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STRONG CONVERGENCE OF HYBRID PROJECTION
METHODS FOR QUASI-¢p—-NONEXPANSIVE MAPPINGS

SHIN MIN KANG*, JUNGSOO RHEE** AND YOUNG CHEL KwuUN***

ABSTRACT. In this paper, we consider the convergence of the shrinking
projection method for quasi-¢-nonexpansive mappings. Strong convergence
theorems are established in a uniformly smooth and strictly convex Banach
space which enjoys the Kadec-Klee property.

1. Introduction and preliminaries

Let E be a real Banach space and let C' be a nonempty subset of E.
Let T : C — C be a nonlinear mapping. A point x € C is a fized point
of T provided Tz = z. In this paper, we use F(T) to denote the fixed
point set of 7" and use — and — to denote the strong convergence and weak
convergence, respectively.

Recall that T is said to be nonexpansive if | Tx — Ty| < ||z — y|| for all
z,y € C.

Recall that the normal Mann iterative process was introduced by Mann 8]
in 1953. Since then, construction of fixed points for nonexpansive mappings
via the normal Mann’s iterative process has been extensively investigated by
many authors. The normal Mann’s iterative process generates a sequence

{z,,} in the following manner:
(1.1) Ve, € C, xpi1 =1 —an)en + Tz, VYn>1,

where the sequence {a,} is in the interval (0, 1).
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If T is a nonexpansive mapping with a fixed point and the control se-
quence {a,} is chosen so that Y 7 a,(1 — a,) = oo, then the sequence
{z,} generated by normal Mann’s iterative process (1.1) converges weakly
to a fixed point of T' (this is also valid in a uniformly convex Banach space
with the Fréchet differentiable norm [13]). It is well known that, in an
infinite-dimensional Hilbert space, the normal Mann’s iterative algorithm
has only weak convergence, in general, even for nonexpansive mappings.

Attempts to modify the normal Mann iteration (1.1) for nonexpansive
mappings by hybrid projection algorithms so that strong convergence is
guaranteed have recently been made. Nakajo and Takahashi [10] proposed
the following modification of the Mann iteration for a single nonexpansive
mapping T in a Hilbert space. To be more precise, they proved the following

theorem.

THEOREM 1.1. Let C be a closed convex subset of a Hilbert space H and
let T : C — C be a nonexpansive mapping such that F(T) # (). Assume
that {ay,} is a sequence in [0,1] such that a,, < 1 — ¢ for some ¢ € (0,1].
Define a sequence {x,} in C by the following algorithm:

xg € C  chosen arbitrarily,
Yn = oy + (1 — )Ty,

(1.2 Co =12 € C llyn — 21 < lam — 211}
Qn={z€C:{(xg—xpy,z, — z) > 0},
ZTn+1 = Pc,ng,To, Yn>0.

Then {z,} converges in norm to Pp)zo.

In 2008, Takahashi, Takeuchi and Kubota [15] introduced so called shrink-
ing projection methods in a Hilbert space for nonexpansive mappings. To

be more precise, they obtain the following theorem.

THEOREM 1.2. Let H be a Hilbert space and let C' be a nonempty closed

convex subset of H. Let T be a nonexpansive mapping of C into itself such
that F(T) # 0 and let z9 € H. For C; = C and uy = Pg,xq, define a
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sequence {u,} of C as follows:

Yn = Qpln + (1 - an)Tun,
(1.3) Crp1 ={2 € Cn: [lyn — 2l < [lun — 2[},
Tn+1 = PC,H_lea vn > 07

where 0 < a,, < a < 1 for all n > 0. Then {u,} converges strongly to

Z0 — PF(T)xO-

Recently, many authors further considered the problem of modifying nor-
mal Mann iterative process in the framework of real Banach spaces. Before
proceeding further, we give some definitions and propositions in Banach
spaces first.

Let E be a Banach space with dual E*. We denote by the normalized
duality mapping J from E to 2F" defined by

Je={f* € B (a0, f) = |l2l]® = | £},

where (-,-) denotes the generalized duality pairing.

A Banach space FE is said to be strictly convex if H%H < 1 for all
x,y € E with ||z]| = |ly]| = 1 and x # y. It is said to be uniformly convez if
lim,, o0 || Zn, — yn || = 0 for any two sequences {z,} and {y,} in E such that
|lznll = |lynll = 1 and lim, H%H =1 Let U={z € E: |z =1}
be the unit sphere of . Then the Banach space E is said to be smooth

0 w exists for each z,y € U. It is also said to be

provided lim;_,
uniformly smooth if the limit is attained uniformly for x,y € E. It is well
known that if F is uniformly smooth, then J is uniformly norm-to-norm
continuous on each bounded subset of E. It is also well known that if F is
uniformly smooth if and only if E* is uniformly convex.

Recall that a Banach space E has the Kadec-Klee property if for any
sequence {z,} C E and z € E with z,, = z and ||z, || — |z|, then |z, —
x| — 0 as n — oo. For more details on Kadec-Klee property, the readers
is referred to [7] and the references therein. It is well known that if £ is a

uniformly convex Banach spaces, then E enjoys the Kadec-Klee property.
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As we all know that if C' is a nonempty closed convex subset of a Hilbert
space H and Po : H — C is the metric projection of H onto C, then
Pc is nonexpansive. This fact actually characterizes Hilbert spaces and
consequently, it is not available in more general Banach spaces. In this
connection, Alber [1] recently introduced a generalized projection operator
II¢ in a Banach space E which is an analogue of the metric projection in
Hilbert spaces.

Next, we assume that E is a smooth Banach space. Consider the func-
tional defined by

(1.4) ¢(z,y) = ||| — 2z, Jy) + |y|*, Va,y € E.

Observe that, in a Hilbert space H, (1.4) is reduced to ¢(x,y) = ||z —y||* for
all x,y € H. The generalized projection Il : F — C' is a map that assigns
to an arbitrary point € E the minimum point of the functional ¢(z,y),
that is, Ilcx = Z, where Z is the solution to the minimization problem

(1‘5) ¢(.’Z’,l‘) = inf ¢(y7$)

yel

existence and uniqueness of the operator Il follows from the properties of
the functional ¢(z,y) and strict monotonicity of the mapping J (see, for
example, [1], [2], [6] and [14]). In Hilbert spaces, Il = Pc. It is obvious
from the definition of function ¢ that

(1.6) (lyll = I=1)* < 6y, 2) < (lyll + =[)*,  Va,y € E.

REMARK 1.1. If E is a reflexive, strictly convex and smooth Banach
space, then for z,y € E, ¢(x,y) = 0 if and only if x = y. It is sufficient to
show that if ¢(x,y) = 0 then x = y. From (1.6), we have ||z| = |ly||. This
implies (z, Jy) = ||z||*> = ||Jy||*>. From the definition of .J, one has Jz = Jy.

Therefore, we have x = y, see [6] and [14] for more details.

Let C be a nonempty closed convex subset of ¥ and let T be a mapping
from C into itself. A point p in C is said to be an asymptotic fixed point of

T [13] if C' contains a sequence {z,} which converges weakly to p such that
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lim,, oo ||Zn, — Ty, || = 0. The set of asymptotic fixed points of 7" will be
denoted by F (T'). A mapping T from C into itself is said to be relatively
nonezpansive [3]-[5] if F(T) = F(T) # 0 and ¢(p,Tz) < ¢(p,z) for all
x € C'and p € F(T). The asymptotic behavior of a relatively nonexpansive
mappings was studied in [3]-[5].

The mapping T is said to be ¢-nonexpansive if ¢(Tz, Ty) < ¢(x,y) for all
xz,y € C. T is said to be quasi-¢-nonexpansive if F(T) # () and ¢(p, Tx) <
¢(p,z) for all x € C and p € F(T) (see [11], [12], [16] and [17]).

REMARK 1.2. The class of quasi-¢-nonexpansive mappings is more gen-
eral than the class of relatively nonexpansive mappings which requires the
strong restriction: F(T) = F(T).

Recently, Matsushita and Takahashi [9] improved Theorem 1.1 from Hil-
bert spaces to Banach spaces. To be more precise, they proved the following

theorem.

THEOREM 1.3. Let E be a uniformly convex and uniformly smooth Ba-
nach space and let C be a nonempty closed convex subset of E. Let T
be a relatively nonexpansive mapping from C' into itself and let {«,,} be a
sequence of real numbers such that 0 < «, < 1 and limsup,,_,, o, < 1.

Suppose that {x, } is given by

xg=x € C,
Yo = J HanJz, + (1 — ap)JTz,),
(1'7) H, = {Z eC: ¢(Z,yn) < ¢(Za33n)}a

W,={2€C:{xy,— 2z Jx— Ja,) > 0},

Tnt1 = Pr,ow,zo, Vn >0,
where J is the duality mapping on E. If F(T) is nonempty, then {x,}
converges strongly to Ppryx, where Pp(ry is the generalized projection
from C onto F(T)).

In this paper, motivated by Theorems 1.1~1.3, we re-consider the prob-
lem of modifying normal Mann iteration to obtain strong convergence based
on shrinking projection methods. Strong convergence theorems are estab-

lished in the framework of real Banach spaces. The results presented in this
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paper improves the corresponding results in Matsushita and Takahashi [9],
Nakajo and Takahashi [10] and Takahashi, Takeuchi and Kubota [15].

We need the following lemmas for the proof of our main results.

LEMMA 1.1. ([1]) Let C be a nonempty closed convex subset of a smooth
Banach space E and x € E. Then, x¢g = llpz if and only if

(xo —y,Jx — Jzg) >0, VyeC.

LEMMA 1.2. ([1]) Let E be a reflexive, strictly convex and smooth Ba-
nach space, let C be a nonempty closed convex subset of ¥ and x € FE.
Then

¢(y7HCx) + (b(Hcflf, (L‘) < ¢(y7 (L‘), vy € C.
The following lemma can be deduced from Zhou and Gao [16].

LEMMA 1.3. Let E be a reflexive, strictly convex and smooth Banach
space and let C' be a nonempty closed convex subset of E. Let T : C' — C

be a quasi-¢-nonexpansive mapping. Then F(T') is a closed convex subset
of C.

2. Main results

Now, we are ready to give our main results.

THEOREM 2.1. Let E be a uniformly smooth and strictly convex Banach
space which enjoys the Kadec-Klee property and let C' be a nonempty closed
convex subset of E. Let T : C — C be a closed quasi-¢-nonexpansive

mapping. Let {x,} be a sequence generated in the following manner:

xg € E  chosen arbitrarily,

¢, =C,

z1 = e, o,

Yn = J HanJz, + (1 — o) JTxy,),
Cri1=1{2 € Cn : #(2,yn) < d(2,20)},
Tni1 =g, wo, Vn >0.

(2.1)
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If the control sequence {w,} satisfies the restrictions: 0 < «, < 1 and

limsup,, ., o, < 1, then {x,} converges strongly to Il pryxo.

Proof. First, we show that C), is closed and convex for all n > 1. It is
obvious that C; = C' is closed and convex. Suppose that Cj is closed and
convex for some k. For z € Cy, we see that ¢(z,yr) < ¢(z, zx) is equivalent
to

2z, T, — Tye) < el — il

It is to see that Cyyq is closed and convex. Then, for all n > 1, (), is

closed and convex. This shows that Il . . xq is well defined. Next, we prove

n—+1

that F(T) C C, for all n > 1. Indeed, F(T) C Cy = C' is obvious. Suppose
that F'(T) C Cy for some k. Then, for all w € F(T) C Cj, we have
o(w,yr) = ¢(w, J N apJrg + (1 — ag)JTxy))
= |w|* = 2(w, e Jx) + (1 — ag) J Ty
+ g Jzg 4+ (1 — ag) J T2
< lw|* = 20 (w, Jay) — 2(1 — o) (w, JTxy)
+aglzk ] + (1 — o) | T
= app(w, xr) + (1 — ag)p(w, Tzy)
< agd(w, zx) + (1 — ag)p(w, )
= ¢(w, zy),

which shows that w € Cyyi. This implies that F(T) C C, for all n > 1.

From z,, = 1ll¢, xo, we see that

(2.2) (xn — 2z, Jxg — Jp) >0, Vz € C,.
Since F(T') C C,, for all n > 1, we have

(2.3) (xn —w,Jzg — Jzn) >0, Ywe F(T).
On the other hand, it follows from Lemma 1.2 that

¢($na xO) = ¢(chx07$0) < ¢(w7x0) - ¢(w’ ‘TTL) < ¢(w7x0)
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for each w € F(T) C C,, and for all n > 1. This shows that the sequence
¢(xy, ) is bounded. From (1.5), we see that the sequence {z,} is also
bounded. Since the space is reflexive, we may, without loss of generality,
assume that z,, — x. Note that C,, is closed and convex for each n > 1. It

is easy to see that x € €2, where ) = ﬂ;’lo:[) C),. On the other hand, we have

¢($n,x0) < ¢(mn+17x0) < ¢($,$0).

It follows that

¢($,JJO) < lim inf¢(xnax0) < lim sup ¢($n;$0) < ¢(.’IJ,CL‘0)-

n—0oo n—00
This implies that
lim ¢(xn7370) - ¢($,$0)-

n—oo
Hence, we have ||z, || — ||z|| as n — co. In view of the Kadec-Klee property
of E, we obtain that x,, — x as n — oo.
Next, we show that x € F(T'). By the construction of C,,, we have that

Cni1 C Cp and xpp1 =g, 29 € C,. It follows that

¢($n+1axn) = ¢($n+1a chﬂﬁo)
(2.4) < ¢(@nt1, o) — ¢(Ile, o, 7o)
= ¢(Tpt1,%0) — ¢(xn, o).

Letting n — oo in (2.4), we obtain that ¢(z,41,2,) — 0. In view of

Tnt1 € Cpi1, we arrive at ¢(Tp41,Yn) < O(Tpt1, x,). It follows that
(2.5) nh—>nolo (Tnt1,yn) = 0.

From (1.6), we see that

(2.6) [ynll = llz]l  as n — oo.

It follows that

(2.7) | Jynl — ||Jz|| asn — oo.
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This implies that {Jy,} is bounded. Note that E is reflexive and E* is also
reflexive. We may assume that Jy, — z* € E*. In view of the reflexivity
of E, we see that J(F) = E*. This shows that there exists an & € E such
that Jx = a*. It follows that
A(@n11,Yn) = [2ns1ll* = 2zns1, Tyn) + [lynl®
= ||5'3n+1||2 = 2(@pt1, JYn) + ||JynH2-
Taking lim inf, ., the both sides of equality above yields that

0> [l2|? = 2(z,2") + [|l2*|* = ||2]* - 2{w, Jz) + || J7||?
= |l2ll* = 2(x, J7) + ||Z]* = ¢(z, 7).

That is, x = &, which in turn implies that z* = Jz. It follows that Jy, —
Jx € E*. Since (2.7) and E* enjoys the Kadec-Klee property, we obtain
that

Jyp, —Jr — 0 asn — oo.

Note that J~!: E* — E is demi-continuous. It follows that y, — z. Since

(2.6) and E enjoys the Kadec-Klee property, we obtain that
Yn — T as m — 0o.

Note that

20 = ynll < llzn — 2] + [l2 = ynl|

It follows that
(2.8) lim ||z, —yn| = 0.
n—oo
Since J is uniformly norm-to-norm continuous on any bounded sets, we have
(2.9) lim ||Jz, — Jyn| = 0.
On the other hand, from the definition of ¥,,, we have

[Ty — Jzp|| = (1 — an)||[JTxy — Jzy].
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By the assumption on {a,,} and (2.9), we see that
(2.10) lim |Jx, — JTx,| =0.

n—oo

On the other hand, noting that J : E — E* is demi-continuous, we have

Jzr, = Jr € E*. In view of
1Tz = T[] = [llzall = [|2[l| < lzn — 2| = 0 asn — oo,

we arrive at ||Jx, | — ||Jz| as n — oo. By virtue of the Kadec-Klee property
of E*, we obtain that ||Jz, —Jz| — 0 as n — oo. In view of (2.10), we arrive
at ||JTz, — Jx|| — 0 as n — oo. Since J~! : B* — E is demi-continuous,

we have T'x,, — x. Note that
W Tznll = (2l = [I[JTzn || = | J2|[| < [[JTzy — Jzf| = 0 as n — oc.

This implies that ||Tz,| — ||z|| as n — oco. From the Kadec-Klee property
of E, we obtain that || Tz, — x| — 0 as n — oo. It follows from the closed-
ness of 1" that Tx = x.

Finally, we show that x = Ilp(r)zo. From z,, = Il¢, xo, we have
(2.11) (xp —w,Jxg — Jx,) >0, Ywe F(T) C C,.
Taking the limit as n — oo in (2.11), we obtain that
(x —w,Jrg —Jx) >0, Ywe F(T),
and hence x = llp(ryzo by Lemma 1.1. This completes the proof. O

REMARK 2.1. Theorem 2.1 is a Banach version of Theorem 1.2.

REMARK 2.2. Theorem 2.1 improves the Theorem 1.3 in the following
senses.

(1) From the computation point of view, the algorithm is more simple
than the one considered in Theorem 1.3, that is, we remove the set “W,,”.

(2) We extend the mapping from relatively nonexpansive mappings to
quasi-¢-nonexpansive mappings, that is, we remove the restriction F(T') =
F(T).
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(3) We extend the space from uniformly smooth and uniformly convex
Banach spaces to uniformly smooth and strictly convex Banach spaces which
enjoy the Kadec-Klee property (note that every uniformly convex Banach

spaces enjoy the Kadec-Klee property).
In the real Hilbert spaces, Theorem 2.1 is reduced to the following result.

COROLLARY 2.2. Let C be a nonempty closed convex subset of a real
Hilbert space H and let T : C' — C be a closed quasi-nonexpansive mapping.

Let {x,,} be a sequence generated in the following manner:

xg € H chosen arbitrarily,

C1 =C,

z1 = Pe, 2o,

Yn = an Ty + (1 — )Ty,
Cnpr={z€Cn:llz —ynl <z —zull},
Tny1 = Pc,,., 0, Vn>0.

If the control sequence {a,,} satisfies the restrictions: 0 < «, < 1 and

limsup,, ., o, <1, then {x,} converges strongly to Il pryzo.

REMARK 2.3. Theorem 2.1 improves the Theorem 1.1 in the following
senses.

(1) From the computation point of view, the algorithm is more simple
than the one considered in Theorem 1.1, that is, we remove the set “Q.,,”.

(2) We extend the mapping from nonexpansive mappings to quasi-non-

expansive mappings.
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