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INTEGRAL TRANSFORMS OF FUNCTIONALS ON A
FUNCTION SPACE OF TWO VARIABLES

BonG JIN Kim*, BYouNGg Soo KiM**, AND IL Yoo***

ABSTRACT. We establish the various relationships among the inte-
gral transform F, gF', the convolution product (F * G) and the
first variation 0F for a class of functionals defined on K(Q), the
space of complex-valued continuous functions on Q = [0, S] x [0, 7]
which satisfy z(s,0) = z(0,t) = 0 for all (s,¢) € Q. And also we ob-
tain Parseval’s and Plancherel’s relations for the integral transform
of some functionals defined on K(Q).

1. Introduction and definitions

In a unifying paper [15], Lee defined an integral transform F, g of
analytic functionals on an abstract Wiener space. For certain values
of the parameters o and  and for certain classes of functionals, the
Fourier-Wiener transform [3], the Fourier-Feynman transform [4] and
the Gauss transform are special cases of this integral transform 7, g. In
[6], Chang, Kim and Yoo established an interesting relationship between
the integral transform and the convolution product for functionals on
an abstract Wiener space. Recently [12] Kim, Kim and Skoug studied
the relationships among the integral transform, the convolution product
and the first variation for functionals defined on K|0,7], the space of
complex-valued continuous functions on [0, 7] which vanish at zero.

Let K(Q) be the space of complex-valued continuous functions de-
fined on @ = [0, 5] x [0,T] and satisfying z(s,0) = x(0,t) = 0 for all
(s,t) € Q. Let a and 3 be nonzero complex numbers. In this paper, we
establish the various relationships among the integral transform F, gF,
the convolution product (F'%G), and the first variation 0 F' for a class of
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functionals defined on K (Q). Also we obtain Parseval’s and Plancherel’s
relations for the integral transform of some functionals defined on K(Q).

Let C(Q) denote Yeh-Wiener space; that is, the space of all real-
valued continuous functions z(s,t) on @ with x(s,0) = z(0,t) = 0 for all
(s,t) € Q. Yeh [18] defined a Gaussian measure my on C(Q) (later mod-
ified in [20]) such that as a stochastic process {z(s,t) : (s,t) € Q} has
mean E[z(s,t)] = 0 and covariance E[z(s, t)x(u,v)] = min{s, u} min{¢, v}.

Let M denote the class of all Yeh-Wiener measurable subsets of C'(Q)
and we denote the Yeh-Wiener integral of a Yeh-Wiener integrable func-
tional F' by

(1.1) /C o, Flaymy (@)

Next we state the definitions of the integral transform F, gF’, the
convolution product (F * G), and the first variation §F' for functionals
defined on K(Q).

DEFINITION 1.1. Let F' be a functional defined on K(Q). Then the
integral transform F, gF' of F' is defined by

(1.2) fmﬂw=é@mm+@mmmxyeM@

if it exists [6, 12, 13, 15].
It is obvious that (1.2) implies that
FapF(cy) = FacsF(y)
for all real number ¢ and for all y € K(Q).

DEFINITION 1.2. Let " and G be functionals defined on K(Q). Then
the convolution product (F * G), of F and G is defined by
(F* G)a(y)
(1.3) / y+azx y—ax
= F G dx), eEK
o (55 )e(Fg ) mvidn), ye K@)
if it exists [6, 10, 12, 19, 21].

DEFINITION 1.3. Let F' be a functional defined on K(Q) and let
w € K(Q). Then the first variation 6 F of F' is defined by

(14 SP(l0) = 2 Ply+ tu)lco, v € K(Q

if it exists [2, 5, 14, 16].
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Let {61,02,...,6,} be an orthonormal set of real-valued functions
in Ly(Q). Furthermore assume that each 6; is of bounded variation in
the sense of Hardy and Krause on (). Then for each y 6 K(Q) and
j = 1,2,..., the Riemann-Stieltjes integral (0 fQ s, t) dy(s,t)
exists. Furthermore

T
(0, 9)| =10,(S, T)y(S,T) - /O y(S, 1) do;(S, 1)

(1.5) ;
- /0 y(s,T) do (s, T) + /Q y(5,) dB;(s,1)] < Cjlylloo

with

(1‘6) Cj = \QJ(S, T)| + Var(ej(S, '), [O,T])

+ Var(¢;(-,T), [0, S]) + Var(0;, Q).

Next we describe the class of functionals that we work with in this
paper. For 0 < o < 1, let E;(Q) be the space of all functionals F' :
K(Q) — C of the form

(L.7) Fy) = f((0,y) = f({01,9),- -, (0n, )
for some positive integer n, where f(X) = f(A1,...,A\n) is an entire
function of the n complex variables A1,..., A\, of exponential type; that
is to say,
(1.8) PO < Apexp{ Br > A1}

j=1

for some positive constants Ar and Bp.
We finish this section by introducing a well-known Yeh-Wiener inte-
gration formula for functionals f((¢,x)):

9, 2)) my (dz) = (2m) "™/ 1) ex —11_[2 0
9 [ smymyin) = om0 | s@ea{-glar}d

where ||@||? = > i yuf and dii = duy - - duy,.

2. Integral transform, convolution product and first varia-
tion of functionals in F,(Q)

We first show that if F' is an element of E,(Q), then the integral
transform F, gF" of F' exists and is an element of E,(Q).
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THEOREM 2.1. Let F' € E,(Q) be given by (1.7). Then the integral
transform F, gF exists, belongs to E,((Q)) and is given by the formula

(2.1) FasF(y) = h((0,y))
for y € K(Q), where

(2.2)  h(R) = (2m) "2 f(amﬁX)exp{—%HaH?}da.
-

Proof. For each y € K(Q), using the Yeh-Wiener integration formula
(1.9), we obtain

FapFly) = /C o J(@2) 4 30 ) my ()

“n S 7 L. S
=(2m) ™ | flaii+ 5, )) exp{ gl } di
—h((.y))

where h is given by (2.2). By [8, Theorem 3.15], h(X) is an entire func-
tion. Moreover by the inequality (1.8) we have

Y -n - o Lo —
()] < (2m) "2 RnApexp{BFZ]auj—i—ﬂ/\j\H — 5@} d.

j=1

But since

|auj +B>\j|1+a S |2auj|1+a + |26>\j|1+a’
we have

n
W) < Az, yrexp{ Br, 0 >IN/}
j=1
where
2 1 u? "
AF, ;5 = (2m) "2 Ap (/ exp{BF\2au| 1o 5} du) < 00
R

and Bz, ;r = Bp(2|8])'17. Hence FogF € E4(Q). O

Next we show that the convolution product of functionals from E,(Q)
exists and is an element of F,(Q). We may assume that F' and G in
Theorem 2.2 below can be expressed using the same positive integer n.
For details, see Remark 1.4 in [12].
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THEOREM 2.2. Let F,G € E,(Q) be given by (1.7) with correspond-
ing entire functions f and g. Then the convolution (F % G), exists,
belongs to E,(Q) and is given by the formula

(2.3) (F + G)aly) = k(. 4)
for y € K(Q) where
(2:4) KD = m 2 [ f(AT/gﬁ)g(A }2““) exp{ il } di.

Proof. For each y € K(Q), using the Yeh-Wiener integration formula
(1.9), we obtain

(F'+ G)aly)

— — —

:/C(Q) f(<0,y> J\r/;<97w>)g<<9,y> ?/;<9,w>> my (dz)

:(QW)—n/z/n f<< ) +aﬁ)g(<0_§y3/; aﬁ) GXP{—%HE‘P} .

where k is given by (2.4). By [8, Theorem 3.15], k(X) is an entire function
and

k(X)| <(2m) 2 ArAg

n

/n eXP{(BF + BG) Z(W\/%auj‘)l—i_a _ %Hmp} dii.

Jj=1

By the same method as in Theorem 2.1, we have

k()| < Agpic, eXp{B(F*G)a > |>\j\1+0}7
j=1

where B(p.q), = (Br + Bg)2(+9)/2 and

2 1 u? "
Airucy, = @) A Ac( [ esp{(Be+ Bo)(VBlau) ' - - Yau)”

R
Hence (F' % G)q € E(Q). O

In the following theorem, we fix w € K(Q) and consider 6 F(y|w) as
a function of y, while in Theorem 2.4 we fix y € K(Q) and consider
dF (y|w) as a function of w.
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THEOREM 2.3. Let F' € E,(Q) be given by (1.7) and let w € K(Q).
Then

(2.5) SF (ylw) = p((0,y))

for y € K(Q) where

(2.6) p(X) =D (65, 0) £ (%)
j=1

Furthermore, as a function ofy € K(Q), dF(y|w) is an element of E,(Q).
Proof. For y € K(Q),

5P (ylw) = F(F,9) + 108w} o
Z%wf; (0,)) = p({0,1))

where p is given by (2.6). Since f(X) is an entire function, f](X) and so
p(X) are entire functions. By the Cauchy integral formula, we have

1 SO G )
f’()\la"'7>\'7"'7)\n): ‘ dC
’ ’ 21 J)cj =1 (€= A))?
By the inequality (1.8), for any ¢ with [( — A;| = 1, we have

’f(Ah 7(7"' 7)‘71)
(C—Aj)?
<Apexp{Bp[|M|"T7 + -+ [T+ AT}

<Apexp{2 B[S 1 4 1]
j=1

Hence
500 < Apexp(2 e Bryexp {27080 3 3,147 ),
=1
and so ]
N < Z 05, w)LF < Agiouy ex0{ By Sy e
1
where "

AéF(~\w) = Ap eXp{Ql—HTBF}”wHOO Z Cj <0
=1
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with C; given by (1.6) and Bsp(.ju) = 277 Bp. O

THEOREM 2.4. Let y € K(Q) and let F' € E,(Q) be given by (1.7).
Then

(2.7) OF (ylw) = q((6,w))
for w € K(Q) where

(2.8) a(N) =D Nifi((6y)
j=1

Furthermore, as a function of w, § F(y|w) is an element of E;(Q).

Proof. Equations (2.7) and (2.8) are immediate from the first part in

the proof of Theorem 2.3. Clearly q(X) is an entire function. Next, using
the estimation for |f;| in the proof of Theorem 2.3 above, we obtain

NG )
j=1

n
140
<Ape® PP exp{2 Br||yl i (CF 4+ CLFOY Y I
j=1
Since t < exp{t!*7} for all t > 0,

Zn: 1Al < exp{ (Zn: |>\j\>1+0} < exp{n”"zn: |>\j\1+"}
Jj=1 =1 =

and so
n

)| < Aspiry exo{ Bsrary Y- 1}

j=1
1+o
where Bsp(y.) =n and

Aspiyly = Ape® TP exp (2 Brly| 7 (C1T + -+ 1)) < oo
Hence, as a function of w, 6F (y|w) € E,(Q). O

3. Further results

3.1. Relationships involving two concepts

In this subsection, we establish all of the various relationships involv-
ing exactly two of the three concepts of “integral transform”, “convolu-
tion product” and “first variation” for functionals belonging to E,(Q).
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The seven distinct relationships, as well as alternative expressions for
some of them, are given by equations (3.1) through (3.7) below.

In view of Theorem 2.1 through Theorem 2.4 above, all of the func-
tionals that occur in this section are elements of E,(Q). For example,
let F' and G be any functionals in E,;(Q). Then by Theorem 2.2, the
functional (F' * G), belongs to E,(Q), and hence by Theorem 2.1, the
functional F, g(F * G), also belongs to E;(Q). By similar arguments,
all of the functionals that arise in equations (3.1) through (3.11) below,
exist and belong to E,(Q).

Once we have shown the existence theorems (Theorems 2.1 through
2.4 above), the proofs of the Formulas 3.1 through 3.7 below are similar
to those in [12]. Hence we just state the formulas without proofs.

FormuLA 3.1. The integral transform of the convolution product
equals the product of the integral transforms:

Fup(F % G)oly) =faﬂp<%) faﬁc( \% )

= a,,B/\/ﬁF(y)}—a,ﬁ/\/iG(y>

(3.1)

for all y in K(Q).

ForMuULA 3.2. A formula for the convolution product of the integral
transform of functionals from E,(Q):
(Fa,pF * Fo5G)aly)
p Po

(3.2) =(2m)73/2 /Rsn f(a?—i— ﬁ@ y) + E@

B Ba @l + 17117 + 1812 e
g(as + ﬁw,y) - ﬁu) exp{— 5 }du drds
for all y in K(Q).

ForMULA 3.3. The integral transform with respect to the first argu-
ment of the variation equals 1/ times the first variation of the integral
transform:

33)  Fap(OF(|w))(y)

n

5-7:11,5F<y‘w) = Z<9j7w>-7:a,ﬁFj(y)

Jj=1

_1
B
for all y and w in K(Q).

ForMULA 3.4. The transform with respect to the second argument
of the variation equals 8 times the first variation of the functional:

(3-4) Fas(0F (yl-))(w) = BOF (y|w)
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for all y and w in K(Q).

ForMuLA 3.5. A formula for the first variation of the convolution
product of functionals from E,(Q):

(35)  S(F*Qalyhw) =3 %’%‘”

=1

[(Fj % G)a(y) + (F * Gj)a(y)]

for all y and w in K(Q).

ForMULA 3.6. A formula for the convolution product, with respect

to the first argument of the variation, of the first variation of functionals
from E,(Q):

(3.6)  (OF(w)* 6G(Jw))aly) = D> (67, w) {01, w) (F) * Gi)aly)

j=11=1
for all y and w in K(Q).

ForMuULA 3.7. A formula for the convolution product, with respect to
the second argument of the variation, of the first variation of functionals
from E,(Q):

1

(3.7) (OF(y])#6G(y])a(w) = S6F(yw)dGylw) — 5 " Fiw)C;(y)

for all y and w in K(Q).

3.2. Parseval’s and Plancherel’s relation

Let Hy = Ho(Q) be the space of real-valued functions f on @) which
are absolutely continuous and whose derivative Df is in L2(Q). The
inner product on Hj is given by

(f.g) = /Q (Df)(s)(Dg)(s) ds.

Then Hj is a real separable infinite dimensional Hilbert space. Let
By = Bo(Q) be the Yeh-Wiener space C(Q) and equip By with the sup
norm. Then (Hy, By, my) is an abstract Wiener space.

We restrict our attention, in this subsection, to the space Ey(Q)
rather than F,(Q). Now it is well known, see for example [6, 15], that
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for all F' € Ep(Q), all y € K(Q) and all complex numbers a, b and c,

/ / F(az + by + cw) my (dz) my (dy)
Q)

(3.8)
:/ F(Va? 4 b?z + cw) my (dz)
ol(®)
and that
(3.9) Fas(FagF)y) = Fy) = Far g (FasF)(y)

provided 33 =1 and o? + (3a/)? = 0.

THEOREM 3.8. Let F,G € Ey(Q) and let o be a complex number
such that o + (8a’)? = 0. Then Parseval’s relation

/C(Q) Fas F(?/Ig>fa’ﬁG<f//g> my (dy)
= [ " () 25)

holds. In particular, if 3 = i, we have

/C(Q) }‘aF<%)G(%) my (dy)

:/C(Q)F(%)faﬁ(f%) my (dy).

Moreover, formula (3.11) induces Plancherel’s relation of the form

(3.12) /C(Q ’]—'MF( )’ my (dy) = /o(@ ‘F( )’ my (dy).

Proof. From Formula 3.1 and Definition 1.1, it follows that the left
hand side of (3.10) is equal to

(3.10)

(3.11)

/ Fa3(F % G)ol(a'y) my (dy)

c@)

_ / / (F % Q)alaz + Ba'y) my (dz) my (dy).
c@) JCQ)

But by (3.8) and the fact that o + (8a’)? = 0, the last integral is equal
o (F x G)a(0), which is equal to the right hand side of (3.10).
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From (3.9), we know that Foi(Fa—iG)(y) = G(y) and so we have
[ ar(2)o(22) i
— /C Y fa,z-F(%)fa,i(fa,,iG)(%) my (dy)
:/C(Q) (ﬂ)f G(- \/yi)my(dy)

where the second equality is obtained by (3.10). But it is easy to see
that Fo,_iG(—ay/V/2) = Fa.iG(ay/v/2) and this completes the proof of
(3.11).

Finally, since F, F(ay/v2) = Fx —ia/a F(ay/v?2), by (3.11), we

have
[ e () e

B /C(Q) E (ﬁ> Foila i/ ‘“F(%) oy (d)-

But by (3.8), it is easy to see that Fu i F5 _ia/a Flay/V?2) = (ozy/\/i)
and this completes the proof of (3.12).

3.3. Classes of functionals

Several classes of functionals were introduced during the study of
Fourier-Wiener transform and integral transform on Wiener spaces. For
example,

(i) Cameron and Martin [3] and Yeh [19] introduced the spaces Ej
and E,, on classical Wiener space.
(ii) Lee [15] and Chang, Kim and Yoo [6] introduced the spaces & and
&, on abstract Wiener space.
(i) Kim, Kim and Skoug [12] introduced the spaces Ey and E, on
classical Wiener space.

The class FE,(Q) introduced in Section 1 of this paper and work with
in this paper is the Yeh-Wiener space version of the class E, on Wiener
space. And it is very natural class of functionals in which to study the
relationships that exist among the integral transform, the convolution
product and the first variation. (See Remark 1.5 in [12].)

Next we briefly summarize relationships between the above classes of
functionals.
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REMARK 3.9. (i) The class & is a subclass of &,. (See [6].)
(ii) When B is the classical Wiener space Cy|0, 1], & is the space Ep
and &, contains the space E,,. (See [6].)
(iii) If o = 0, then the class E,(Q) = Eo(Q) corresponds to the Yeh-
Wiener space version of the class Ej.
(iv) For 0 < 01 < 09 < 1, Ey C Ey, C E,, C L2(Cp[0,T]) (see
[12]) and Ep(Q) C Ey (Q) C Ey(Q) C L2(C(Q)), where all the

inclusions are proper.

Now we introduce one more class of functionals F,(Q), the Yeh-
Wiener space version of the space &,.
Let E,(Q) be the space of all functionals F' : K(Q) — C which satisfy
the following conditions:
(i) F(x+ Ay) is an entire function of the complex variable A for all
and y in K(Q), and
(ii) there exist positive constants ¢ and d depending only on F' such
that

(3.13) [F(y)| < cexp{d|lylloc}
for all y € K(Q).

It is well known, see for example [6,15], that equation (3.8) holds for
all F' € Ey(Q) or F € E,(Q). But we do not know whether (3.8) holds
for F € E,(Q) or not. This is why we restrict our attention to the
functional F' € Ey(Q) in Theorem 3.8 above.

Our final example shows that neither E,(Q) nor E,(Q) contains the
other as a subset.

EXAMPLE 3.10. Let 0(s,t) = 1/ ST and let 0 < ¢ < 1. Then
F(y) = exp{(0,y)1 9} belongs to E,(Q). Suppose that E,(Q) C E,(Q).
Then we must have

exp{(0,y)' "} < cexp{d||ylo}

for some fixed positive constants ¢ and d, that is, we must have

Y S7T 140
()™ < e dyl

for all y € K(Q). Pick, for each positive integer n, y, € K(Q) such that
Yn(S,T) = ||yn|loo = n. Then we must have

<J7;7>1+0 <lInc+dn

for all n. But this is impossible since o > 0, and so E,(Q) € E.(Q).
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On the other hand, let {Hj};'il be a complete orthonormal sequence
of functions in L2(Q), each of bounded variation on Q). Let

) o3 52)

with C; given by (1.6). Then F is not an element of E,(Q) for 0 <o <1
because it depends upon (6,,,y) for every m = 1,2, ... and so it can not
be written in the form (1.7) for any positive integer n. But by the
inequality (1.5), we have

1F(y)] < exp{lylloc}
and so F' belongs to E,(Q). Hence E,(Q) € E-(Q).
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