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ON CHARACTERIZATIONS OF THE WEIBULL
DISTRIBUTION BY THE INDEPENDENT PROPERTY
OF RECORD VALUES
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ABSTRACT. We present characterizations of the Weibull distribu-
tion by the independent property of record values that F'(z) has a

. . . . . e Xum) Xu(n)
Weibull distribution if and only if Xo) XoomEXoom

and Xy () are independent for 1 <m < n.

and XU(n) or

1. Introduction

Let {X,,n > 1} be a sequence of independent identically distributed
(i.i.d.) random variables with cumulative distribution function(cdf)
F(x) and probability density function(pdf) f(z). Let Y,, = max(min)
{X1, X9, , X} for n > 1. We say X is an upper(lower) record value
of this sequence, if Y; > (<)Y;_; for j > 1. By definition, X; is an
upper as well as a lower record value. The indices at which the upper
record values occur are given by the record times {U(n),n > 1}, where
Un)=min{j|j>U(n—1),X; > Xyp_1),n > 2} with U(1) = 1. We
assume that all upper record values Xy ;) for i > 1 occur at a sequence
{X,,n > 1} of i.i.d. random variables.

We call the random variable X € W EI(«) if the corresponding prob-
ability cdf F'(z) of X is of the form

F(z) =

1—e™", 2>0,a>0
0, otherwise.
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Ahsanullah(1995) proved that F(z) =1 — e"a,z>0,a > 0, if and
only if Xy ) — Xy(m) and Xy(y), 0 < m < n are independent. Also,
Lee and Chang(2008) obtained characterization that F(z) = 1 —e™*"

. . XU (nt1)
for all z > 0 and a > 0, if and only if Xt X0 and Xy (,41) are
independent for n > 1.
In this paper we generalize the results of Lee and Chang(2008) and
obtain characterizations of the Weibull distribution by the independent

property of record values.

2. Main results

THEOREM 2.1. Let {X,,n > 1} be a sequence of i.i.d. random vari-
ables with cdf F(x) which is absolutely continuous with pdf f(x) and
F(0) =0and F(x) < 1forallz > 0. Then F(z) = 1—e™*" forallx > 0,

. X .
a > 0, if and only if X[[jf(m; and Xy () are independent for 1 < m < n.

Proof. If F(z) =1 — e for all z > 0, a > 0, then the joint pdf
Jmm (7, y) of Xyp(m) and Xy, is found to be

042

am—1ly, o  _ayn—-m-1a—1_—y<
T =y W= v

fm,n(xa y) =
foralll<m<n,a>0.
Consider the functions V = % and W =Y. It follows that z = vw,
y = w and the absolute value of Jacobian of the transformation is | J |=
w. Thus we can write the joint pdf fyw (v, w) of V and W as

042

(21) frw(v,w) = grs— ONCETD 01 — T lyen e ®
forall0 <wv <1, w>0and a>0.
The marginal pdf of V is given by

fv(v) = /OO fvw (v, w)dw
(2.2) 0 T

(n) anm—l
- T(m)T'(n —m) (1

foralll <m <n,a>0.
Also, the pdf fyy(w) of W is given by

_ va)n—m—l

)
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= We_w , where R(w) = —In(1 — F(w)).

From (2.1), (2.2) and (2.3), we obtain fyw (v, w) = fv(v) fw(w).
Hence V and W are independent for 1 < m < n.
Now we will prove the sufficient condition. Let us use the transfor-

mation V = %((m; and W = Xy(,. It follows that | J [= w. Thus we
can write the joint pdf fyw (v, w) of V and W as

Row)™! | () — B{ww))
I'(m) I'(n—m)

forall 0 < v < 1, w > 0 and a > 0, where 7(z) = L (R(2)).

— dx
The pdf fy(w) of W is given by

(24) frw,w)= wf(w)

(2.5) fw(w) = —=~~—f(w)
for n > 2.
We get the pdf fy(v) of V' from (2.4) and (2.5) as
B I'(n) R(vw)™~!
W)= B —m) Rlwy
B I'(n) | Rlw) ==l Row) ™ 9 R(vw)
- T(m)T(n - m)(  R(w) > ( R(w) > (81) R(w) >
By the independent property of V' and W, the pdf fy(v) of V is a
function of v only [see Ahsanullah(1995), p.48] . Thus we must have
(2.6) R(vw) = R(v)R(w).

By functional equations[see aczel(1996)], the only continuous solution of
(2.6) with the boundary condition R(0) =0 is

R(z) = z“

for all z > 0 and a > 0. Thus we have F(z) =1 — e %",
This completes the proof. O

r(vw)w(R(w) — R(vw))"™!

THEOREM 2.2. Let {X,,n > 1} be a sequence of i.i.d. random vari-
ables with cdf F(x) which is absolutely continuous with pdf f(x) and
F(0) =0 and F(z) < 1 for all z > 0. Then F(z) = 1 —e™*" for all
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Xu )

$>Oand04>07 Ifandon]ylfm

for1<m <n.

and Xy () are independent

Proof. The joint pdf fi, n(z,y) of Xy(m) and Xy, is

R(z)m! R(y) — R(z)}—m-1
(o PR )
forall 1 < m < n, a >0, where R(z) = —In(l — F(z)) and r(z) =
i (R(z)).
Consider the functions V = ——Y®  and W = X U(n)- 1t follows

Xv )+ Xu(m)
that zy () = %, Ty = w and | J |= 5. Thus we can write the

joint pdf fyw(v,w) of V and W as

fm,n(x7 y) =

fvw (v, w)
_ R o), (R RSN v
'(m) v I'(n—m) v? )
forall%<v<1,w>0anda>0.
If F(z) =1—e*" for all z > 0, a > 0, then we get

P 4) = ot (e )m

1— v a\ n—m—1 N
x <1 - ( ) ) won T
v

The marginal pdf of V is given by
fv(v) = / fvw (v, w)dw
2.8) 0

= ()T - ()

foralll<m <n,a>0.
Also, the pdf fyy(w) of W is given by
R(w)nfl Oéwomfl o
2.9 = — = v,
From (2.7), (2.8) and (2.9), we obtain fyw(v,w) = fv(v)fw(w).
Hence V and W are independent for 1 < m < n.
Now we will prove the sufficient condition. Let us use the trans-

. X .
formation V = W@U() and W = Xy,. The Jacobian of the

(2.7)

(
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transformation is | J |[= 73. Thus we can write the joint pdf fy,w (v, w)
of V and W as
]?J(w(lfv))"”“1 w(l —v)

v

I'(m) n( v )

w(1=v) \\n—m—
 {R(w) - ReEF

fvw (v, w) =
(2.10)

forall%<v<1,w>0andoz>0.
The pdf fy(w) of W is given by

(2.11) fw(w) = —=~—f(w)

for n > 2.

Since V and W are independent, we get the pdf fy (v) of V from
(2.10) and (2.11) as

MO = St —m) Ry o e
n—m-—1
X<R@@-38“i;”5
R C N
D)L (n —m) <1 R(w) >

(BN 0 RS
R(w) v R(w) )
By the independent property of V' and W, the pdf fy(v) of V is a
function of v only. Thus we must have

1- 1-—
(2.12) R<M> = R(w)R<( ”)>.
v v
By functional equations[see aczel(1996)], the only continuous solution of
(2.12) with the boundary condition R(0) = 0 is
R(z) = z“
for all x > 0 and a > 0. Thus we have F(z) =1 — e ",
This completes the proof. O

THEOREM 2.3. Let {X,,,n > 1} be a sequence of i.i.d. random vari-
ables with common distribution function F(x) which is absolutely con-
tinuous with pdf f(z) and F(0) = 0 and F(x) < 1 for all x > 0. Then



250 Min-Young Lee and Eun-Hyuk Lim

B . . . Xu )
F(z)=1—e* forallxz >0 and o > 0, 1fandon1y1fm and

Xu(n) are independent for 1 <m < n.

Proof. We can prove it by the same way as in Theorem 2.2. O
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