
JOURNAL OF THE

CHUNGCHEONG MATHEMATICAL SOCIETY

Volume 16, No.1, June 2003

SOME RESULTS RELATED TO EXTREMAL LENGTH,

II

Wan-Soo Jung* and Bo-Hyun, Chung**

Abstract. In this note, we introduce the concept of the extremal

length of a curve family in the complex plane and apply the extremal

length to the boundary behavior of analytic functions. We consider

some geometric applications of extremal length and establish applica-

tions connected with the logarithmic capacity.

1. Introduction

The method of extremal length is a useful tool in a wide variety of

areas. Especially, it has been successfully applied to conformal map-

pings, analytic functions of a complex variable. Extremal length was

introduced as a conformally invariant measure of curve families. This

development appeared in Ahlfors and Beurling [2].

A set which is of capacity zero is of linear measure zero. Most of the

concepts and the mathematical methods in analysis would be of little

practical interest-think of considering the set of measure zero. But,

by using the method of extremal length, we can easily see that some

results are in connection with the set of measure zero.

Throughout this paper, C will denote the finite complex plane, D

is a domain (open and connected set) in C , g is an arbitrary function

defined on D, ∂D is the boundary of D and cl(D) is the closure of D.
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2. Extremal length

Let Γ be a family whose elements γ are locally rectifiable curves in

D. We shall introduce a geometric quantity λ(Γ), called the extremal

length of Γ. Let ρ(z) be a non-negative Borel measurable function

defined on C . Every curve γ has a well-defined

(1) L(γ, ρ) =

∫

γ

ρ(z) |dz| , z = x + iy

which may be infinite, and D has a

(2) A(D, ρ) =

∫∫

D

ρ(z)2 dxdy .

In order to define an invariant which depends on the whole set Γ, we

introduce

(3) L(Γ, ρ) = inf
γ∈Γ

L(γ, ρ),

where we agree that L(Γ, ρ) = ∞ in the case Γ is empty.

To obtain a quantity that does not change when the weight func-

tion ρ is multiplied by a constant we form the homogeneous expression

[L(Γ, ρ)]2/A(D, ρ).

Definition 2.1. ([1]) The extremal length of Γ in D is defined as

(4) λD(Γ) = sup
ρ

[L(Γ, ρ)]2

A(D, ρ)
,

where ρ is subject to the condition 0 < A(D, ρ) < ∞, obviously 0 ≤

λ(Γ) ≤ ∞.

Remark 1. 1. ([1]) λD(Γ) depends only on Γ and not on D.

Accordingly, we shall henceforth simplify the notation to λ(Γ).

2. ([14]) Since almost every curve in C is rectifiable, the non-rectifiable

curves of a family Γ have no influence on the extremal length of Γ.

Accordingly, let us use curve or arc instead of locally rectifiable
curve.
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3. ρ(z) will be called allowable if it satisfies the condition (2).

There are two special cases in which the extremal length is very easy

to determine explicitly.

Proposition 2.1. Let R be a rectangle of sides a and b. Let Γ be

the family of curves in R which join the sides of length a. Then

λ(Γ) =
b

a
.

Proof. See Example 4.2 in [1].

Proposition 2.2. Let S be the annulus S = {z | r1 < |z| < r2}

and Γ the family of arcs in S which join the two contours. Then

λ(Γ) =
1

2π
log

(

r2

r1

)

.

Proof. For any ρ(z), we have
∫ r2

r1

ρ dr ≤ L(Γ, ρ),

∫∫

S

ρ drdθ ≥ 2πL(Γ, ρ)

Then, by the Schwarz inequality (ref. [7]),

4π2[L(Γ, ρ)]2 ≤

(
∫∫

S

ρ drdθ

)2

≤

(
∫∫

S

ρ2
1

r
drdθ

) (
∫∫

S

r drdθ

)

= 2π log
r2

r1

∫∫

S

ρ2r drdθ .

This proves λ(Γ) ≤
1

2π
log

r2

r1

.

For ρ =
1

r
, we have

L

(

Γ,
1

r

)

= log
r2

r1

, A

(

S,
1

r

)

= 2π log
r2

r1

.
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Therefore λ(Γ) ≥
1

2π
log

r2

r1

.

This completes the proof.

As immediate consequences of Proposition 2.1, we have the following

corollary.

Corollary 2.3. Let R be as in Proposition 2.1. Let Γ
′

be the

family of curves in R which join the sides of length b. Then

λ(Γ) · λ(Γ
′

) = 1 .

Definition 2.2. We say that λ(Γ
′

) is the conjugate extremal length

of λ(Γ).

The notion of extremal length may be justified somewhat by the

following properties of extremal length which are frequently used in
our paper.

Theorem 2.4 (Conformal invariance of extremal length). Let Z∗ =

f(z) be a 1 − 1 conformal mapping on D upon a domain D∗ and Γ be

a family of curves in D. then

λ(Γ) = λ[f(Γ)] .

Proof. See [11].

Theorem 2.5 (Comparison principle of extremal length). For two

curve families Γ1, Γ2, if every γ2 ∈ Γ2 contains a γ1 ∈ Γ1, then

λ(Γ1) ≤ λ(Γ2) .

Proof. See Theorem 4.1 in [1].

Remark 2. 1. ( [1]) Briefly, the set Γ2 of fewer or longer curves

has the larger extremal length.

2. ( [12]) There is a physical interpretation of extremal length. Think

of the curve family Γ as representing a system of homogeneous

electric wires. Then the extremal length λ(Γ) represents the re-

sistance of Γ. The above Theorem 2.5 reflect the fact that systems



SOME RESULTS RELATED TO EXTREMAL LENGTH 53

of fewer or longer wires have greater resistance (smaller conduc-

tance).

3. Geometric applications

The simplest example concerns the general quadrilateral (a Jordan

curve with four distinguished points).

Theorem 3.1. Let Q be a general quadrilateral of area M . Let a

be the length of the shortest arc in Q connecting one pair of opposite

sides. Let b be the length of the shortest arc in Q connecting the other

pair of sides. Then

a · b ≤ M .

Proof. A purely geometric proof of this theorem was given by A.

Besicovitch [5]. The geometric proof is difficult. But the use of extremal

length makes the proof trivial.

Let Γ be the family of arcs in Q which join one pair of opposite sides,

and Γ
′

the family of arcs in Q which join the other two sides. There

is a 1 − 1 conformal mapping f of Q onto some rectangle such that

f(Γ) and f(Γ
′

) are the families of arcs which join opposite sides of the

rectangle. By Corollary 2.3,

λ[f(Γ)] · λ[f(Γ
′

)] = 1 .

And by Theorem 2.4,

λ(Γ) · λ(Γ
′

) = 1 .

Take non-negative Borel measurable function ρ = 1. Then we have

a2

M
·

b2

M
=

[L(Γ, 1)]2

A(Q, 1)
·
[L(Γ

′

, 1)]2

A(Q, 1)
≤ λ(Γ) · λ(Γ

′

) = 1 ,

and the Theorem follows immediately.

Theorem 3.2. Let B be a ring domain and let B0 and B1 denote

the bounded component and unbounded component of the complement

Bc of B, respectively. Let ∂B0 and ∂B1 denote the two components
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of the boundary of B. Let a be the length of the shortest arc in B

connecting ∂B0 and ∂B1 and b the length of the Jordan curve, ∂B0.

Then

a · b ≤ M ,

where M is the area of B.

In our discussion we will need the following. We say the closed curve

γ in B separates B0 and B1 if γ has non-zero winding number about

the points of B0.

Lemma 3.3. Let B, B0, B1, ∂B0, and ∂B1 be as in Theorem 3.2.

Let ΓB be the family of all curves in B connecting ∂B0 and ∂B1. And

let ΓB

′

be the family of all closed curves in B which separate B0, B1.

Then

λ(ΓB) · λ(ΓB

′

) = 1 .

We say that λ(ΓB

′

) is the conjugate extremal length of λ(ΓB) (cf.

Definition 2.2).

Proof of Theorem 3.2. Using Lemma 3.3 and the similar argument

as in the proof of Theorem 3.1, we can show the above.

4. Logarithmic capacity and Extremal length

Definition 4.1. ([3]) Let E be a bounded Borel set in C and µ

a non-negative completely additive set function defined for the Borel

subsets of E. The measure µ is then called a positive mass-distribution

on E. Let µ be a positive mass-distribution on E with total mass unity.

Then

Uµ(z) =

∫

E

log

∣

∣

∣

∣

1

z − ζ

∣

∣

∣

∣

dµ(ζ)

is called a logarithmic potential of µ on E. Let

Vµ(E) = sup
z∈E

Uµ(z), V = inf
µ

Vµ(E),

where µ ranges over all mass-distribution on E with total mass unity.
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We define the logarithmic capacity(simply, capacity), Cap(E) of E

by Cap(E) = exp(−V ).

The following cantor set has positive capacity and linear measure 0.

Example 4.1. For the Cantor ternary set E

({

2

3

})

, Cap(E) ≥
1

18
.

Proof. See [3].

Early in the development of extremal length, Ahlfors and Beurling

related it to logarithmic capacity. The double role of capacity as a con-

formal invariant and a geometric quantity permits us to gain relevant

information about analytic functions. For the convenience of the reader

we shall recall some basic properties.

Proposition 4.2. ([7])

1. 0 ≤ Cap(E) < ∞.

2. E1 ⊂ E2 implies Cap(E1) ≤ Cap(E2).

3. A set which is of capacity zero is of liner measure zero.

4. The capacity of a countable set is also zero.

5. The union of a countable set of sets of capacity zero is of capacity
zero.

5. Some results

Definition 5.1. ([10]) If every component of a set is a point, the

set is called totally disconnected.

For example,

{

1

n
| n ∈ N

}

∪ {0} is totally disconnected compact

set.

Definition 5.2. ([4]) Let γ be a curve at z0 ∈ cl(D), then the

cluster set of g at z0 along γ, denoted by Cγ(g, z0), is defined to be the

set of all points ω with the property that, for some sequence of points

{zn} on γ for which

lim
n→∞

zn = z0, we have lim
n→∞

g(zn) = ω .
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The value ω is called a cluster value of g at z0 along γ.

The following theorem applies the extremal length to the analytic

function defined on the domain with a number of holes.

Theorem 5.1. Let f(z) be a bounded single-valued analytic func-

tion in the complement of E, Where E is a totally disconnected compact

set of positive capacity in C . Then it is not the case that for each z in

E, except for those z in a set of capacity zero, there exist two curves at

z in the complement of E on which f(z) has the cluster values ω1 and

ω2 (ω1 6= ω2).

Proof. See Theorem 3.5. in [6].

We obtain the following corollary in connection with the ambiguous

points.

Definition 5.3. ([4]) We say that a point z0 ∈ ∂D is an ambiguous

point of g, provided that there exist curves γ1 and γ2 at z0 such that

Cγ1
(g, z0) ∩ Cγ2

(g, z0) = ∅ .

Corollary 5.2. Let E and f(z) be as in Theorem 5.1. Then it is

not the case that, except for those z in a set of capacity zero, each z in

E is an ambiguous points of f(z).

Proof. Assume that the statement is not true, that is, suppose that

for each z in E, there exist two curves γ1 and γ2 in Ec at z such that

Cγ1
(f, z) ∩ Cγ2

(f, z) = ∅ .

Since Cγ1
(f, z) and Cγ2

(f, z) are disjoint compact sets (see [4]), there

exist disjoint open sets G1 and G2 such that

Cγ1
(f, z) ⊂ G1, Cγ2

(f, z) ⊂ G2 .

Hereafter, the proof of this corollary is very similar to the proof of

Theorem 5.1. The corollary is established.
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We consider the applications of extremal length to conformal map-

pings. A purely function-theoretic proof of following theorem is diffi-

cult. The use of extremal length, however, makes the proof trivial.

Theorem 5.3. Let D be a Jordan domain, let z0, z1 be two distinct

points of ∂D, and denote by C1 and C2 the two curves between z0 and

z1, Where C1, C2 ⊂ ∂D. Let f(z) be a 1−1 conformal mapping defined

on D satisfying
∫∫

D

∣

∣

∣
f

′

(z)
∣

∣

∣

2

dxdy < ∞ .

If f(z) has the cluster values ω1 and ω2 (ω1, ω2 6= ∞) for some sequence

of points {zn} on C1 and C2 converging to z0 respectively, then

ω1 = ω2 .

For our proof we will need the following.

Definition 5.4. ([4]) Let D be a simply connected domain. A

crosscut of D is a Jordan curve γ in D which in both directions tends

to a boundary point.

Lemma 5.4. Let B, B0, B1, ∂B0 and ∂B1 be as in Theorem 3.2. Let

ΓB be as in Lemma 3.3. Then

λ(ΓB) = ∞

iff B0 consists of a single point.

Proof. See [13].

Proof of Theorem 5.3. Let Γ be the family of all crosscuts γ in BD

connecting points of C1 and points of C2, where

BD = {z | 0 < |z − z0| < r0} ∩ D .

Here r0 is sufficiently small positive. Then

|ω1 − ω2| ≤ inf
γ∈Γ

∫

γ

|f ′(z)| |dz| .
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There remains to show that

(5) inf
γ∈Γ

∫

γ

|f ′(z)| |dz| = 0 .

Since

B = {z | 0 < |z − z0| < r0}

is a ring domain, by the Lemma 5.4, we see that

λ(ΓB) = ∞,

where, ΓB is as in Lemma 5.4.

Suppose now that we are considering Γ
′

B the family of all simple

closed curves in B separating z0 from {z | |z − z0| = r0}, then λ(Γ
′

B) is

the conjugate extremal length of λ(ΓB). Hence by the Lemma 3.3,

λ(Γ
′

B) = 0 .

And clearly,

Γ
′

B ⊂ Γ

Thus by Theorem 2.4, we see that

(6) λ(Γ) = 0 .

On the other hand, we choose the allowable function ρ(z) = |f ′(z)|

on D, then

(7)

∫∫

D

[ρ(z)]2 dxdy < ∞ .

Hence by (6), (7), we have (5).

This completes the proof of the theorem.



SOME RESULTS RELATED TO EXTREMAL LENGTH 59

References

1. L.V. Ahlfors, Conformal Invariants. Topics in Geometric Function Theory,

McGraw-Hill, New York, 1973.

2. L.V. Ahlfors and A. Beurling, Conformal invariants and function-theoretic null-

sets, Acta. Math. 83 (1950), pp. 101–129.

3. L.V. Ahlfors and L. Sario, Riemann Surfaces, Princeton Math. Ser., 26(1960).

4. F. Bagemihl, Ambiguous point of arbitratry planar sets and functions, Z. math.

Logik Grundlagen Math. 12 (1966), pp. 205–217.

5. A.S. Besicovitch, On two problems of Loewner, J. London Math. Soc. 27 (1975),

pp. 141–144.

6. Bo-Hyun, Chung, On the method of extrelmal length (I), Korean J. Math. Sci-

ences. 6 (1999), pp. 15–22.

7. G.H. Hardy, J.E. Littlewood and G. Polya, Inequalities, Univ. Press, Cam-

bridge, 1934.

8. Kiwon Kim, Relations between certain domains in the complex plane and poly-

nomial approximation in the domains, Bull. Korean Math. Soc. 39(2002), No.4,

pp. 687–704.

9. J.E. Mcmillan, Argitrary functions defined on plane sets, Michigan Math. J.

14.(1967), pp. 445–447.

10. M. Ohtsuka, Dirichlet Problem, Extremal Length, and Prime Ends, Van Nos-

trand Reinhold, New York, 1970.

11. C. Pommerenke, Boundary behavior of Conformal Maps, Springer-Verlag,

Berlin Heidelberg New York, 1992.

12. R.E. Thurman, Bridged extremal distance and maximal capacity, Pacific J.

Math, 176(2)(1996), pp. 507–528.

13. J. Vaisala, Lectures on n-Dimensional Quasiconformal Mappings, Sprinder-

Verlag, New York, 1971.

14. J. Vaisala, On quasiconformal mappings in space, Ann. Acad. Sci. Fenn. Ser.

AI. 298(1961), pp. 1–35.

15. S. Xiang, Mappings of conservative distances, J. Math. Anal. Appl. 254(2001),

pp. 262–274.



60 W.S. JUNG AND B.H. CHUNG

*

Department of Mathematics

Soonchunhyang University

Asan 336-745, Korea

E-mail : jungws@sch.ac.kr

**

Mathematics Section, College of Science and technology

Hongik University

Chochiwon 339-701, Korea

E-mail : bohyun@wow.hongik.ac.kr




