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ON THE REPRESENTATION OF
THE *¢-ME-VECTOR IN *¢-MFEX,
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ABSTRACT. An Einstein’s connection which takes the form (2.23) is called
a *g-M E-connection and the corresponding vector is called a *g- M E-vector.
The *g-M E-manifold is a generalized n-dimensional Riemannian manifold
X, on which the differential geometric structure is imposed by the uni-
fied field tensor *g*¥, satisfying certain conditions, through the *g-M E-
connection and we denote it by *g-M EX,,. The purpose of this paper is to
derive a general representation and a special representation of the *g-M E-
vector in *g-M EX,,.

1. Introduction

Einstein [6] proposed a new unified field theory that would include both
gravitation and electromagnetism. It may be characterized as a set of geo-
metrical postulates for the space time X4. However, the geometrical conse-
quences of these postulates are not developed very far by Einstein. Charac-
terizing Einstein’s unified field theory as a set of geometrical postulates in
X4, Hlavaty [7] gave its mathematical foundation for the first time. Since
then the geometrical consequence of these postulates have been developed
very far by numbers of mathematicians and theoretical physicists.

Generalizing X4 to n-dimensional generalized Riemannian manifold X,,,
n-dimensional generalization of this theory, so called Finstein’s n-dimensional
unified field theory(denoted by n-g-U F'T'), has been attempted by Wrede [11]
and Mishra [10]. Corresponding to n-g-UF'T, Chung [1] introduced a new
unified field theory, called the Finstein’s n-dimensional *g-unified field the-
ory(denoted by n-*g-UFT), which is more useful than n-g-UFT in some
physical aspects.
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On the other hand, Yano [12] and Imai [8,12] assigned a semi-symmetric
metric connection to an n-dimensional Riemannian manifold and found
many results concerning this manifold. Recently, Chung [3] introduced a
new concept of n-dimensional S FE-manifold, imposing the semi-symmetric
condition to X,, and Ko [9] also introduced a new concept of M E-manifold
in n-g-UF'T, assigning to X,, a M E-connection which is similar to Yano
and Imai’s semi-symmetric metric connection.

The purpose of the present paper is to study a general representation
of the *g-M E-vector which holds for a general n and all possible classes.
Furthermore, we introduce a special kind of representation of X, which

holds for an even n and for the first class.

2. Preliminaries
This section is a brief collection of the basic concepts, notations, and
results which are needed in our subsequent considerations in the present

paper. The detailed proof are given in Hlavaty [7].

A. Generalized Riemannian manifold
Let X,, be a generalized n-dimensional Riemannian manifold referred
to a real coordinate system x”, which obeys coordinate transformations

¥ — Z¥ for which

o0zx
2.1 Det | — 0.
(2.1) ¢ ( ayg) y

The manifold X,, is endowed which a general real non-symmetric tensor

gxp which may be split into its symmetric part hy, and skew-symmetric

part ky, :

(2.2) D = hap + kaps

where

(2.3) Det(gx,) # 0, Det(hy,) # 0.

Hence we may define a unique tensor h*” by

(2.4) hauh™ =6,
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The tensor hy, and N will serve for raising and/or lowering indices of

tensor in X,, in the usual manner.

The manifold X, is assumed to be connected by a real general real con-

nection I' | with the following transformation rule :
=v B 9.7 2 .o

@9 05, = 5os (5 5 * 550
B. n-dimensional *g-unified field theory

Hlavaty characterized Einstein’s 4-dimensional unified field theory(4-g-
UFT) as a set of geometrical postulates in a space-time X, for the first
time and gave its mathematical foundation. Generalizing this theory, we
may consider Einstein’s n-dimensional unified field theory. Similarly, our
n-dimensional *g-unified field field theory(n-*¢g-U F'T'), initiated by Chung
[1] and originally suggested by Hlavaty[7], is based on the following three
principles.

Principle A. The algebraic structure in n-*¢g-UFT is imposed on X,, by
the basic real tensor *¢*” defined by

(2.6) 99N = guntg =6

It may be decomposed into its symmetric part *h*” and skew-symmetric
part *k*

(27) *g)\u — *h)\u + *k)\u.

Since Det(*h*) # 0, we may define a unique tensor *hy,, by

(2.8) P N = 8.

“w

In n-*¢-UFT, we use both *h™ and *hau as a tensors for raising and/or
lowering indices of all tensor defined in X, in the usual manner.

Principle B. The differential geometric structure is imposed on X,, by the
tensor *g*” by means of the connection I'{ ,, defined by a system of Einstein’s

equations

(29) Dw*g)\'u = _QSwa'u*g)\aa
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where D, denotes the symbol of the covariant derivative with respect to

v
NP

(2.9) is called an Einstein’s connection. In virtue of (2.6), the system (2.9)

and Sy, is the torsion tensor of T ,. The connection I'y  satisfying

is equivalent to the system of the original Einstein’s equations
(210) Dwg)\u = 2Swuag)\a-

Principle C. In order to obtain *¢*" involved in the solution for '} , certain

Ap?
conditions are imposed, which may be condensed to

(2.11a)
1
Sx=5a""=0, R\ =0,Xy, Ru= 3 (Rux + Ryxy) =0,

where X is an arbitrary vector, Sy is the torsion vector, and

(2.11b) Ry’ =2 (0T + T )

(211C) R/_L)\ = Raﬂ)\ay VUJ/,L - Rwuaa

are curvature tensors of X,,.

The following quantities will be frequently used in our subsequent con-

siderations:

(2.12a) *g= Det(*gr,) #0,  *h=Det(*hy,) #0, "= Det(*kx,).

N T i
2.12b g=— Fk=—,
( ) *h *h
0 if n is even,
(2.13) 7= { 1 ifnis odd,
(2.14a) O fyw = 8%, gV = (=D axp v

(2.14b)  Ko=1, Kp= " ko, "ka® - ko %, (p=1,2,3--)
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(2.15) Koy =V ko + V" koy + Vi ke,

where V,, is the symbolic vector of the covariant derivative with respect to
the Christoffel symbol * { )\VM} defined by *hy,,.
It has been shown that the following relations hold in X,, ([1],[2],[5]):

0 if p is odd,
(2.162) Ky = { *k  if pis even,

(2.16b) Det(M*hx, + "kxau) = b Z K,M"° (M : areal number),
5=0

n—o

(2.17) > Kk =0,
5=0
Here and in what follows, the index s is assumed to take the value 0,2,4,6 - - -
in the specified range.
It has also been shown that if the equations (2.9) admits a solution I'} ,
the symmetric part of (2.9) implies that it must be of the form

(218) K’u = *{AZZL} +S)\;J,V+*UV)\;M
where
(2.19) *UVALL = SB(AV*]{IH)Q + Syg(,\*k’u)ﬁ - Sﬁ()\u)*k’gy.

The skew-symmetric part of (2.9) gives the following relations satisfied by

the torsion tensor Sy, :

101 011 110
(220) Bw;uz = Pwuv + S wpy + S Wy + S WYy
where
1 * ok *
(2.21) By = 3 (Kuwpw + 3K(apy k™ k" k,7)

pgar
(222) S wpy — a,B’Y(p)*kwa(q)*kﬂﬁ(r)*ku’ya (p7 q, 7 = 1’ 27 SRR )
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C. The manifold *¢g-M FEX,, in n-*¢g-UFT

All results and symbols in this subsection are based on [4].

DEFINITION 2.1 The Einstein’s connection I'§ L which take the form

(2.23) Lo=" { Ayu} + 204X, — 25 g, XV
for a non-null vector X is called a *g-M E-connection in n-*¢-UFT, and
X, is the corresponding *g-M E-vector.

If X,, admits a *g-M E-connection I'{ , it must be of the form (2.18).
Hence, comparing (2.18) and (2.23) we have the following relations :
(2.24) Sx” = 25{3\){“] — 2%k, X",
(2.25) Uz = 200X, — 2 ha XY,

THEOREM 2.2. A necessary and sufficient condition for the system (2.9)
to admit a *g-M E-connection I'§ | of the form (2.23) is that the tensor field

*gxu satisfies the relation

(2.26) Vo ke =2 (Fhopn gus — “hwp kau) CaB.
If this condition is satisfied, then

(2.27) X" =C,B*,

where

(2.28) Cy = Vo k\>.

Hence, if the system (2.27) is satisfied, we note that there always exists
a unique *g-M E-connection I'{ , in our n-*g-UFT. In virtue of (2.23) and

(2.27), this connection may be written as

(2.29) =" { AVM} +2 (65 hyus — *gaud) Ca AP,

In our further considerations in this paper, we use the word ”present
condition” to describe the situtations that the condition (2.12a) and (2.26)
are imposed on the unified field tensor *¢g*".

DEFINITION 2.3 An n-dimensional generalized Riemannian manifold X,,,
on which the differential geometric structure is imposed by the tensor *g*¥
under the present condition by means of the *¢g-M E-connection given by
(2.29), is called an n-dimensional *g-M E-manifold and denoted by *g-
MEX,.
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3. A general representation of the *¢g-M F-vector in *¢g-M EX,,
This section is concerned mainly with a general representation of the

*g-M E-vector which holds for a general n and all possible classes.

In our further considerations, we use the following abbreviation for an

arbitrary real vector A) :

(3.1a) P Ay = P*p @A,

(3.1b) P AY = (=1)PP* kY A% (p=0,1,2,---).
We need a symmetric tensor :

(3.2a) Py = @ky, — “hag,

and its unique inverse tensor Q** defined by

(3.2b) Py QY =0
We use the following quantities :
1 —
(3.3a) N=-""
2
(33b) I?s - Z KtNS_ta
t=0
Lo
(3.3¢) Y, = §Q B

In virtue of (3.3a) and (3.3b), direct calculations show that
(3.4) K,=K,+ K, N2

By multiplying A, to both sides of (2.17) and using (3.1b), every vector A,

satisfies the following recurrence relation :
(3.52) > K94, =0,
s=0

or equivalently

(3.5b) WAL+ KD A + -+ Ky 0P A,+ K, (DA, =0.
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THEOREM 3.1. Under the present condition, the following relation holds
in *g-MFEX,, :

(3.6) Bupw = —2Pu X, + 2k Pap X,

Proof. Employing the abbreviations introduced in (2.22) and making use
of (2.24) and (3.1a), it following that

pgr

S wur = (hyaXg — *hypXa — 2°kap X)) (p)*k;w“(q)*kuﬁ(r)*k,ﬂ
(3.7) = (1), @ X, — (—1)elet) g, DX

— 2(_1)q(p+q+T)*kwu(r)Xl/‘
Consequently, using (3.7) the relation (2.20) is reduced to (3.6) as in the

following way :

101 011 110
Bw,uu = Sw,uu + S wpv + S wpv + S wpv

—9 (*hy[w _ (2)*k,,[w> X, +2 ((3)*kw _ *kw) X,
= 2P, X, + 27k Pay X,
0

THEOREM 3.2. Under the present condition, the following relation holds
in xg-MEX,, :

(3.8) P x, =Dy, 4+ N2y 4 N2P-2x (p=1,2,3,---).

Proof. Multiplying Q"* to both sides of (3.6) and making use of (3.2a),

we have

(3.9a) Q"B = (n — )X, + 2k, X, = (n — )X, + 20X,
Comparing (3.3¢c) and (3.9a) we have the following condition

(3.9b) DX, =Y, +NX,.

Our assertion (3.8) immediately follows from (3.1a) and (3.9). O

Now, we are ready to prove a general representation of a *g-M E-vector

in the following theorem.
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THEOREM 3.3. Under the present condition, the *g-M E-vector X, in
*g-M EX,, may be given by

(0 —1— UN)R}L,UXW

n—o—2
(3.10) _ Z [’Es <(n—s—1)yw + N(”_5_2)Yw> —|—0‘I?n—aYW.

s=0

Proof. Substituting (3.8) into (3.5b) with A, replaced by X, and using
(3.3b) and (3.4), we have

(3.11a) Ko ("7, + NO7IY,) + (K + N DX, + KTV X,
. a
4ot K(n_g_2)(‘7+2)Xw + Kn_o(U)Xw =0.

Substituting ("~ X, again from (3.8) into (3.11a), we have

Ro ("0, + N2V, ) + By ("79Y, + NO9Y,)
(3.11b) + (K4 + NQ)(”_4)XM + K OX, 4.+ f((n_a_Q) (0+2) x
+ K, 09X, =0.

After #57 steps of successive repeated substitutions for ) X,,, we have
Ko (‘”‘”Yw + N<"‘2>Yw) + K, (‘”‘3% + N(”“‘)Yw)
+ By (Y, 4 NOTOY)
(3.11¢)
b Rovcans (97, + 5T

+ K, X, =0.

On the other hand, it follows from (3.1a) and (3.9b) that
(3.12) @)X, =0Y, 4 (6N -0+ 1)X,.

Substituting (3.12) into (3.11c), we finally have the representation (3.10).
0
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THEOREM 3.4. there exists a unique *g-M E-vector in *g-M EX,, if and
only if the following condition holds for * gy, :

(3.13) Kn_o #0.

~

Proof. In virtue of (3.10), there exists a unique X, if (c—1—0N)K,,_, #
0. Hence the condition (3.13) immediately follows since (6 — 1 — oN) # 0.
0

4. A special representation of the *¢g-M E-vector in *g-MEX,,

In this section we present a quite different type of a representation of a *g-
M E-vector from the general one found in the previous section, which holds
in an even-dimensional *g-M E-manifold with a certain special condition

imposed on *gy,,.

In this section we need a tensor Fl, defined by
(4.1) Fau = “kx — 2%k,

LEMMA 4.1. The tensor F), is of rank n if and only if the tensor field

*gau satisfied the following condition:
(4.2) ey 2K, #0.
s=0

Proof. In virtue of (4.1), we have
* 1* * * 1 o3
(4.3) F,\# = 2"kxra 5 h%@ + k#g h™P.

Our assertion follows from the following relation which may be obtained
from (4.3) and (2.16b) :

n—o 1 1 n—o
Det(Fy,) = 2"*¢ (*h > KS(Q)”_S> 5= Yy 2K,
s=0 5=0
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In our further considerations in this section, we restrict ourselves to an
even-dimensional *g-M E-manifold and use the word ”special condition” to

describe the situations that the tensor field * gy, satisfies the condition

(4.4) f 2K, # 0.
s=0

Therefore, under the special condition the tensor F, is of rank n, so that

there exists a unique inverse tensor G* defined by

(4.5) GNFy\, =G F\=§

v
e
THEOREM 4.2. Under the special condition in an even-dimensional *g-

M E-manifold, *g-M E-vector X,, may be given by the following relation:

(4.6) XV = —%G”‘@a(log *g).

Proof. Multiplying g, to both sides of (2.9), we have
(4.7) Oulog *g+2T'5 , = —25,.°.

On the other hand, multiply *h), to both sides of the symmetric part of
(2.9) and making use of (2.12), (2.14) and (2.24) to obtain

(4.8)  dulog *h+ 209, = —28,, — 2 <*kwa - 2(2)*kwa> X,

Subtraction of (4.8) from (4.7) and using of (2.12b) and (4.1) gives the

following relation:
(4.9) dlog *g =2 (*kw - 2(2)*kwa) X, = —2F,, X",

The representation (4.6) immediately follows by multiplying G** to both
sides of (4.9) and making use of (4.5). O

REMARK 4.3 In virtue of Theorem 4.2, our investigation of the *g-M E-
vector under the special condition is reduced to the study of the tensor GV,
In order to know the *g-M E-vector it is necessary and sufficient to know an

explicit representation of G in terms of * Iop-
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In our further consideration, we need the abbreviation () X* for an

:
arbitrary tensor X*" and notations K defined by

(4‘10) (O)X/\z/ _ X’\V, (p)XAV — (P)*k)\aXau (p — 17 27 3’ ... )’

(4.11) K, =
t=0

The following relations are immediately consequence of (4.10) and (4.11)

(4.12) g (@O xm = PrO X (g=1,2,3,.-.),
(4.13) (P)g, @@ x v = P+ x, v,
t 1 1 1 1 i 1 1 1
4.14 Ky=-, Ko =—-(K ), Ki= (K K ) ...
( a) 0= 2 4( 2+4)7 4 4( 4+4 2+16)’ )
T 1 T
(4.14D) K.= (K + Ks_2> .

THEOREM 4.4. In an even-dimensional *g-M EX,,, the tensor (") G sat-

isfies the following recurrence relation :
(4.15a) Y K PeM =,
s=0

or equivalently
(4.15b) MGY + K, DGN + -+ K, ,PGEN + K,GM = 0.
Proof. The relations (4.15a) and (4.15b) follow by multiplying G** to

both sides of (2.17) and using (4.10). Note that n — s is even, so that

(”*S)*km is symmetric. O
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THEOREM 4.5. Under the special condition, the following relations hold
in *g-MFEX,, :

1 1
(4.16a) (PG 4 5(”+1)G“ + §<P>*W =0, (p=0,1,2,---),

(4.16b) @G — i<q—2>Gxu _ %(q—z)*kxu n iw—z)*kw, (q=3,4,5,---).

Proof. Substituting of (4.1) into (4.5) and making use of (2.8) gives
(4.17) 2 A 4 (DG | *pAu — .

The relation (4.16a) may be obtained by multiplying %(p)*k” A to both sides
of (4.17). Using (4.16a) twice, we have the relation (4.16b). O

LEMMA 4.6. If the tensor field GV satisfies the following equation under

the special condition in *g-M EX,,,

(4.18a) APGN + BGN + AN =0,

then the tensor G** must be of the form

(4.18b) B(A+4B)G™ = 2AB*h™ + A>* kN — (A +4B)AN — 2AW AN
where A, B and A" are functions of “Irp-

Proof. Substitution (4.17) into (4.18a) for 2)GM gives
(4.19a) AWGN = 2BGM — A* RN + 207,
Multiplying *k* to both sides of (4.19a), we have
(4.19b) ADGNY = 2BOGN — A*EM 4 oA,
Substitution of (4.17) into (4.19b) for )G again gives
(4.19c) (g +2B)VGM = —g*hm + A* N — 2 AN,

Consequently, our assertion (4.18b) follows by elliminating the tensor el
from (4.19a) and (4.19c). O

Now, we are ready to prove the following main theorem in this section,

which present a representation of the tensor G** under the special condition.
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THEOREM 4.7. Under the special condition in an even-dimensional *g-

MEX,, the tensor G*" may be given by

i) i) i)
Q*kKnGAV —_ anQ <*k*h)\l/ + 2Kn2*k)\u>

(4.20)
i f
— 2K, AN — K, o (MWAMN,
where
n—4 :
(421) A)\l/ — Z Ks (_2(717275)*]{:)\1/ + (n7375)*k)\1/) )
s=0

Proof. Substituting (4.16b) into (4.15b) for WG* and making use of
(4.14), we have

}T(O (_2(7172)*]{)\1/ + (n73)*k>\u> + 4]’%2(7172)G)\V 4.
(4.222)

T T
+ Ky oPGNY + K,GM =0.

Substituting again for ("2 G into (4.22a) from (4.16b) gives

IT(O (_Q(n—Q)*k)\u + (n—3)*k/\1/) + [%2 <_2(n—4)*k,)\u + (n—5)*k)\u)
(4.22b)

FAKVEY 44 K DG 4 KGN = 0,
After ”T_z steps of successive repeated substitution for (D G* | we have in
virtue of (4.21)
(4.22¢) AV 4K, DY + KGN = 0.
Comparison of (4.22c) with (4.19b) gives
(4.23) A=4K, 5, B=K, ="k

Consequently, the relation (4.20) follows by substituting (4.23) into (4.18b)
and making use of (4.14b). O

Now that we have obtained a representation of G*” in Theorem 4.7, under
the special condition it is possible for us to represent the *g-M E-vector X"

in terms of *¢g** by only substituting (4.20) into (4.6).
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THEOREM 4.8. Under the special condition in an even-dimensional *g-
MFEX,, the *g-M E-vector X¥ may be given by

i i i
ARK, XY = —(Kp_o("E"h" + 2K ,,_ 5" k")
(4.24) . .
— 2K, A" + Kn_g(l)A”a)aa(]og *g).
REMARK 4.9 In virtue of (2.14a), (4.10), (4.14b) and (4.21), we may
represent the last two terms on the right-hand side of (4.24) as follows :

(4.25)
i1l i1l
- 2K”Auo¢ + Kn_2(1)Aua
Tl i f
— s <2Kn2(n—1—s)*kua + *k(n—2—s)*k)\u _ 2Kn(n—3—s)*kua> )
s=0

Therefore, we know that the *¢g-M FE-vector X representation in terms of

*

I+
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