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ON THE HYERS-ULAM-RASSIAS STABILITY OF A
BI-PEXIDER FUNCTIONAL EQUATION

YaNc-Hi LEg*

ABSTRACT. In this paper, we study the Hyers-Ulam-Rassias stabil-
ity of a bi-Pexider functional equation

f(LE + yaz) - fl(l',Z) - f2(yvz) = Oa

f(xay + Z) - f3(xa y) - f4($7 Z) =0

Moreover, we establish stability results on the punctured domain.

1. Introduction

The stability problem of functional equations originated from a ques-
tion of S. M. Ulam [17] concerning the stability of group homomor-
phisms: Given a group G1, a metric group (G, d) and £ > 0, does there
exist a § > 0 such that if A : G; — G9 satisfies

d(h(zy), h(z)h(y)) <
for all z,y € Gy, then a homomorphism H : G; — G4 exists with
d(h(z),H(x)) <e

for all z € G17 If the answer is affirmative, we would say the equation
of homomorphism H(xy) = H(z)H (y) stable.

In 1941, D. H. Hyers [4] gave first affirmative answer to the question of
Ulam for Banach spaces. Hyers’ theorem was generalized by T. Aoki
[1] for additive mappings and by Th. M. Rassias [16] for linear map-
pings by considering an unbounded Cauchy difference(See the recent
Maligranda’s paper [13]). Since then, further generalizations of the
Hyers-Ulam theorem have been extensively investigated by a number
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of mathematicians [3, 5, 9, 11, 12, 14].

Throughout this paper, let X be a vector space and Y a Banach
space. A mapping g : X — Y is called a Cauchy mapping (respectively,
a Jensen mapping) if ¢ satisfies the functional equation g(z + y) =
g(x) + g(y) (vespectively, 2g(*5%) = g(x) + g(y)).

For given mappings f, fi1, f2, f3, f1: X x X — Y, we define

le($,y,2) = f(.fC+y,Z) - f(a;,z) - f(:%z)?
Cgf(x,y,Z) = f(x7y+z) - f(a:,y) - f(xvz)v
R, 2) =2 (2 2) = fla,2) - (0,2),
Bl (w,9,2) =20 (0, 205) = fla,y) — F(2,2),
Pi(f, fr, fo)(m,y,2) i= f(z +y,2) = fi(z, 2) — fa(y, 2),
P2(f7 f3,f4)(33,y,2') = f(x,y—i— Z) - f3(‘737y) - f4($7z)7
P(f,fl,f2,f3,f4)(33,y,2,w)

= flz+y,z+w) — filz,2) = falz,w) — f3(y,2) — fa(y,w)

for all z,y,z,w € X. If a mapping f satisfies the functional equa-
tions C1f = 0 and Cof = 0 (C1f = 0 and Jof = 0, Cof = 0 and
Jlf = O,Jlf = 0 and J2f = 0, Pl(f, f1,f2) = 0 and Pg(f, fg,f4) = 0,
respectively), we say that f : X x X — Y satisfies a biadditive (Cauchy-
Jensen, Jensen-Cauchy, bi-Jensen, bi-Pexider, respectively) functional
equation. It is easy to see that f satisfies a biadditive (Cauchy-Jensen
and Jensen-Cauchy respectively) functional equation, then f satisfies a
bi-Jensen functional equation.

In 2006, Bae and Park [2, 15] obtained the generalized Hyers-Ulam
stability of a Cauchy-Jensen functional equation and a bi-Jensen func-
tional equation. In 2007, Lee et al. [6, 7, 8, 10] improved the Bae and
Park’s results.

In this paper, we investigate the stability of a bi-Pexider functional
equation.

2. Stability of a bi-Jensen functional equation

Throughout in this paper, denote Py (f, f1, f2) and Pa(f, f3, f1) by P1
and Ps briefly, respectively. One can easily prove the basic properties of
a bi-Jensen mapping in the following lemmas.
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LEMMA 2.1. [7] Let f : X x X — Y be a bi-Jensen mapping. Then

Fle) = TE2D (L L) (w0 + £(0.2')

+(1- i)Qf(o,o),

2n
fley) = TEEZW o n)(r(20) + 50, 1))
@34 0)/(0,0)),

Fley) =4 (55 ) + 2" = 4 (£ (57,0) + £(0.35))
+ (2" = 1)°£(0,0)),
Flesy) = e (F(2"09) = F0.9)) + 5 (£0,2") = F(0,0)) + £(0,0)
for all x,y € X and n € N.

LEMMA 2.2. For given mappings f, fi, fo, fs, fa : X x X —= Y, let
o " A3 : X x X - Y and Ay, Ay : X x X x X — Y be defined by

f(@,y) =f(z,y) — f(0,y),
"(z,y) =f(z,y) - f(=,0),
"z, y) =f(2,y) — f(x,0) = f(0,y) + f(0,0),
Ai(z,y,2) = Pi(z,y,2) + Py, @, 2) — Pi(z, 2, 2) — Pi(y,y, 2),
As(z,y, 2 ) Py(z,y,2) + Po(z,2,y) — P2(2,y,y) — P2, 2, 2),
(z,y) = (Al(fU 0,2y) +241(z,0,y) — 3A:1(2,0,0)

—I— A2(22,0,y) + 2A2(x,0,y) — 3A42(0,0,y))
for all x,y € X. Then

As

o)~ T 4w 0)
f//(xay) - f(x£2y) = éA2($707y)’
77a) — T2 gy,

X X
Jlf”/(xvyvz> — A1(§7 %72) - A1(§7 %a )7

0
z z
JQfHI(xayaz) = AQ(ma yv 7) - A2(07 %7 5)
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for all x,y € X.

THEOREM 2.3. Let 0 < p< 1,0 < e andlet f, f1, fo, f3, f1: X x X —
Y be the mappings such that

(2.1) IPL(S, frs f2) (@, s 2) || < e(llzP + [lyllP + [|z[),
(2.2) 1P2(f, f3, fa) (s, 2) | < e(ll=l” + llyll” + [|2]1”)

for all x,y,z € X. Then there exists a unique bi-Jensen mapping F' :
X x X — Y such that

(23) @y = Fayl £ 5o lloll + (5= + Dellyl?

for all x,y € X with F(0,0) = f(0,0). The mapping F : X x X — Y is
given by

[l + (

f(@a,) + £(0,2)

Flz,y) = lim + £(0,0)
j—o0 27
for all x,y € X.
Proof. By Lemma 2.2, (2.1) and (2. ) we get
f@a,y) - f0,y)  f(@Ha,y) A f(272,0,y)
f 5 - ST D)-| s |
< U2zl + [lylIP)e
£(0,27y) — f(0,0)  f(0,27*'y) — A2£(0,0,27y)
H 2 o 2j+1 H - ” 9j+1 H
127y||Pe

for all ,y € X and j € N. For given integers [,m (0 <1 < m),

(2, 295 LA f(29z,0,
AL R HZ Al 00

27+1

-1

3

27|\ z||P + |ly|IP
271 ’

—~
N
I

S—

IN

l

J

m

/ ! / m
Hf(oélzy)_f(oéi ?/)H:HZ 2f(002y)H
7=l

2J+1

(2.5) < Z

”’Hyllp
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for all z,y € X. By p < 1, both the sequences {%(f@ja:,y) — f(0,9))}
and {55 (f(0,27y)— f(0,0))} are Cauchy sequences for all z,y € X. Since
Y is complete, the sequences {%(f@j:v, y)—f(0,y))} and {%(f(o, 2y)—
£(0,0))} converge for all z,y € X. Define F1,F: X x X — Y by

2J
Fi(z,y) :== lim J2,y) Q.U’y),
j—00 27
0,2’
Fy(z,y) :== lim it — y)
j—00 27

for all x,y € X. Putting [ = 0 and taking m — oo in (2.4) and (2.5),
then one can obtain the inequalities

4e
150~ F(0.9) - Byl < 5
de
17(0,y) = £(0,0) = Fa(z,y)|| < 5—; lull”
2-—-2p
for all z,y € X. By (2.1), (2.2) and the definitions of F; and F», we get

A1(2j71x7 2]'71?/» Z)

[[]|” + 4elly[”,

J1Fi(x,y,2z) = lim =0,
j—00 27
Ag(2x,y,2) — Ag(Dx, YL2 UL2
JgFl(x,y,z) = lim 2( Y Z) 2( :E 2 2 ) :O,
j—00 27
J1Fy(x,y,2) =0,
Ay(0,27 1y, 2071
JoFy(x,y,z) = lim 2(0, KL 2 _ 0

Jj—00 2J

for all z,y,z € X and so F is a bi-Jensen mapping satisfying (2.3), where
F is given by

F(:U,y) = Fl(xvy) +F2(I‘,y) +f(070)

Now, let F’ : X x X — Y be another bi-Jensen mapping satisfying (2.3)
with F’(0,0) = £(0,0). By Lemma 2.1, we have

1P (2,y) = F'(z,y)l

_ Q%H(F — F) (2", y) + (1 - %)(F — F)(0,2%)ll

IN

5 (1F = D@29l +1(F ~ N0.2")|
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+HII(f = (2", y)ll + I(f = F/)(0,2"y)l])

2P 8¢e onp+l 8

+8)ellyll”

for all z,y € X and n € N. As n — oo, we may conclude that F(z,y) =
F'(z,y) for all z,y € X. Thus such a bi-Jensen mapping F' : X x X — Y
is unique. O

Let f, f1, fo, f3, f4, F, F' : X x X — Y be the bi-Jensen maps defined by

f(x,y) = fl(:E’y) = f2($,y) = f3(Iay) = f4(1:ay) =0,

F(z,y) :=¢,F'(z,y) == —¢

for all x,y € X. Then f, fi, fo, f3, f4, F, F' satisfy the conditions in
Theorem 2.3 but F’' # F. Hence the condition F'(0,0) = f(0,0) is
necessary to show that the map F' is unique.

THEOREM 2.4. Let 2 < p and let f, f1, fo, f3, fa: X x X — Y be the
mappings satisfying (2.1) and (2.2) for all z,y,z € X. Then there exists
a unique bi-Jensen mapping F': X x X — Y such that

16 2.2p 4

(26) 17(2,9) = F )l £ (5 + 5o + 57— =2l + Iwl”)

for all x,y € X. The mapping F' is given by

Flay) = lim (81(55.55) = @ = 2)((5.0 +10. )
+ (2 = 1)°£(0,0))
for all z,y € X.

Proof. By Lemma 2.2, (2.1) and (2.2), we get

12/(£(5.0) = £(0,0)) = 2" (F(55:0) = F(0,0))]

m—1 - 2 m—1 2j+3
(2.7) => 2 Ai(5557:0,0)] < > inlix;EHpr,
j=l j=l
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Y m
12'(£(0, 27) = £(0,0)) = 2™ (£(0, ) — £(0,0))]
T2l 2
m—1 . m—1 2+3
(2.8) = > 2" 45(0,0 2J+1 Z sgropc vl
J=i g=l
Ty ; T Y
I lfm(ng) 4m f”/(27ma27m)” = || Z‘LJHA (ﬁvﬁ)”
j=l
m—1 4]+2 4i+1 ) )
(2.9) ey * g =+ Il
J:

for all x,y € X and given integers [,m (0 < I < m).

By the similar

method in Theorem 2.3, we can define F, F5, F3: X x X — Y by
Fi(w,y) := lim 2(f(5;.0) = £(0,0)).
Fy(,y) = lim 2(f(0, 37) ~ f(0,0)),
Fy(a,y) = lim #/f"(55, %)

J—00

for all z,y € X. Putting | = 0 and taking m — oo in (2.7), (2.8

(2.9), one can obtain the inequalities

27 9j

) and

wmw—f@m—ﬂwwws%_\mm
1£(0.) ~ £(0.0) ~ o)l < o ol

4
wwmwaanquﬁT4+;fgmmw+mm

By Lemma 2.2, (2.1), (2.2) and the definitions of F} and F», we get

Y

JIFI('Q:? y? ) ]IL)I{.IO 2JA1(2]+1’ 2]—‘,—1 ? 0) = 07

J2F1($7y; )

JIFQ(xaya )

y z
JQFQ(‘T Y,z ) 311)1202]/12(07 ﬁy ﬁ) = 07
Yy z T Yy
J1F3($7ya )_]11)%4J(A1(2j+172j+1>2]) 1(%7%70)) :Ov
Yy < Yy <

J2F3($, Y,z ) jll)Igollj(A?( 2j+1 ) ﬁ) - A2(07 ﬁ7 2j+1)) =0
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for all z,y, z € X and so F is a bi-Jensen mapping satisfying (2.6) where
F' is given by

F(‘rvy) = Fl(iU,y) + F2(x7y) + Fg(I,y) + f(070)
Now, let F’ : X x X — Y be another bi-Jensen mapping satisfying (2.6)
with F’(0,0) = f(0,0). By Lemma 2.1 and F’(0,0) = f(0,0) = F(0,0),
we have

= [4"(F = F') (55, 55) + (2" = 4")((F = F')(53,0)

+ (F = F)(0,50)|

<4 (I(F = g )l + 1 = F) s )l 4+ IF = D55, 0]

on’ on on’ on
+ 10 = F) o 0|+ 1 = DO, 50| + 1 = F)(0, 55)])
4+l 16 2.2° 4

< p p
< o (Grog T g+ g5 clzl” + Iyl

for all z,y € X and n € N. As n — oo, we may conclude that F(z,y) =
F'(z,y) for all z,y € X. Thus such a bi-Jensen mapping F' : X x X — Y
is unique. O

THEOREM 2.5. Let 1 < p < 2 and let f, f1, fo, f3, fa: X x X — Y be
the mappings satistying (2.1) and (2.2) for all x,y,z € X. Then there
exists a unique bi-Jensen mapping F' : X x X — Y such that

(210) [ £(2,9) — Flap)l| < (o + 22 4 2yl + [1ylP?)
‘ Y = T T Y

for all x,y € X. The mapping F' is given by

+ lim [27(f(55,0) + £(0, 5)) = (27" = 1)£(0,0)]
Jj—00
for all xz,y € X.

Proof. Let Fy, F» be as in the proof of Theorem 2.4. By Lemma 2.2,
(2.1) and (2.2), we get
557" (@, 2y) — e (2, 9| = A5, 2|
oip  9(j+1p
ST

Je(llzll” + [ly[”)
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for all z,y € X and j € N. By the similar method in Theorem 2.3, we
define F3: X x X — Y by

1 ) .
F3(:Ca y) = lim ffm(2jxa 2jy)
j—oo 47
for all z,y € X and obtain the inequality
16 n 2.2p
4—2p  4-—2p

£ (@, y) = Fs(, y)ll < ( )l + [lyl*)
for all z,y € X. By (2.1), (2.2) and the definition of F3, we get

Ay (27, 20y, 272) — Ay (2012, 271y, 0)

J1Fs(,y,2) = lim ‘ o,
J—00 47
Ag (202,277 1y, 297 12) — Ay(0,20~ 1y, 291
JQFg(l"y,z) = hm 2( €, Y, Z) 2( s Y, Z) _ 0

j—00 49

for all z,y,2 € X and so F is a bi-Jensen mapping satisfying (2.10)
where F' is given by

F(z,y) = Fi(z,y) + Fa(x,y) + F5(z,y) + £(0,0).

Now, let F/ : X x X — Y be another bi-Jensen mapping satisfying (2.10)
with F7(0,0) = f(0,0). By Lemma 2.1 and F’(0,0) = f(0,0) = F(0,0),

we have

1F(z,y) — F'(z,y)||
L (F = F)(2"z,2"y)
- | E=HE

T

=00)

+ (2" = 1)((F — F')(

+(F = F)(0,50))]

< H (F - f)flinfﬂ,Qny) || + || (f - F/)iinx,Qny) + 2n(”(F _ f)(%’o)u
+2"[(F = )0, )|+ 1(F = ) Ol + 1 (F = F)(0, 5)1)
A AL 32 4.2p 8

Je(llzl” + llyl)

(T rtwmlist et

for all z,y € X and n € N. As n — oo, we may conclude that F(z,y) =
F'(z,y) for all z,y € X. Thus such a bi-Jensen mapping F' : X x X — Y
is unique. ]
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THEOREM 2.6. Let 0 < p(# 1),0 < ¢ and let f, fi, fo, f3, fa : X X
X — Y be the mappings such that
(2.11) 1PL(f, frs f2) (@, y, 2) L < e(ll=” + lylP)]=]17,
(2.12) 12 (f, f35 fa) (@, y, 2) || < ell=([P(lly[]” + [1=]17)

for all x,y,z € X. Then there exists a unique bi-Jensen mapping F' :
X x X — Y such that

1 .9) = F )l < =gl Pl

for all x,y € X with F(0,0) = f(0,0). The mapping F: X x X —Y is
given by

F(@,y) = lim W+f(0,y) if 0<p<l,
Fla,y) = Jim 2(f(55.0) = f0.9) + f0)  if p>1.

Proof. By Lemma 2.2, (2.11) and (2.12), we get

2J+1 92j+1 - 9j+1
< 2P| PllyllP
= 2] 1 9
0,2"y) — £(0,0 2 45(0,0,2
1£0.9) - £0.0) - LOZD SO0 5 40020
7=0

forall z,y € X, e Nif 0 <p <1 and

127(F(5529) = £0.9) = 27 f(29) = FO.0)]
Jj+2 PP
- H2]A1( o0y < 2l

n—1
= ZQH—IAQ(O 2]H)H =0
for all z,y € X,j € Nif p > 1. The remainder of proof is same to the
proof of Theorem 2.3. O

THEOREM 2.7. Let 0 < p(# 1),0 < ¢ and let f, f1, fo, f3, fa : X X
X — Y be the mappings satisfying (2.11) and (2.12) for all z,y,z € X.
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Then there exists a unique bi-Jensen mapping F' : X x X — Y such
that

for all x,y € X. The mapping F': X x X — Y is given by

F(z,y) zjlggOWJrf(w 0) + f(y.0) = f(0,0) if 0<p<1,
Pla.y) = lim #(7(g5. 35) = F(55.0) = 10, 55) + 7(0.0))

Proof. By Lemma 2.2, (2.11) and (2.12), we get

(20w, 2y) (2, 20 ) A3(2]$ 2y)
P H
47 (2+2)
< TEH z|[PllylP
forall z,y € X, eNif 0 <p<1and
xr vy T Y
497 (o, 2y = a7, B = 9 As (e, )
4712 4 2p)
B S ) Pllo|IP
< el Pyl

for all z,y € X,j € Nif p > 1. As in the proof of Theorem 2.6, we get

f(x,0) — f(0,0) = on :zn(f(2n70) £(0,0)),
F0,9) - 10,0 = HEZDZIOD _nr0, 1y - 0,0

for all z,y € X,n € N. The remainder of proof is same to the proof of
Theorem 4. O

3. Stability of a bi-Pexider functional equation on the punc-
tured domain

The following theorem can be found in [8].

THEOREM 3.1. Let p < 0O ande > 0. Let f : X x X — Y bea
mapping such that

1 T1f (2, y, 2l < ellz[” + lyll” + [12]17)
12 (2, y, 2)I| < e(llz[” + lyll” + [12[]")
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for all x,y,z € X\{0}. Then there exists a (unique for the bi-Jensen
mapping F' with F(0,0) = F'(0,0)) bi-Jensen mapping F : X x X —Y
such that

for all z,y € X\{0}.

THEOREM 3.2. Let p < 0 ande > 0 and let f, f1, fo, fa, fa : X x X —
Y be the mappings satisfying (2.1) and (2.2) for all z,y,z € X\{0}.
Then there exists a (unique for the bi-Jensen mapping F' with F'(0,0) =
F’(0,0)) bi-Jensen mapping F : X x X — Y such that
12—-4.2P 4 4.3 24—-6-2P+4-3°
_F < p
for all z,y € X\{0}.

3 9P 43P 12-3.2042.30

ellyll

Proof. Since

Ty 4e
I1f (2, y, 2)Il = 415, 5, 2 < o Cllell” + Nyl + 122]17),
Yy z 4e
12f (2, y, 2)ll = | A2(z, 5, S < o (Ul + lyll” + 1122]17)
for all z,y,2z € X\{0}, we can apply Theorem 3.1 and obtain the
desired result. O

The following theorem can be found in [8].

THEOREM 3.3. Let p < O ande > 0. Let f: X x X — Y bea
mapping such that
[J1f (g, 2| < el + [lyl”)ll=]",
[ J2f (z, 5, )| < ellzlP(lyll” + 1[2117)
for all x,y,z € X\{0}. Then there exists a bi-Jensen mapping F :
X x X — Y such that
f(z,y) = F(z,y)
for all (z,y) # (0,0).

THEOREM 3.4. Let p <0 ande > 0. Let f, f1, fo, fa, fa : X x X =Y
be the mappings satisfying (2.11) and (2.12) for all z,y,z € X\{0}.
Then there exists a bi-Jensen mapping F' : X x X — Y such that

f(x,y) = F(z,y)
for all (z,y) # (0,0).
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Proof. Since

_ Ty de P p p
| Jof(z,y,2)|| = HA1(2, 2,Z)|| < 2p(HﬂfH + [lylIP) =11,
4e
20

z

y
[ J2f (2, y, 2| = [|A2(x, 5, DI < o5 [z IP(lyll” + [1=]17)

for all z,y,z € X\ A. Hence we can apply Theorem 3.3 and obtain the
desired result. O

(1]
2l
3]
(4]
(5]

(6]

[7]
(8]
(9]
(10]
(1]
[12]

(13]

(14]
(15]

[16]

References

T. Aoki, On the stability of the linear transformation in Banach spaces, J.
Math. Soc. Japan 2 (1950), 64—66.

J.-H. Bae AND W.-G. Park, On the solution of a bi-Jensen functional equation
and its stability, Bull. Korean Math. Soc. 43 (2006), 499-507.

P. GAvruta, A generalization of the Hyers-Ulam-Rassias stability of approzi-
mately additive mappings, J. Math. Anal. and Appl. 184 (1994,) 431-436.

D. H. Hyers, On the stability of the linear functional equation, Proc. Natl.
Acad. Sci. U.S.A. 27 (1941), 222-224.

K.-W. Jun AND H.-M. Kim, Remarks on the stability of additive functional
equation, Bull. Korean Math. Soc. 38 (2001), 679-687.

K.-W. Jun, Y.-H. Lee AND Y .-S. Cho, On the generalized Hyers-Ulam stability
of a Cauchy-Jensen functional equation, Abstract Appl. Anal. (2007), ID 35351,
15 pages.

K.-W. Jun, Y.-H. Lee AND J.-H. Oh, On the Rassias stability of a bi-Jensen
functional equation, J. Math. Ineg. 2 (2008), 363-375.

K.-W. Jun, L.-S. Jung AND Y.-H. Lee, Stability of a bi-Jensen functional equa-
tion, to appear.

S.-M. Jung, Hyers-Ulam-Rassias stability of Jensen’s equation and its applica-
tion, Proc. Amer. Math. Soc. 126 (1998), 3137-3143.

G.-H. Kim AND Y.-H. Lee, Hyers-Ulam stability of a bi-Jensen functional equa-
tion on a punctured domain, J. Ineq. Appl. 2010 (2010), Art. 476249, 15 pages.
H.-M. Kim, On the stability problem for a mized type of quartic and quadratic
functional equation, J. Math. Anal. Appl. 324 (2006), 358-372.

Y.-H. Lee AND K.-W. Jun, On the stability of approrimately additive mappings,
Proc. Amer. Math. Soc. 128 (2000), 1361-1369.

L. Maligranda, A result of Tosio Aoki about a generalization of Hyers-Ulam
stability of additive functions-a question of priority, Aequationes Math. 75
(2008), 289-296.

C.-G. Park, Linear functional equations in Banach modules over a C*-algebra,
Acta Appl. Math. 77 (2003), 125-161.

W.-G. Park AND J.-H. Bae, On a Cauchy-Jensen functional equation and its
stability, J. Math. Anal. Appl. 323 (2006), 634-643.

Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc.
Amer. Math. Soc. 72 (1978), 297-300.



348 Yang-Hi Lee

[17] S. M. Ulam, A Collection of Mathematical Problems, Interscience, New York,
1968, p. 63.

*

Department of Mathematics Education
Gongju National University of Education
Gongju 314-711, Republic of Korea
E-mail: yanghi2@hanmail.net



