollary 2.5 using
E5,(0) =0 for n > 1.



Series relations from certain modular transformation formula 501

THEOREM 2.28. Let o, 3 > 0 with o8 = 7%. Let ro be a real number,
not integer. Then, for any integer k and for any positive integer c,

o172 Z 2isin ((2n + 1)7ra/c)
2n + 1 2k+2 e(a 7i)(2n+1)/c _ 1)

_ k=12 Z sinh (((2{r2} — 1)(B + mi) — 27wir2)(2n + 1)/(2¢))
2n + 1)2k+2 sinh ((8 + 7i)(2n + 1) /(2¢))

]Hm A By (J {r 2}> Eorsr—s (j+£r21)

1 . _
-1 j:1 Z e R (_m)e+1ak 4+1/2
+Js(k),
where
(D720 (gD ok — 1)34 (—2k — 1,{%2}) if k<—1,
C0T2I L B) 12 (W ({22 }) + Wo (1 — {221})
To(k) = ~Wo({2}) — Wo (4 — 1{2}) —2log2) if k=1,
12 % ,—(@ntl)mirg/c ‘
« ;_:0 W if k>0.

Proof. Let h = (0,1/2) and m = 2k + 1 in (2.1). It is easily deduced
from (2.4) and (2.5) that
H(VT,—2k—1,;7,h)

k2 2isin(mr2(2n + 1)/c)
(2.37) — 92k+ go (2n T 1)21:_2(e_ﬁi(2n+1)(1—1/2)/c — 1)
and
H(r,~2k = 1,; R, H)
o2k+2 sinh(mi(2n + 1)((2{r2} — 1)(z — 1) + 2r2)/(2¢))
(2.38) ’ Z (2n + )72 sinh(—7i(2n + D(z — 1)/(20)

By the same way as in the proof of Theorem 2.8, we obtain that

L(r,—2k —1;R,H) = i Z(_l)[(jﬂrzl)/d

2
2k+1 . = .
(2.39) 5 B )19 Boeni G ) e

The function ®(s,r, h) has the same results in the proof of Theorem
2.8. Now combine these results with (2.37)—(2.39) and let z = 7i/« to
complete the proof. O

If ¢ =1 in Theorem 2.28, then we obtain Theorem 4.18 in [5].

COROLLARY 2.29. For any integer k and for any positive integer c,

o F1/2 Z 2isin ((2n + 1)7/(2¢))
2n+ 1 2k+2 e(a 7i)(2n+1)/c _ 1)
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k12 = isin ((2n 4+ 1)7/(2¢))
=(=h) Z (2n + 1)2k+2 sinh ((8 + 7)(2n + 1)/(2¢))
2641 By (1522 ) Baryr—e () ) L
42 DY (Z.(2k>—i—1k_+€)!z (=mi) ok =2 4 ),

£=0
where

L(=B)FTAT(=2k — 1)34(=2k — 1, ) if k< —1,

3(=B) 12 (Wo(5) + Wo(1 — 5;)
Ts(k) == —Wo(£) = Vo(s — &) —2log2) if k=-1,

7k 1/2 —(2n+1)7rz/(2c) ]
Z ACTES S if k0.

Proof. Put 73 = 1/2 in Theorem 2.28. O

We obtain Corollary 4.19 in [5] by putting ¢ = 1 in Corollary 2.29.

(1]
2l
B8l
(4]
[5]
(6]
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