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REMARKS ON SEPARATION AXIOMS ON
GENERALIZED TOPOLOGICAL SPACES

WoN KEuN MIN*

ABSTRACT. We introduce to the notions of GT1, GTz, G-regular
and G-normal on a GTS. And we investigate characterizations for
such notions and relationships among GT1, GT2, GT5 and Gy4.

1. Introduction

In [1], Csészar introduced the notions of generalized neighborhood
systems and generalized topological spaces and the notion of continuous
functions on generalized neighborhood systems and generalized topo-
logical spaces. He introduced the notion of product [5] of generalized
topologies and investigated some properties of the product of gener-
alized topologies. In this paper, we introduce to the notions of GT1i,
GT5,G-regular and G-normal on a GTS. We investigate properties for
such notions, in particular, the GTS ([];c; X, ) with the product
= Preygr is GTy if and only if each GTS (X, gx) is GT. And we
investigate relationships among G131, G15, GT3 and Gjy.

2. Preliminaries

We recall some notions and notations defined in [1]. Let X be a
nonempty set and g be a collection of subsets of X. Then ¢ is called a
generalized topology (briefly GT) on X iff ) € g and M; € gfori € I # )
implies U;erM; € g. We call the pair (X,g) a generalized topological
space (briefly GTS) on X. The elements of g are called g-open sets and
the complements are called g-closed sets. Set gO(X) ={U C X : U € g}
and gO(x) ={U € g: x € U}. If (X,g) is a GTS and A C X, then the
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interior of A (denoted by i4(A)) is the union of all G C A, G € g, and
the closure of A (denoted by c4(A)) is the intersection of all g-closed sets
containing A.

Let g and g/ be generalized topologies on X and Y, respectively. Then
a function f: (X, g) — (Y, d') is said to be

(1) (g, g )-continuous [1] if G’ € ¢ implies that f~Y(G) € g;

(2) (9,9 )-open [6] if G € g implies that f(G) € ¢'.

LEMMA 2.1. ([4]) Let g be a GT on X and A C X. Then z € c4(A)
if and only if VN A # () for every V € gO(x).

Let exp(X) denote the power set of X and let B C exp(X) satisfy
() € B. Then all unions of some elements of B constitute a GT u(B),
and B is said to be a base [2] for u(B). Let g be a GT on a nonempty
set X, in general, let M, denote the union of all elements of g.

Let J be an index set and pu; a GT on X for k € J. Let [, ; Xk
the Cartesian product of the sets X;. We denote by pj the projection
Pk : [lpes Xk — Xp. Let us consider all sets of the form [],.; My
where M} € up and, with the exception of a finite number of indices
k, My = M,,. We denote by B the collection of all these sets. Since
0 € B, Bis a base for a GT p = pu(B). We call u = u(B) the product [4]
of the GT’s uy and denote it by Prejug.

THEOREM 2.2. ([5]) Let pu, a GT on Xy, for k € J and the product p =
Pircjpr a GT on [[,c; Xg. Then the projection py : ([ [,cy X&,p) —

(Xks pi) is (1, pur)-open.

In general, the projection py, : ([ [1c; Xk, i) — (X, px) is not (p, pi)-
continuous (See Example 2.5 in [5]).

3. G11, GT,, G-regular, G-normal

DEFINITION 3.1. Let (X, g) be a GTS. Then X is called a relative
GT1-space (simply, GT1-space) if for x1,29 € My with x1 # x9, there
exist U,V € g such that 1 € U, 20 ¢ U and 29 € V, 21 ¢ V.

THEOREM 3.2. A GTS (X, g) is a GT1-space if and only if for each
z € Mg, {x} U (X — M,) is g-closed.

Proof. Assume that X is GT. For each z € M, — {z}, there exists
a g-open U, such that z € U,, ¢ U,. This implies that My — {z} is
g-open. Hence (X — M,) U {z} is g-closed.
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For the converse, let 1,2 € M, with 21 # 2. Then by hypothesis,
(X —Mg)U{z1} and (X — My)U{z2} are g-closed. Set U = M, —{z2}
and V = My — {z1}. Then U,V are g-open sets and z1 € U, 22 ¢ U
and 29 € V, 21 ¢ V. Hence X is a GTj-space. O

DEFINITION 3.3. Let (X, g) be a GTS. Then X is called a relative
GT5-space (simply, GTs-space) if for z1,20 € My with 21 # x9, there
exist U,V € g such that x1 e U, o € V and U NV = ).

From definitions of GT1 and G713, it is obvious that every GT»-space
is G'I7 but the converse may not be true as in the next example.

EXAMPLE 3.4. Let R be the set of all real numbers and let B =
{(n,m+2),(n+1,n+3) : n € Z}. Consider a generalized topology
g={US:S C B} on R. Then the GTS (R, g) is GT} but not GT.

LEMMA 3.5. Let (X, g) be a GTS. Every g-closed set includes X —M,.

Proof. For every g-open set U in X, U C Mg, so that X — M, C
Ue. O

THEOREM 3.6. Let (X, g) be a GTS. Then the following properties
are equivalent:

(1) X is GT.

(2) Let x € M. For each z € My with z # x, there is a g-open set
U containing x such that z ¢ c4(U).

(3) Forx € My, {cg(U):U € g and x € U}={z} U (X — M,).

(4) The set AU (Mg x My)¢ is g-closed in X x X, where the diagonal
A={(x,z):x € X}.

Proof. (1) = (2) For € My, let z € M, with z # x. Then there
exist disjoint g-open sets U and V containing x and z, respectively. From
Lemma 2.1, z ¢ ¢4(U).

(2) = (3) For z € My, let z € M, with z # z. Then by (2), there
is a g-open set U containing = such that z ¢ ¢4(U), so by Lemma 3.5,
z2 & N{cg(U) : U € gandx € U} O U(X — M,). Thus we find that
N{cyg(U) :U € gand z € Ut={z} U (X — M,).

(3) = (4) We show that X x X — (AU (M4 x My)°) is g-open. For
the proof, let (x,z) be any element in X x X — (A U (Mg, x My)°).
Then z,2 € Mgy and z # z. Since z ¢ N{¢,(U) : U € gandz €
Ul={z} U (X — M,), there exists some U € ¢ such that x € U and
z ¢ cg(U). Since UN (X —¢y(U)) = 0 and X — ¢4(U) is a g-open set
containing z, U x (X —¢4(U)) is a g-open set containing (z, z) such that
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Ux(X—=cg(U))N(AU(MgxMy)¢) = 0. Thus (z,2) € Ux (X —c4(U)) C
X x X —(AUMgxMy)¢). Hence this implies X x X — (AU(MgxMy))
is g-open in X x X

(4) = (1) Let z, z € M, with & # z. Then (z, 2z) ¢ AU (M x M,)°.
Since AU(Myx M) is g-closed, by Lemma 2.1, there exists a g-open set
U xV containing the point (z, z) such that (U xV)N(AU(Mg4x M,)¢)

(). Hence we can say that there exist U,V € g such that z € U, z €
and UNV = 0.

LEMMA 3.7. Let (X,g) and (Y,g') be GTS’s. If f : (X,g9) — (Y, ¢
is (g, g')-open, then f(My) C M.

Proof. Since My € g, f(My) € ¢’ and so f(My) C M. O

THEOREM 3.8. Let f : (X,g9) — (Y,4') be an injective, (g, g’)-open
and (g, g')-continuous function on GTS’s (X, g) and (Y,¢'). I Y is GT5,
then X is GT5.

Proof. Let 1,29 € My with 1 # 3. Then f(z1) # f(x2) and
from Lemma 3.7, we have f(x1), f(x2) € My. Since Y is GTb, there
exist U, V' € ¢ such that f(x1) € U, f(z2) € V' and U' NV’ = 0.
This implies f~2(U"), f1(V') € g, 21 € f~YU"),z2 € f~4V’') and
YUY N 71 V') = 0. Hence X is GTo. O

o<

~—

THEOREM 3.9. Let f : (X,g9) — (Y,¢') be an injective (g, g’')-open
function on GTS’s (X,g) and (Y,¢'). If X is GTy and f(My) = My,
then Y is GT5.

Proof. Let y1,y2 € My with y1 # ya2. Then from f(My) = M,
there exist 1,22 € M, such that f(z1) = y1, f(22) = y2. Since X is
GTy, there exist U,V € g such that x;1 € U, 20 € V and UNV = (.
Thus f(U), f(V) e g, y1 € f(U) and y3 € f(V). And from injectivity
of f, (UNV)=fU)Nf(V)=0and so Y is GTx. O

THEOREM 3.10. The GTS (],c ; Xk, i) with the product jp = Pre g
is GTy if and only if each GTS (X, gi) is GT5.

Proof. Assume that each GTS (Xk, gx) is GT> and that = = (zy),
y = (yr) € M, with x # y. Then xj, # y, for some k € J, so there are
disjoint gg-open sets U(xg), U(yk) € gk-

Set

U=1I{Us € gg :if B =k,Us = U(xy); otherwise, Us = My, };

V =1[{Vs € gp:if B=Fk, V5= V(y); otherwise, V5 = Mg }.

Then U,V € p,z €U, ye€Vand UNV = .
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For the converse, let ([],c; Xk, i) be GT and for k € J, let x, yy, €
Mg, with x3, # yi. Consider two points = (pg),y = (g3) € M,
satisfying the following: If 3 =k, pg = x, and gz = yx; otherwise, pg =
qp = zp for some z5 € My,. Since ([[,c; X&, i) is GT2, there are disjoint
p-open sets U and V such that z € U,y € V. Then z € pp(U),yr €
pE(V), pe(U) N pr(V) = 0 and from Theorem 2.2, pr(U), pr(V) € gx.
Hence (Xg, gx) is GTb. O

DEFINITION 3.11. ([7]) Let (X, g) be a GTS. Then X is said to be
relative G-regular (simply, G-regular) if for € M, and g-closed set F
with z ¢ F, there exist U,V € g such that x € U, FN M, C V and
UNV =0. And if X is GT} and G-regular, then it is said to be GT3.

EXAMPLE 3.12. Let X = {a,b,c,d, e} and g = {0, {a, b}, {c,d},{b,c},
{a,d},{b,d},{a,b,c},{a,b,d},{a,c,d},{b,c,d},{a,b,c,d}} be a gener-
alized topology on X.

Then (X, g) is GT>. But for b € M, and g-closed set F' = {a,c, e},
there are not disjoint g-sets U and V such that b € U and FN M, CV,
so that (X, g) is not GTs.

THEOREM 3.13. ([7]) Let (X,g) be a GTS. Then X is G-regular if
and only if for x € Mg, and a g-open set U containing x, there is a
g-open set V containing x such that x € V C ¢g(V) N M, C U.

Proof. Assume that X is G-regular. Then for x € M, and a g-open
set U containing x, z and the g-closed set U¢ have disjoint g-open sets
VW withx € V, U°N Mgz CW. Since VC W€ and W€ is g-closed, it
follows ¢, (V') € We€. This implies ¢g(V) N (U NMy) Cco(V)NW =0,
thus cy(V) N My, CU.

For the converse, let F' be any g-closed set and = ¢ F for x € M.
Then since F€ is a g-open set containing x, by hypothesis, there is a
g-open set V' containing x such that x € V' C ¢,(V) N M, C F€, thus
cg(VINMGNE =, so that MyNF C ¢,(V)¢. Hence X is G-regular. [

DEFINITION 3.14. Let (X, g) be a GTS. Then X is said to be relative
G-normal (simply, G-normal) if for g-closed sets F} and F» with FiNF, =
X — My, there exist U,V € g such that 1 "M, C U, Fb,N M, CV
and UNV = (. And if X is GT} and G-normal, then it is said to be
GTy.

Recall that for nonempty set X, a GT p is normal [3] iff, whenever
F and F’ are p-closed sets such that F'N F’" = (), there exist pu-open sets
G and G satisfying F C G, F/ C G' and GNG' = 0. If M, = X,
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G-normality is exactly the normality. And a G-normal space need not
be G-regular, as seen by the next example.

EXAMPLE 3.15. Let X = {a,b,c,d} and a generalized topology g =
{0,{a}, {b},{a,b},{a,b,c}}. Then X — M, = {d} and the g-closed sets
are X, {b,c,d}, {a,c,d}, {c,d} and {d}.

Consider the following pairs of two g-closed sets F| and F, satisfying
FiNF, =X — Mgy X and {d} , {b,c,d} and {d}, {a,c,d} and {d},
{c,d} and {d}. Since {d} N My = 0, obviously (X, g) is G-normal. But
(X,g) is not is G-regular since b ¢ {a,c,d}, and the only superset of
{a,c,d} N Mg is {a,b,c} which contains b.

THEOREM 3.16. Let (X,g) be a GTS. Then X is G-normal if and
only if for a g-closed setF' and a g-open set U with F'N\ M, C U, there
is a g-open set V' containing x such that F CV C¢,(V)N My, CU.

Proof. 1t is similar to the proof of Theorem 3.13. O

Finally, the general relationship between the discussed spaces is given
in the following diagram:

GT4 = GTg = GTQ = GT1
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