JOURNAL OF THE
CHUNGCHEONG MATHEMATICAL SOCIETY
Volume 16, No.1l, June 2003

MULTIPLIER IDEALS ON CR MANIFOLDS

JEONG SEOG Ryu*

ABSTRACT. We consider multiplier ideals on CR manifolds, which is
associated to Kiremidjian’s work on CR embedding problem. Similar
to the Kohn’s result, we found that the multipliers form a nontrivial

radical ideal.

1. Introduction

Let M be a C* manifold of real dimension 2n — 1 and let T7M be
its complexified tangent bundle. A CR-structure on M is given by a

complex subbundle E” C T®M of complex fiber dimension n — 1 such
that E” N E” = {0} and the Lie bracket of two sections L, L' of E”
over an open subset of M is also a section of E”. We denote the above
CR-structure E” by T%'M and call its sections as tangent vectors of
M of type (0,1). If M is the boundary of a complex n-dimensional
manifold M;, then the complex structure and its deformations induce

CR-structure on M.
Kiremidjian considered the small deformation of CR-structure of an

embedded CR-manifold M, and proved that deformed CR-structure
can be extended to a complex structure on a neighborhood N of M.
His methods are based on estimate which are similar to the one obtained
by J. J. Kohn [4].

When Kohn [5] considered subellipticity of 9-Neumann problem on
pseudoconvex domains, he developed the theory of subelliptic multipli-
ers. He invented an interesting algorithmic procedure for computing
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certain ideals. These ideals, at least in the real analytic case, govern
both whether there is a complex analytic variety in the boundary and
whether there is a subelliptic estimate.

We consider CR-embedding problem following Kiremidjian’s method
and develop the similar theory of multipliers.

2. Preliminary

If M is a compact, 2n — 1 dimensional CR-manifold then there is a
real n — 1 plane field, H C T'M determined by

TO,l D Tl,O — H ® (C

Defining a CR-structure with underlying plane filed H is therefore
equivalent to specifying a smooth field of complex structure on the
fibers of H. The CR-structure is strictly pseudoconvex if and only if
H defines a contact structure. The gb-operator associated to the CR-
structure is defined by

Onf = df lrorns;

it takes values in the sections of the dual bundle (7%!)*. In order
to facilitate the study of the dy-operator, Kohn and Rossi introduced
a “Laplacian” denoted by [l,. By selecting a one form 6 such that
kerf = H, one can define hermitian metric on 7% and (T%!)*. The
2n — 1 form 8 A d9™Y defines a volume form on M and thus we can
define L*inner products on C*°(M) and C®(M, (T**M)*). With these
choice we define the L?-adjoint of 95, denoted by gb*, and the associated
second order operator 0, = 9}, 0y + Op0p

In order to study the deformation of a given CR-structure it is useful
to have an explicit parametrization. If 7%*M’ is another CR-structure
on M, that is close to the given structure T%!'M, then its underlying
plane field H' is also a contact structure close H. By the theorem of
Gray there is a diffeomorphism ¢ of M, close to the identity, such that
¢.H' = H [2]. The CR-structure ¢, 7% M’ is another CR-structure on
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M close to T%' M which has H as its underlying contact structure. We
consider the perturbations of %! M whose underlying contact structure
is H. Such perturbations are parametrized by the sections

D(M, ) = {® € C°(M, Hom(T*' M, T"°M))| ||®||z~ < 1}

with
THM ={Z + ®,(Z)|Z € T,)" M}

for p € M. We denote the Op-operator associated to CR-structure
@01 81 by gbq)
Kiremidjian solved the local embedding problem for the deformed

CR-structure ®*T%'M by showing the following estimate and using
Kohn’s work about the existence of Neumann operator.

THEOREM 2.1 (The basic estimate). Let M be strictly pseudoconvex

and ®*T%'M be a CR-structure on M. If ||®||cn is sufficiently small for
m > n+ 2, then there exists a constant C', independent of ®, such that
for all u € C(M, (*T%*M)*)

— ® — x®
lully < C(ullg+ 1105 ulls + 1105 ull5),

where || || is the Sobolev s-norm over M.

Similar to Kohn’s definition of subelliptic multiplier we define mul-
tiplier for local CR-embedding problem. Let us denote Dy ,(U) for the

space of forms of type (0, ¢) that are in the domain of 9, and whose co-
efficients are in C§°(U). The formula |[¢[|? = 3= ;,_, ||6s]|? defines the
squared Sobolev norm of order € of a form ¢ = Z|J|=q $ydz’ € Dy ,(U).
As usual the sums are taken over strictly increasing multi-indices.

DEFINITION 2.1. Let M be a CR-manifold and let = be a point in M.
Let C2° denote the germs of smooth functions at . An element g € C2°

is called a multiplier (on (0, 1) forms) if there exist a neighborhood U
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and positive constant ¢, € such that

96112 < ¢ (1Dss11* + 1180”11 + 1] )

for all ¢ € Dy 1(U). We will denote

Q(9,6) = (IBsaI1* + 118,11 +119]2)

The collection of multipliers turn out to be a radical ideal. Let us
elaborate the notion of radical of an ideal in the ring C2° [6]. Let J
be an ideal in C2°. The radical of J, written radg(.J), and sometimes
called “the real radical” of J, is the collection of germs g € C2° such

that there is an integer N and an element f € J for which

lg|Y <|f].

To preserve some relationship between ideals and varieties, in the real
analytic category, one must allow this broader sense of radicals. The
Lojasiewicz inequality [6, 7] then becomes a precise analogue of the

Nullstellensatz. This inequality can be stated as follows.

THEOREM 2.2. A (germ of a) real analytic function f vanishes on
the zeroes of an ideal J generated by real analytic functions if and only
if f € radg(J).

We consider the local coordinate system = = (x1,...,%2,-1) on an

open U C M. Then one has the Fourier transform f (&), defined on
C°(U). One can then define pseudodifferential operator in the usual

manner by

1 o s
AS — ix€ 2\ 2 de.
o) = [ e (1 16P) de

We state formal properties of pseudodifferential operators as follows.

THEOREM 2.3 (Formal properties of pseudodifferential operators).
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1. If P™ is a pseudodifferential operator of order m, then for each s
there is a constant ¢, such that

[P ulls < csl|ul]sem-

2. If P™, Q° denote pseudodifferential operator of the indicated or-
ders, then their commutator is a pseudodifferential operator of
order m 4+ s — 1:

[Pm’ Qs] — Tm—i—s—l‘
3. Orders add under composition:
Psz — Tm—l—s‘

4. Let P denote the operator whose symbol is obtained by conjuga-
tion. Then

(P™)* — (Pm) =1T™1,

3. Main Theorem

We now establish the fundamental properties of multipliers. The col-
lection of all such multipliers form a real radical ideal. The main point
is that the estimate in Theorem 2.1 holds on (0, 1) forms if and only
if the ideal of multipliers is the full ring of germs of smooth functions.
For a pseudoconvex domain in C", D’Angelo [1] use tangential pseudo-
differential operator to prove the theorem about subelliptic multipliers.
Replacing tangential objects to the ones on a CR-manifold, we get the
exactly same theorem.

THEOREM 3.1 (Main Theorem). The collection of multipliers J, on

(0,1) forms is a radical ideal. In particular,
g€l IV <lgl=fe

Proof. First we prove J, is an ideal. To see this, note that

gul? = / IA(gu) ?



108 J.S. RYU

=/|g/\ﬁu+PE_1u|2
§/|gAEu|2—|— | P tu)? + 2| gA‘uPe1u|

<2 [ loPAcul + clull?,
< of|ul |2 + el |ul |2,
< df[ull?,
where P! is the commutator [A€, g]. Replacing g by hf, we get

Ihfulle < cflfulle < cQ(u,w).

Thus J, is closed under the multiplication by element of C'2°. Similarly,

1(f + g)ulle < 2(/1full? + [lgul ) < cQ(u,w).

Hence J, is an ideal.

To show that the ideal of multipliers is a radical ideal, we establish
two inequalities. Note that we use the same letter ¢ to denote a positive
constant whose value need not be the same for each occurrence.

LEMMA 3.2. If|f| < |g|, then

(1) [folle < [lgélle + cl|o]]e.
Proof.

1fllZ = (A fo, A°f o)
= ([A, 116, A fo) + (fAD, A°f )
= (P, Afo) + (FAG, A f)
<|IPINAS Sl + (L FADIAF S -

Dividing by ||f¢||c, and because P<~! is of order ¢ — 1, we obtain the

estimate

1folle < Nlle-—r + [IFA D]
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Since ||fA°¢ depends only on |f| rather than f, using |f| < |g|, we

obtain
1folle < [|@]le=1 + [lgAP]].

Similarly, we obtain
lgA“Q||* = (gA“, gA9)
= ([g, A)¢, gA“0) + (Mg, gA°9)
= (P, gAg) + (A9, gA“®)
<[P D[1gA ]| + | |Agoll]|gAdl]

and
lgA“o|| < [|[P< 1ol + [|Ago]].

Combining these two, we get the result. O

LEMMA 3.3. For me < 1, we have

(2) 190112 < Ellg™ ¢l + cll o]

Proof. We will use the induction on m. First we suppose that m = 2.

190112 = (A9, Ago) = (A*g¢, g9)
= (gA*¢, 90) + (P* ¢, g9)
= (l9I*A*¢, ¢) + (P*'¢, g9)
< |[lgPA*¢|[ ||| + cl[d]l2e-1[ ]
= [|g>A*0| [|0]] + cl|¢] 21| ||
= [|A%¢*¢ + P*19[|||¢]] + cl|¢l]2c—1 ][]l
< [1g*¢ll2el[@]] + cll¢lloc—1][o]]
< (s0)[1g° 3. + (L)]* + ¢l 8] l2e-1] ||

< (so)llg® 3 + cllell?,
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where (sc) denotes a small constant and (lc) denotes a large constant.
In the last line we assumed that 2¢ — 1 < 0.
Given the interpolation inequality

(3) 1970112 < cillg®@llsellgglle + ell¢ll,

we have

19012 < Ellg*0l[. + cll o]

< kellg*dllsellgolle + cll |

k‘Cl k‘Cl
< g3 + 5 llgal 2 + il

Assume that kc; < 2. After subtracting the middle term from each
side and multiplying by 2/(2 — kc;), we obtain

k‘Cl

lgoll < mllg%lli + gl

If we know the value of the constant ¢;, then we can choose k arbitrarily
small and again make the coefficient in front as small as we wish. It

remains to prove the interpolation inequality (3).
1973 = (A*g*¢, A*g%)
= (A*g%¢, A°g°9)
= (A*g*, gAgd) + (A g%0, P'9)
= (gA*g%¢, Ag9) + (A*g¢, P*'¢)
< (GA*9%¢, A°99) + (sO)||g° |l + (10)][ ][5
< (GA*g%¢, A*g¢) + (sc)llg°0| 3. + cl |9l

= (AGA*g*, A°g9) + (sc)llg?9l15. + cll9]]*
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We need 2¢ —1 < 0. After subtracting the middle term and multiplying
through again, we obtain

1 €— €
(4) g ¢ll5e < T IATA*G* ¢l g6l + cll @Il

(sc)
The first term can be estimated as follows.
IAGA* g 6] = [[gg*A*¢ + P ]|
< [|g°A%¢|| + cl[][3e-1

S ||gg¢||3e + C||¢||3e—1-

Using 3¢ — 1 < 0 we estimate the last term. Putting this into 4 and
using the result for m = 2 with small coefficient, we establish

1
9?61 < ———Ilg6lladllodl| + 5 lgol? +ello]

b
(sc) (1 = (sc))

< %MHg%Hsengasu + (se2)l g1 + cll] .

We subtract again and multiply through. At last we obtain the inter-
polation inequality with the constant

1
(1= (s¢))(1 = (sc2))

which can be made arbitrarily close to the unity from above. This

C1 =

finishes the proof of Lemma 3.3 for m = 3. The general case is virtually
the same, where the interpolation inequality used is as in Remark 1. [

The fact that the ideal of multipliers is a radical ideal follows immedi-
ately from Lemma 3.3 and the definition of real radical. O

Remark 1. The general interpolation inequality is

atb a
1972 0ll2s, < cillg®@llad [9°0lloc + cllo]

2 ¢

as long as (a +b)e < 1.
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We also found that the determinant of the Levi form is a multiplier.
However, we do not know yet whether we can develop an algorithm
similar to Kohn'’s.
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