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SKEW COPAIRED BIALGEBRAS

JUN SEOK PARK* AND MYUNG SANG CHO**

ABSTRACT. Let o: k — A® B be a skew copairing on (A, B), where
A and B are Hopf algebras of the same dimension n. Skew dual bases
of A and B are introduced. If o is an invertible skew copairing then
we can give a 2-cocycle bilinear form [o] on A ® B and define a new
Hopf algebra.

Let k be a field. All unadorned tensor products are over k and all
maps are k-linear. For f,g € Hom(C, A), where C is a coalgebra and
A is an algebra, f * g is its convolution product ma(f ® g)Ac¢. Let
T: VW — WV be the twist map given by 7(v @ w) = w®v. We
use the sigma notation|[6]; for z € C, A(z) = > 2(1) ® 2(2).

LEMMA 1. Let A be a bialgebras with invertible linear form under
convolution product, o : k — A® A where o(1) = > 01(1) ® o2(1)
and 0=1(1) = Yo7 (1) ® 051 (1). Assume that o satisfies o12(A ®
id)o(1) = o23(id ® A)o(1), where o12 = Y 01(1) ® 02(1) ® 1 and
023 =, 1®@01(1) ® 02(1), i.e.,

(*) > oi(1) ))(1) ® 02(1)(01(1))(2) ® 02(1)
= 01(1)®01(1)(02(1)) (1) ®02(1)(02(1))2)-

Then

(1) Yooy (1) @oa(l)oy (1) =11,
Yoy (o) ®oy (Loz(l) =1 1.
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(2) 2e(o1(1)) ®o2(l) =1®1, > 01(1) ®e(oa(1)) =1® 1.
(3) (o (1) yor (1) ® (07 (1) 05 (1) ® 03 (1)
=201 (1)@ (o3 (D)yor (1) @ (037 (1))2y05 ' (1)
(4) Yelor (1)@oy (1) =181, Yoy (H)@e(oy (1)) =101
(5) Yoi(De(or (1) ® oy (Ve(o2(1) =1@1,
> or (De(o1 (1)) @ o2(L)e(oy (1) = 1@ L.
(6) if A has an antipode S then
> S(02(1)or1 (1S oz (1)oy (1) =
> 57 oy ())or (1) (02(1)or (1) =
)

Proof. (1) : 1®1 = uagack(l) = (O’*O’ D) =o(1)o71(1) and
1®1 = uasack(l) = (0= 5 0)(1) = o~ (1) (1),
(2) : Apply id ® € ® id to both sides of (x),
Zal ) ®e(o2(1)) ®oa(1 Zal Y®Re(o1(1)) ®o2(1)oa(1).
Multiply Z o1 ) 210, (1 ) to both sides of above,
Zal ®1®1—Zal ) ®e(o2(l))®1
—21@)501 ) ® oa(1)
=> 1@1®e(o1(1))o2(1).
Hence

> elo(1) =1= 201(1)6( (1))

(3),(4) : From the definition of o~ ".

(5 From (1),(2) and (4).

(6) : >5S(02(1))o1 (1)S (o5 (1)o7 (1)

=30 8(02(1)o1 (1)S (o5 (1)o7 H (De(or ' (Do (1))e(oz * (1)
o2(1))
(02(1e(o ' (1)ar(De(or (1))S™ (o5 (1)e(o2(1))ar (1)
e(o1(1))

=1. U

)
)
2.5
2.5
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PROPOSITION 1. Let A be a bialgebra with invertible o : k —
A® A. Assume that o satisfies (x). Define A, = A as an algebra. The
coproduct A, is defined by

Zal a(l)al (1) ® o2(1 )a(g)az_l(l), ac A

Then A, is a bialgebra. Moreover, when A has an antipode S, A, is
a Hopf algebra and its antipode is given by

=" 5(02(1))o1(1)S(@)S (o5 L (1)o7 L (1),

Proof. For all a € A,

(A, ®id)A,(a)

= (A; ®id)(Y o1(Dayor (1) @ o2(1)agzyo; (1))

=Y or(1)(o1(Vayor (1) @yor (1) @ o2(1)(o1(1)aryor (1))
oy (1) ® o2(1)agzyo; (1)

=Y o1 (1) (o1 (1) nyayw (o7 " (D))wor (1) © o2(1)(01(1))2)
aay2)(or (1) 205 1 (1) ®@ oa(1)a@oy (1)

=Y o1(Vamoy (1) ® o1(1)(o2(1)q) a(z)(1)( "W)ooy H(1)
® o9 (1)(02(1))2 a)) (05 (1) 205 ' (1)

=Y oa1i(Vamo; (1) @ a1(1)(oa(Dagoy ' (1)@yor (1)
® oa(1)(o2(1)agzyo; (1 ))(2)021(1)

= (id @ Ag)(X o1(Vaqyor (1) @ a2(1)agoy (1))

= (id ® A,)As(a), where fourth equality follows from (%) and
Lemma 1, (3).

For all a € A,

> e(o1(1) aqy oy (1))o2(1) a@yoy (1)
=Y e(o1(D)elaq)elor (1))o2(1) agyoy (1)
=Y e(o1(1))o2(1) - elaq))ag) - loy ' (1))oy ' (1)

= a, where fourth equality follows from Lemma 1,(2) and (4).
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Similarly, >~ o1(1) a1y o7 " (1)e(02(1) agzy 05 (1)) = a. Hence A,
is coassociative and counitary with the A, comultiplication.
Foralla e A
> So(01(1) agy a7 ' (1))o2(1) a(z) 021(1)
=3 8o(07 1 (1))S6(aq) )Ss
=3 8(02(1)or1(1)S (o7 (1)
S(a)S~ (o5 (1))or !
S~Hoy ' (D))or ' (1) - 02 (
=30 8(02(1))o1(1)S (o7 1 (1))S(a1)S (a1 (1
o2(1) a2y 05 (1)
=2_5(02(1))or (1 ) (o7 (1)
oa(1 De(oy !
= S(02(1)e(o3 ' (1))
S~ o (V)e(o2(
=3 5(05'(1))8
=Y S(oy'(1 ))
e(or(1)oy
=3 S(o7' (1) (
a@2)03 * (1)e ( 02
=>_S(a@)) ae)

= e(a) 14, where third, sixth and ninth equalities follow from

5((1

S(a1)S(o1(1))S™ oy ' (1))oy ' (1)
e(oy 1 (1))oa(1))
)S(o7 1 (1))S(ag1))S(a1(1))
1(1))o2(1) ag) o5 1(1)
o2(1) agz) o5 (1)
)

A\_/A\_/

Lemma 1,(5) and fourth and seventh equalities follow from Lemma
1,(1).

Similarly,

> o1(1) ag o7t (1)Ss(02(1)) a(z) oy (1) =¢e(a) 14, Va€ A

Hence S, is antipode of A,. For all a, b € A,

Aqg(ab) = o1(1)(ab)yoy (1) @ 02(1)(ab)2yo5 " (1)

= o1(Dambmyor 1(1) ® o2(1)agbeoy ' (1).
Ao(@)A0(B) = (01(1) gy o7 (1) © 02(1) az) 03" (1))@ (1) b
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o7 (1) @ 02(1) biay 3 (1))
=01(1) aqy o7 H(Da1(1) by o7 (1) @ 02(1)
a(z) oy (L)oo (1) be2) oy H(1)
= 01(1)a(1)b(1)01_1(1) ® 02(1)a(2)b(2)02_1(1).
Hence A, (ab) = Ay(a)As(b), Va, be A, Trivially e(ab) =
g(a)e(b). O

Let A be a bialgebra, recall the definition of quasitriangular bial-
gebra in [3] and [4], which is the dual concept of a co-quasitriangular
bialgebra in [1].

DEFINITION 1. A quasitriangular bialgebra over k is a pair (A, o)
where A is a bialgebraover k and o : k — A®A, 1 — > o01(1)R02(1)
is an invertible (with respect to convolution product) linear form such
that the following conditions hold :

(1) o(1)A(a) = A%(a)o(1) for all a € A, i.e.,

Sto1(1)ar @ oa(1)ag = > as01(1) @ agoa(l) - v vvvnv-- (1)

(i) (A ®id)o(1) = 013023, where 013 = > 01(1) ® 1 ® 02(1) and
023 — Z 1 (%9 0'1(1) (%9 0'2(1), i.e. y

(131) (id® A)o(1) = 013012, where 12 = >, 01(1) ® 02(1) @1, i.e.,

> 01(1) @ (02(1)) 1) ® (02(1))(2) = 2_01(1)o1(1) ® 02(1)®

A is triangular if also o71(1) = 7(o(1)).
PROPOSITION 2 [2]. If (A, o) is quasitriangular, then

(x) 2 o(1)(o1(1) 1) ® o2(1)(01(1))2) ® o2(1)
= 01(1) ®@a1(1)(02(1)) (1) ® 02(1)(02(1))(2)
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ie.,
012013003 = 093013019 , *++rrrrrreeennnneennnnnnnnnnnn .. (4)

THEOREM 1. If A is a cocommutative quasitriangular with non-
trivial invertible o0 : k — A ® A then (A,, (1)) is a triangular
bialgebra, where ¢ (1) is defined by

Zag Yot (1) @ oy (1)oy H(1).
Proof.

7(6(1)-6(1) =Y _or(L)oy (Do (1o (L)o; (1)
® 02(1) L (or(1)oy (1)
=Y oo (1) @o2(1)oy (1)
=1®1

by Lemma 1,(1). Similarly,
6(1)7(6(1)) =1 ® 1. Therefore

(6(1)~" =7(6(1)).

L (D) @o1(oy (W) or(Daroy (1)@
)
)

o1(Daro; (1) @ o1(1)oy * (1)oa(1)az

6(L)Ag(a) = (3 o2(1)oy (
o2(1)azoy 1(1
=Y oa(1)oy (1
02 1(1)
=Y oa(N)aroy ' (1) ® o1 (1)agoy ' (1).
AP(a)5(1) = (3 o2(1)azoy (1) ® o1 (Daroy (1)) (3 o2(1)oy (1)
®o1(1)oy (1))
=Y oa(1)agoy (D)oo (1)o7 ' (1) ® 01 (1)aroy (1o (1)
09 1(1)
=Y oa(1)azoy H(1) ® o1(1)aroy ' (1)
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=Y oa(Varo7 ' (1) ® o1(1)azoy (1),
where the last equality holds since A is cocommutative. Therefore

A (a)s(1) = 6(1)As(a).

(A@id)s(1) = (A, ®id) (3 oa(1)or ' (1) @ a1 (1)oy ' (1))

=Y o1(1)(o2(1)oy ! ())(1)01 (1) ® o2(1)

(o2(D)or ' (1) 205 (1) @ a1 (1)oy (1)
=> 01(1)(o (1))(1( fa ))(1)01 (1) ® o2(1)
(02( )2 (o7 (1 ))(2)02 (1) ® o1 (1)og ' (1)
1)(o2(1))yo1 (1) @ o2(1)(02(1)) (2
Dot (1)@ e (1)(e 2 (o' ()
=Y o1(V)oa(1)o; (1) ® o2(1)oa(1) (o5 ' (1))
® 01(1)01(1)(02 gt (2)02 e
H1) @ o2(1) (05 (1)) (2)02(1)
(1 ))(1) oy (1)
(1)02(1)02(1)
(1)
(1)02(1)02(1)
(1)
o5 (1))(2)02(1)
Lo, 1(1)
o7 (1) ® o2(1)oy ' (1)oa(1)
> (Mo (1)og (1)

=Y o2(1)o; ' (1) @ oa(1)oy (1) @ 01 (1)og (Do (1)

\_/\_/\_/
—_—~ =
—

)—l
AH AH
—_ o~ =~
= =
~— N ~— ~— ~— ~— ~—r N
q
\V)

¥
[S—
\_/H
—~
q
o

~— ~—
—_
~—
—~

= 9
=
—~
—_
~—

— —
—~
=
—
Q
=
—~

= 013023,
where fourth equality follows from Proposition 2 and Lemma 1, (3)
and fifth equality follows by multiplying 1 ® 01(1) ® o2(1) to both

sides of (3) and sixth, seventh and ninth equalities follow from (1)
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and eighth equality follows from (4) and tenth equality follows from
(3)-
Similarly,
(id ® Ag)6(1) = 613623,

as desired. 0

Let H and K be bialgebras, recall the definition of skew copairing
in [5], which is the dual concept of skew pairing in [7].

DEFINITION 2. Let H and K be bialgebras. We say that H and K
are copaired if there exists a k-linear map o : k - H® K, o(1) =
Y 01(1) @ 02(1) (called the skew copairing) such that the diagrams

below commute :

Eo—7 H® K 98k HeK®K
AkJ/ THH@id®id
kok 227, HoKoHoK “2% pgoHe KoK

Eo—7 HoK Au®id g e HoK
AkJ/ T’L‘d®id®ﬂK
kok 227, HoKoHoK “2% pgoHe KoK

k id k id k

J/1H® lff J/®1K
Hok —— HoK 2% boK
1dQe

The commutativity of the diagrams above can be expressed equa-

tionally in the following way:
> 01(1)®(02(1))(1y®(02(1))(2) = 2o 01(1)o1(1)®02(1)®02(1)-(1)

’
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’

2_(01(1) 1) ®(01(1))(2)®02(1) = >- 01(1)®01(1)Q02(1)o2(1)-+(2)

2o e(01(1)®o2(1) =101, Y o1(1)®e(o2(1)) =1@L-------- (3)
where (1) =) 01(1) ® o2(1).

Note that condition (3) follows from (1) and (2) if ¢ is invertible
in Hom(k, H ® K).

EXAMPLE 1. Let V be a finite dimensional vector space with basis
{v;}. The dual vector space V* has the dual basis {v*}. Let us express

the isomorphism
Avy :VeU" - Hom(U,V), v@a— A\pv(v® a)

where \p v (v ® a)(u) = a(u)v, Yu € U.Let f:U — V be a linear
map. Using bases for U and V, and have

flug) = Z fiv;

for some family (f});; of scalars. It is easily check that
f = )\U’V(Z f;vl X uj).
j
In particular, taking for f the identity of V', we get
idy = )\V’V(Z V; X Ui).

This allows us to define the coevaluation map of any finite dimensional

vector space V' as the linear map oy : kK — V ® V* defined by
Sv(1) = Ay (idv) =) v @',

Let H be a finite dimensional Hope algebra. Define o as the coeval-

uation map

o k—HPQH, o) =) h ®h.
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Then we see that o is skew copairing on H°P and H*.
EXAMPLE 2. Let H = H4 be Sweedler’s four-dimensional Hopf
algebra over k with char k # 2. As an algebra over k, H is generated

by g and z with relations

92:1, =0, zg = —gz.

The coalgebra structure and antipode are determine by

Alg) = g®yg, Ax) = (z@9)+(1®2),

e(g)=1, e(@)=0, S(g)=g=g"", S(z)=gz
H has a basis {1,g,z,gz}. Let A = kZs, where Z5 is written mul-
tiplicatively as {1,a}. Now let

1
SA®l+1@atgal-goa) € Ho A

o(1) =
Then one can easily check that o is a skew copairing of (H, A)

with o~1 = 0.

PROPOSITION 3. Let o be a skew copairing on (A, B), where A
and B are bialgebras.
(i). If o is invertible in Homy(k, A® B) which has the convolution
product, then we have
1) c()o (1) =1 @1, o '(Do(l) =1 1,
(2) X(op'(1 ))(1)®(Uf (1 ))(2)®Uz (1
= 201 (1) @0y 1) ® oy 1(1)02_1(1):
(3) Yoy (1)@ (o3 (1)) @ (03 ( ))(2)
=Y o1 (Nor' (@ ()®Uz (1),
4) Yelor' 1) @oy'(1) =1 ®
Yorl(1)®e(oy (1) = 1
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where o071 (1) = S o7 (1) ® 05 1 (1).
(ii). If both A and B are Hope algebras, we have
(1) o71(1) =32 S8a(o1(1)) ® 0a(1),
(2) o(1) =X o' (1) ® Sploy ' (1))

where Su, Sp are antipodes of A and B respectively.

The proof is easy.

DEFINITION 3. Let A and B finite dimensional Hopf algebras
and dimpA = dimipB = n and o be a skew copairing on (A, B).
If {a;}i=12,..n is a basis of A and {b;};=12,... is a basis of B,
and {a}}i=1.2,...n and {bf}i=12.., are dual bases of {a;} and {b;}
respectively, {a;} and {b;} are called skew dual bases of A and B if

Za 0'1 b* 0'2(1)):51‘]', i,j:1,2,---,n.

EXAMPLE 3. Let H be a finite dimensional Hope algebra. Define

o as the coevaluation map o : k — H? @ H*, o(1) = >_ h; ® h}.

Then we see that o is an invertible skew copairing on H°? and H*.

Since H°P is a Hopf algebra with antipode S~!, by Proposition 2,

~1(1) =32 S7(h;) ® h}. By the definition Y hj(hi)h;(h}) = 6;;.
So the dual basis of H°? and H* is the skew dual basis of them.

In the remainder of this paper, we assume that B and H are finite

dimensional and dimiA = dimipB = n.

PROPOSITION 4. Let (B, H, o) be a skew copair of Hopf algebras,
{b;} and {h;} be the skew dual basis of B and H. Then

(1) X2 0% (01(1))hi (02(1))b] = b",  Vbe B,

(13) > b (o1(1))h*(o2(1))R], Vh € H.

Proof. (i): b* = b"(bj)b; where b} (bi) = di;.

5% (01 (1) (02 (1)} = Sb° (b5)55 (01 (1)hf (02(1))b;
= b (bi)b;
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=b", bebB.

(73): Similarly, > b (o1(1))h*(02(1))h} = h*, V' h € H, as
desired. 0

DEFINITION 4. Let (B, H, o) be a skew copair of Hopf algebra,
{b;} and {h;} the bases of B and H respectively. We call the
n x n matrix A = (b7 (01(1))h}(02(1)) the measure matriz of the
skew copairing o for the pair of bases {b;} and {h;}.

DEFINITION 5. Let (B, H, o) be a skew copair of Hopf algebras.

The skew copairing o is called non-degenerate, if the measure matrix

of skew copairing o for any pair of bases {b;} and {h;} is invertible.

Following Definitions 4 and 5, we have

PROPOSITION 5. Let (B, H, o) be a skew copair of Hopf algebra,
{b;} and {h;} be the skew dual bases for (B, H, o), then the
measure matrix of the skew copairing o for the pair of bases {b;} and
{hl} is In.

THEOREM 2. Let (B, H, o) be a skew copair of Hopf algebras,

o be non-degenerate, then there exists bases {b;} and {h;} which are
skew dual bases of B and H.

Proof. Let {b,} and {h,} be base of B and H. Since o is non-
degenerate, then by definition, the measure matrix A of o for the pair
of bases {b,} and {h,} is invertible. By the theory of linear algebra,

there exists n x n matrices P and () such that

PAQ = I,.
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Let
b, by h ha
by ba hy ha
P = , QF =
b, by, h, han

where Q7 is the transposed matrix of P. Then {bi}i=1,2...n and

{hi}i=1,2,...n are bases of B and H, and are skew dual basis for
(B, H, o). O

EXAMPLE 4. Define fora € k, o0, : k — Hy ® Hy by
0a(1) = (101+109+9®1—gRg)+a(z@r—2xRgr+grRr+grgr).
Then it is easy to see that (Hy, Hy, 0,) is a skew copaired Hopf alge-

bras. For the pair of bases {1,¢,x,gz}. and {1, g, z, gz}, the measure
matrix of o, is

1 1 0 0

1 -1 0 0
A—

0 0 a —Q

0 0 leY leY

A is invertible whenever a # 0, i.e , 0,is non degenerate. By the
theory of elementary transformation in linear algebra, we can get the

invertible matrices P, () such that P A Q) = I, where
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1 0 0 0
1 1 - 1 -1 0 0
2 2 0 0 1 0 0
P= 1 : =
0 0 - 0 0 0 1 1
o
1 1 0 0 0 1
0 0 — — —
200 2«
Taking
1
1 1 1
1 g
g g—1 g 2 2
QT - 9 P = 2(13'2
T T T —
«
gT T+ gx gT —i-l-%
20 2«

Then by Theorem 2, {1,¢g—1, z, z+gz}, and {1, 1 — gz Loz

are skew dual bases of Hy.

LEMMA 2. Let o be an invertible skew copairing on (B, H) and
let A= B ® H. Then the bicolinear from [o] on A defined by

o] :k— (B H)®(B® H),

1= [0)1(1)®[o]2(1) = > (61(1) ®1)® (1 ®02(1)) satisfies (x) with
inverse [o]1(1) = So7 ' (1) 1) ® (1 @ 03 1 (1)).

Proof. 3 lo]i(1)([o]1) 1) ® [0]2(1)([0]1(1))2) @ [o]2(1)
)(01(1)®@1) 1) ® (1®03(1))(01(1)®@1)(2)® (1©02(1))
(1)) ©®1) ® (01(1)(2) ® 02(1)) ® (1 ® 02(1))

D ® 1)@ (01(1) ®0a(1)) © (1 ® 02(1))o2(1))
(01(1) ® (02(1)) (1)) © (1 ® 02(1)(02(1))(2))
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=2 (el (o ()el)(1@02(1) )@ (1o (1))(102(1)))
=2 loh(1) @ [o]1(1)([e]2(1)) @) @ [o]2(1)([o]2(1)) 2,
where third equality follows from (2)’ and fourth equality follows from
(2)". O

We say 2 - cocycle [o] is associated with o.

THEOREM 3. Let o be an invertible skew copairing of bialgebras
and let [o] be the 2 - cocycle in Lemma 2. Then

(i) Al,) = B® H as algebra.

(i) The coproduct A,y of Al is given by

A[U](b@)h) = Z(O’l(l)b(l)dfl(l)®h(1))®(b(2)®O’2(1)h(2)0'2_1(1))

forallbe B, he H.
(ii1) I1f both B and H are Hopf algebras, then A, is a Hopf

algebras with antipode

Sio)(b® h) = 3 01(1)SE(b)or ' (1) @ Sk (02(1))SH(h)
Sp' (031 (1))

Proof. (i): It follows by the definition of A, .
(13) : Leto] : k= (B®H)®(B®H), 1— > [o]i(1)® [o]2(1).
Apy(b@h) = Yol (1)(b@h)mylo]i ' (1) @ [o]2(1) (b @ h) ) lol3 " (1)
=Y (1(1) @ D (bay @ hy) (o7 (1) @ 1) @ (1 @ 02(1))
(b2) ® h2))(1 ® 051 (1))
= Y (01 (Dbayor (1) @h1)) @ (bz) @ o2 (1)h(zyo5 (1))
Sl (b h) = 32 S([0]2(1)[o]1(1)S(b @ h)S~ ([o]3 (1)) [o]i (1)
=Y 51 @aa(1)(o1(1) @ 1)S(b©h)S(1®ay (1))
(er'(M@1)
= (SB(1) ® SH(oa(
(S (1) @Sy (o5 (

1)) (o1 (1) @ 1)(S(b) © Su(h))
D)t (1)@ 1)
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=2 (1 ® Su(02(1)))(01(1) @ 1)(SB(b) © Sk (h))
(15 ® Sy (o3 (1)))(o7 (1) @ 1)
=3 01(1)Sp0)oy (1) ® (Su(02(1))Su(h)
Si' (o3 (1)) 0

ExAMPLE 4. Let H be a finite dimensional Hopf algebra. In

Example 3, the coevaluation map o : k — H? @ H*, (1) =>_h; ®

hi

is a skew copairing with inverse o=1(1) = > S71(h;) ® h}. Let

A = H°? @ H*. Then the comultiplication on Ay, is Ap(h ® f) =
Z(hih(l)s_l(hi) &® f(l)) &® (h(g) & h;kf(g)h;k). The antipode is S[g](h &

f)

(@)

*

=>"h;S(h)S™1(hi) ® S(h¥)S(f)S~(h).
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