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HILBERT 2-CLASS FIELD TOWERS OF
IMAGINARY QUADRATIC FUNCTION FIELDS

JAEHYUN AHN* AND HWANYUP JUNG**

ABSTRACT. In this paper, we prove that the Hilbert 2-class field
tower of an imaginary quadratic function field F' = k(v/D) is infinite
if 72(C(F)) = 4 and exactly one monic irreducible divisor of D is
of odd degree, except for one type of Rédei matrix of F. We also
compute the density of such imaginary quadratic function fields F.

1. Introduction and statement of results

Let k = Fy(T) be the rational function field over the finite field [,
and A = [F,[T]. Write oo for the prime of k associated to (1/7"), which is
called the infinite prime of k. For a finite separable extension F' of k, let
Or be the integral closure of A in F' and Hp be the Hilbert class field of

F with respect to Op ([6]). Let ¢ be a prime number. Write Fl(e) for the
Hilbert ¢-class field of FO(E) =F (ie., Fl(e) is the maximal /-extension of

F inside Hp) and inductively, Fﬁzl for the Hilbert (-class field of F\’
for n > 1. Then we obtain a sequence of fields

F9<=FcrYc...cFOc...,
which is called the Hilbert (-class field tower of F. We say that the
Hilbert ¢-class field tower of F' is infinite if F#) #* Fﬁzl for each n > 0.
For any multiplicative abelian group A, write r,(A) = dimg,(A/A"),
which is called the the f-rank of A. By Schoof’s theorem ([7]), we know
that Hilbert ¢-class field tower of F' is infinite if ro(C(F’)) is greater than

or equal to 2 4+ 2,/r,(0%) + 1, where C(F') and O}, are the ideal class
group and the group of units of O, respectively.
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In classical case, it has been conjectured by Martinet [5] that the
Hilbert 2-class field tower of imaginary quadratic field F' is infinite if
r2(C(F)) = 4, and this conjecture has been studied by many authors
(2, 3, 8)).

Assume that ¢ is odd. By an imaginary quadratic function field, we
mean a quadratic extension F' of k in which oo ramifies. Let P be the
set of all monic irreducible polynomials in A. Let v be a generator of
F. Then any imaginary quadratic function field F' of k can be written
uniquely as F = k(v/D) with D = aP; - -- P;, where a € {1,7}, P, € P
for 1 < i <t and degD is odd. By genus theory, r2(C(F)) =t — 1.
Since Of = Fy, r2(OF) = 1, so the Hilbert 2-class field tower of F
is infinite if r9(C(F)) > 5 (i.e. t > 6) by Schoof’s theorem. Write
r4(C(F)) = ro(C(F)?), which is called the 4-rank of C(F). In [1], it
has been shown that the Hilbert 2-class field tower of F' is infinite if
r4(C(F)) > 3, except some cases. Let Mp be the Rédei matrix associated
to F' (cf. §2.1). In this paper, we study the case where ro(C(F')) = 4 and
exactly one monic irreducible polynomial of odd degree divides D, and
prove that the Hilbert 2-class field tower of such a F' is infinite, except
for one type of Rédei matrix of F.

THEOREM 1.1. Let F = k(v/D) be an imaginary quadratic function
field over k. Suppose that r2(C(F')) = 4 and exactly one monic irre-
ducible divisor of D has odd degree, say D = aP; --- P5 with a € {1,~}
and deg Py is odd. Then the Hilbert 2-class field tower of F' is infinite,
except the case where

Mp =

el al=)
== O
== O
O o

1
1
1
0
1

by changing the order of P;’s (2 < ¢ < 5). In the exceptional case,
r4(C(F)) = 0.

Now we compute the density of imaginary quadratic function fields
F = k(v/D) satisfying Theorem 1.1 in all such ones. Write A for the set
of all imaginary quadratic function fields F' = k(v/D) with ro(C(F)) = 4
and exactly one monic irreducible divisor of D has odd degree. For any
positive odd integer n, write A, for the set of F = k(v/D) € A with
deg D = n and A} for the subset of A, consisting of F' = k(v/D) € A,
satisfying Theorem 1.1. Also we define a density
0 = lim Az

n—oo ’A-TL| .

n:odd
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Then we have the following:
THEOREM 1.2. § =1 — 2710 > 0.9990234.

Theorem 1.2 says that most of imaginary quadratic function fields
F =Xk(v/D) with ro(C(F)) = 4 and exactly one monic irreducible divisor
of D has odd degree have infinite Hilbert 2-class field towers.

2. Preliminaries

2.1. 4-rank of C(F') and Rédei matrix Mp

Let F' = k(v/D) be an imaginary quadratic function field with D =
aPy--- P, where a € {1,v}, P, € P for 1 <i <t and deg D is odd. For
simplicity, we assume that deg P; is odd and deg P; is even for 2 < ¢ < t.
Let Mp = (e;j) be the ¢t x t matrix over Fy defined as follows: for
1 <i#j <t let e € Fy be defined by (—1)% = (%), and ey is
defined to satisfy 22:1 e;; = 0. This matrix Mp is called the Rédei
matrix associated to F. Then 4-rank r4(C(F')) of C(F') satisfies the
following equality ([9, §3]);

(2.1) r4(C(F)) =t — 1 —rank(Mp).
2.2. Martinet’s inequality

For a finite extension K of k, write Sy (K) for the set of primes of
K lying over co. The following proposition is a special case of Theorem
2.1 in [1].

PROPOSITION 2.1. Let E and K be finite (geometric) separable ex-
tensions of k such that E/K is a quadratic extension. Let yg/k be the
number of prime ideals of Ok that ramify in E and pg/k be the num-
ber of places pso in So(K) that ramify or inert in E. Then the Hilbert
2-class field tower of FE is infinite if

(2.2) YE/K 2 S (K)| = pE/Kk + 3+ 2\/2\SOO(K)! —pe/Kk + 1.

The inequality (2.2) in Proposition 2.1 is called Martinet’s inequality.
Let F' be an imaginary quadratic function field over k. We remark that
if there exists an extension E of F' which has infinite Hilbert 2-class field
tower and F' C E C F1(2), then F' also has infinite Hilbert 2-class field
tower. Applying the Martinet’s inequality with above remark, we can
prove the following corollary (see [1, §2] for details).
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COROLLARY 2.2. Let F = k(v/D) be an imaginary quadratic function
field of k. If D has two distinct nonconstant monic divisors D’ and D"
of even degrees satisfying ( c%) = ( 8—]) = 1 for monic irreducible divisors

Qj (j =1,2) of D, then F has infinite Hilbert 2-class field tower.

3. Proof of Theorems

3.1. Proof of Theorem 1.1

Let F = k(v/D) be an imaginary quadratic function field over k with
D = aP, P, P3P, P5, where a € {1,7}, P, € P for 1 <1i <5 and deg D is
odd. We also assume that deg P; is odd and deg F; is even for 2 < ¢ < 5.
Then, by quadratic reciprocity law, the Rédei matrix Mg is symmetric.
First, suppose that there exists a column vector m; = (e;;) of Mp
for which at least two of e;;’s (2 <i <5, 7 # j) are 0. Assuming that

eij = er; = 0 with ¢ # j and k # j, put K = k(v/P;,/Py), which

is a real biquadratic extension of k. Since (%) = (%) = 1, P; splits
completely in K. For any [ # i, j, k, at least one of (%’), (%@) and (P%Il?k)

is 1, so P, splits into at least 2 primes in K. Applying Proposition 2.1
on E/K, where E = F(\/P;,\/Py), we see that the Hilbert 2-class field
tower of F is infinite. Since F is contained in F1(2), the Hilbert 2-class
field tower of F' is also infinite. In the following, we assume that at
most one of e;;’s (2 < i < 5,4 # j) is 0 for each column m; = (e;;) for
1<j<5of Mp.

CASE (1) Assume that one of ey;’s (2 < i < 5)is 0, say ez = 0
and e¢;; = 1 for 3 < i < 5. Ifeo =1for3 <i <5, put K =
k(v/ P3Py, \/P3Ps5), so that P; splits completely in K. Since at least one
of (Pj’;f“), (Pf’jlj”) and (Pj.ﬁ];f’) is 1, P, splits into at least 2 primes in K.
Applying Proposition 2.1, we see that the Hilbert 2-class field tower of F’
is infinite. On the other hand, if one of e;2’s (3 < ¢ < 5) is 0, then we may
assume that eso = 0 and e;p = 1 for ¢ = 4,5. Then (%) = (%) =1 for
7 = 1,3, so the Hilbert 2-class field tower of F' is infinite by Corollary
2.2.

CASE (11) Assume eq; = 1 for 2 < i < 5. If there is a column m; =
(€i5) (2 < j < 5) of Mp satisfying e;; = 1 foralli (2 <4 < 5,7 # j), then
(Bst) = (Bgi) = (Fgt) = (Bg) = Lfor {j,k,1,m} = {2,3,4,5}, s
the Hilbert 2-class field tower of F' is infinite by Corollary 2.2. However,
if there is no such column, we can’t find an appropriate nonconstant
monic divisors of D which satisfy the condition of Corollary 2.2. In this
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case, we have eg3 = ega = e45 = e54 = 0, by changing the order of P;’s.
So, Rp is as described in the assertion of Theorem 1.1. This completes
the proof of the Theorem 1.1.

3.2. Proof of Theorem 1.2

For any integers n,t > 1, write P(n) for the set of all monic irre-
ducible polynomials of degree n, P(n,t) for the subset of P(n) consisting
of monic square-free polynomials of degree n with ¢ irreducible factors
and P’'(n,t) for the subset of P(n,t) consisting of N = P;--- P, with
deg(P;) # deg(Pj) for 1 <i # j <t. Then, as n — oo, we have

n n/2

(3.1) Pi)| =L +0(1—),
"(log n t—1 "(log n t—2
(3.2) P(n,t)] = q((tl_gl)),n O(M).

Let A, be the subset of A, consisting of F = k(v/D) € A, with D €
P'(n,5), Af = ArNA, and B} = A,,\ A’. By Proposition 2.2 in [10],

we have
)t—l

Pl t) \ P (n,1)] = o LBy

n
SO
2|A; A
(3.3) 0 = lim ’_”‘: lim ‘_"’
noan 21An 05 AR
We will compute the density limnfgg ||‘1/_i;i||. Using (3.1) with Lemma 3.5

in [10], we get

IS SR DI SIS o

nl;1(02;?112;'.;22;0(2) P1eP(n1) P2€P(n2) PseP(ns)
ny+--+ng=n
—4 ¢"(logn)* q"(logn)?
3.4 = 94,1 V57 0(7)
(3-4) 4In + n

We can compute the asymptotic formula of |B| by using Proposition
2.3 in [4] as follows:

B~ Y Y Yoy o

7102<n1§'"§n5 o2 P1eP(n1) P%)EP(M) Pseplgns)
T = @) (==t b=
(F)=1
_ "(logn)* "(logn)?
(35) - 9 14_q (4'g ) +O<q ( g ) )
n n
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From (3.4) and (3.5), we get limn—oc 1Bl _ 2710 506 =1—2719 This

n:odd |An‘

completes the proof of Theorem 1.2.
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