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PROPERTIES OF GENERALIZED
BIPRODUCT HOPF ALGEBRAS

JUNSEOK PARK* AND WANSOON Kim**

ABSTRACT. The biproduct bialgebra has been generalized to generalized
biproduct bialgebra B x & D in [5]. Let (D, B) be an admissible pair and let
D be a bialgebra. We show that if generalized biproduct bialgebra B XJLLI D
is a Hopf algebra with antipode s, then D is a Hopf algebra and the identity
idp has an inverse in the convolution algebra Homy (B, B). We show that if
D is a Hopf algebra with antipode sp and sp € Homy (B, B) is an inverse of
idp then B X% D is a Hopf algebra with antipode s described by s(b Xf{ d) =
Y(1p x4 sp(b—1-d))(sp(bo) xk 1p). We show that the mapping system
B S?BB B Xf{ D 2?5 D (where jp and ip are the canonical inclusions,
IIp and mp are the canonical coalgebra projections) characterizes B xfl D.
These generalize the corresponding results in [6].

The usual smash product A#H of an H-module algebra A and a Hopf
algebra H has been defined in [7] or [8] and Molnar constructed a smash

coproduct CtH of an H-comodule coalgebra C' and a Hopf algebra H in [4].

DEFINITION 1 [1]. Let H be a bialgebra over a field k and C be a left H-
comodule coalgebra. Let E be a left H-module coalgebra. The generalized
smash coproduct C#%E is defined to be C ®; E as a vector space with

comultiplication given by

Alctie) = S(ciffea,—1 - €1) ® (co08frea)
and counit
E(cﬁ%{e) =ec(c)ep(e)
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forallce C ,e€ E.

It is straightforward to show that 7 : C4E — C, cfe — ceg(e) and
g C4E — E, cfe — ec(c)e are coalgebra surjections since C' is a left

H-comodule coalgebra and FE is a left H-module coalgebra.

DEFINITION 2 [2]. Let H be a bialgebra over a field & and A be a left
H-module algebra. Let D be a left H-comodule algebra. The generalized
smash product A#% D is defined to be A ®; D as a vector space, with

multiplication given by
(a#1;d) (b#17e) = Sa(d—1 - b)#fydoe
and unit 14 ® 1p for all a,b € A and d,e € D.

It is straightforward to show that is : A — A#LD, a — a#&1p
and ip : D — A#ED, d —— 14#%d are algebra maps since A is a left

H-module algebra and D is a left H-comodule algebra.

DEFINITION 3 [5]. Let H be a bialgebra over a field k. Let B be a left H-
module algebra and a left H-comodule coalgebra. Let D be a left H-comodule
algebra and a left H-module coalgebra. The generalized biproduct B x% D
of B and D is defined to be B#% D as an algebra and B#k D as a coalgebra.

ExXAMPLE 1. A bialgebra H is a left H-comodule algebra via Ay because
Ay is an algebra map. H is a left H-module coalgebra via my because my
is a coalgebra map. The generalized biproduct B x £ H is a biproduct B x H
in [3].

DEFINITION 4. Let H be a bialgebra over k. B is called a left-left H-
crossed module crossed algebra if B is a left H-module algebra and is a left
H-comodule coalgebra such that eg(h-b) = eg(h)ep(b), b€ B,h € H
and Yp(lp) =1y ® 1g. D is called a left-left H-crossed comodule crossed
algebra if D is a left H-comodule algebra and a left H-module coalgebra
such that h-1p =eg(h)lp, h€ H, Xd_1ep(dy) =ep(d)ly, d € D and

5D(1D) = 1k-
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EXAMPLE 2. Let B be a left H-module algebra, a left H-comodule coal-
gebra, a left H-module coalgebra and a left H-comodule algebra. Then B is
a left-left H-crossed module crossed algebra. Let the bialgebra D be a left
H-comodule algebra, a left H-module coalgebra, a left H-comodule coalge-
bra and a left H-module algebra. Then D is a left-left H-crossed comodule

crossed algebra.
The followings generalize the corresponding results in [6].

PROPOSITION 1. Let H be a bialgebra over k. Suppose B is a left-left
H-crossed module crossed algebra and D is a left-left H-crossed comodule

crossed algebra. Then the followings are equivalent;

(1) (BxE D, MpuL s Nyt D ApyL p, Epst p) is a bialgebra.
(2) ep and ep are algebra maps, Ap(1p) = 1p®1p, Ap(lp) =1p®1p,
and the identities
(i) lp xf (b1 - di)(b_y - d}) @ bo(da,—1 - by) x fy do,ods
=X1p xE [b(d_1-0)]-1 - (do1d}) @ [b(d—1 - V)]0 XL do 2dh.
(i) 2[b(d—1 )]s x5 1p @ [b(d—1 - b)]2 X dod’
= Yb1by xE 1p @ ba(d_1 - by) x L dod’
(iii) b xE (b_1-d) @by x5 1p
=X(b_y-d)_1-V x5 (b_1-d)o®by x5 1p

hold for b,b’ € B and d,d’ € D.

Proof. From Theorem 1 of [5]. O

DEFINITION 5. Let H be a bialgebra and suppose that B is a left-left
H-crossed module crossed algebra and D is a left-left H-crossed comodule
crossed algebra. In case (BxED, MpuLp, MB#LD, ApsLp, €pgtp) 18 a

bialgebra, we say the pair (D, B) is admissible.

Throughout we let H be a bialgebra over k. Suppose B is a left-left
H-crossed module crossed algebra and D is a left-left H-crossed comodule

crossed algebra.
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THEOREM 1. Suppose that (D, B) is an admissible pair and that D is a
bialgebra.

(1) If Bx % D is a Hopf algebra with antipode s, then D is a Hopf algebra

and the identity idpg has an inverse in the convolution algebra Homy(B, B).

(2) If D is a Hopf algebra with antipode sp and sg € Homy(B, B) is an

inverse of idp, then B x& D is a Hopf algebra with antipode s described by
s(bxf d)=%(1p xE sp(b_1-d))(sp(bo) x& 1p).

Proof. (1): Define 7p : B x% D — D, bx% dw ep(b)d, ip:D —
BxL D, dw— 1pxkd jg:B— BxLD, b—bxklp, Tp:
BxE D — B, bxkdw~ ep(d)b. Let sp = mposoip. Then 1p xk
(Bsp(dy)de) = 1 x5 ep(d)1p. Therefore sp(dy)ds = ep(d)1p. Similarly,
Ydy1sp(ds) = ep(d)lp. So D is a Hopf algebra with antipode sp. And
jp 1 B— B x% D is an algebra homomorphism since B is a left H-module
algebra. We transfer the coalgebra structure of B to jg(B) = B xk 1p via
the algebra isomorphism jp : B — B X%ID and identify B with B xllel D Let
7 =iponp and Il = jgollp. Let S € Endy (B x% D) be defined by S = 7xs.
Then A(bxk 1p) = X(by xE 1p)(by x5 1p). So S(bxE1p) = s(bxE 1p).

Therefore
N(by x5 1p)S(by xE1p) =e(bxk 1p)1p x5 1p. (%)

Thus S|pyz 1, is a right inverse of idp,r,, € Homy(B xL 1p, B xE D)
Since (bx51p)(1pxEd) = bxkdand A(1pxEd) = S(1pxEdy) (15 xEds)
we have S(b xE d) = ep(d)S(b x4 1p). So (SoI)(b x4 d) = S(b xE d)
Therefore Soll = S. Since (7*¢)(bxk d) = Sn(bxLd), Sxid = m*sxid =
mxe=min Endy(B xk D). We have X[S(by x5 1p)](b2 x5 1p) = e(b xk
1p)(1p xk1p), and thus S|pxr1, is aleft inverse of idp, 1. To complete
the proof of (1) we need show that S(Bx%1p) C Bx%1p, that is, IToS = S

on B x ILLI 1p. But since I1 is a left B Xﬁ 1p-module homomorphism, applying

)

IT to the equation (x) we see that ITo (S |BX%1D) is also a right inverse of
Z'deng- This means [To S =S on B x& 1p.
(2): From Theorem 3 of [5]. O
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DEFINITION 6. Let (D, B) be an admissible pair and suppose that A is

a bialgebra over k. Then
BSlA=T D

is an admissible mapping system if the following conditions hold :

(a) Moj=idg, moi=idp,

(b) i and 7 are algebra maps and coalgebra maps, j is an algebra map,
and II is a coalgebra map,

(c) II is a D-bicomodule map (A is given the D-bimodule structure via
pullback along i and B is given the trivial D-bimodule structure),

(d) j(B) is a sub-D-bimodule of A and II|;py is a D-bicomodule map
(A is given the D-bicomodule structure via pushout along 7, B is given the

trivial D-bicomodule structure).

LEMMA 1. Let (D, B) be an admissible pair and suppose that A is a

bialgebra over k.
BSIA=2TD

If i is an algebra map and 7 is a coalgebra map then

(1) A is a D-bimodule (A is given the D-bimodule structure via pullback
along 1),

(2) B is a D-bimodule (B is given the trivial D-bimodule structure),

(3) A is a D-bicomodule (A is given the D-bicomodule structure via
pushout along ),

(4) B is a D-bicomodule (B is given the trivial D-bicomodule structure).

Proof. (1). Define A® D — Aja®d +— a-d = ai(d). Then A is a
right D-module since i is an algebra map. Define D ® A — A, d® a —
d-a = i(d)a. Then A is a left D-module since i is an algebra map. For all
d,d € D,a€ A, (d-a)-d = (i(d)a)-d = i(d)ai(d') = i(d)(a-d') =d-(a-d').
Therefore A is a D-D-bimodule.

(2). Define B D — B,b®d +— b-d = ep(d)b. Then B is a right
D-module since ep is an algebra map. Define D® B — B,d ® b —
d-b = ep(d)b. Then B is a left D-module. For all d,d € D,a € A,
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(d-b)-d = (ep(d)b)-d =ep(d)ep(d' )b =ep(d)(b-d") = d-(b-d"). Therefore
B is a D-D-bimodule.

(3). Define p, : A — A® D,a —— Ya; ® m(az). Then (p, @ I) o p, =
(I®A)op,.. And (I ®ep) o pr)(a) = a® 1 for all a € A. Therefore A
is a right D-comodule. Define p; : A — D ® A,a — Y7(a1) ® as. Then
(I@p)op)(a) = (A®I)op)(a), and ((ep@I)op;)(a) = 1®a for all a € A.
Therefore A is a left D-comodule. And ((I ® p,) o pi)(a) = (p @ I) o pr(a)
for all a € A. Therefore A is a D-D-bicomodule.

(4). Define p, : B— B® D,b+—— b® 1p. Forallb e B, (I ® Ap) o
P D) ((pl. @ 1) o pl)(b) and ((I ® ep) o pl.)(b) = b ® 1j. Therefore B is a
right D-comodule. Define p; : B — D ® B,b — 1p ® b. Similarly B is
left D-comodule. And ((I ® pl.) o p})(b) = ((p} @ I) o p.)(b) for all b € B.
Therefore B is a D-D-bicomodule. O

THEOREM 2. Let (D, B) be an admissible pair. Then
BSi2 Bxk D= D
is an admissible mapping system where ip : D — Bx% D, d+—— 15 xL
d, jp:B— BxLkDb—bxklp, Tp:BxED-— Bbxkd—

ep(d)b and p : B XJLLI D—D,b X% d+— ep(b)d.

Proof. (a) By the definitions of mappings, lIgojp = Ig, wpoip = idp.

(b) The maps jp :— Bx4D,b+—— bxEl1pandip : D — bx5D,d+—
1p xL d are algebra maps since B is a left H-module algebra and D is a
left H-comodule algebra. The maps I : Bx% D — B bxE d+—— ep(d)b
and 7p : B x% D — D,b xE& d —— ep(b)d are coalgebra maps since B is
a left H-comodule coalgebra and D is a left H-module coalgebra. For all
d€ D, (Apyspoin)(d) = ((idp @ idp) o Ap)(d) and (gt p 0 ip)(d) =
epxtp(lp xL d) = ep(1p)ep(d) = 1xep(d) = ep(d) by Proposition 1,
(2). Therefore ip is a coalgebra map. mp((a xk d)(b xE €)) = np(a xk
d)rp(bxEe)and 7p(1p x5 1p) =ep(15)1lp = 1x1p = 1p by Proposition
1, (2). Therefore 7p is an algebra map.

(c). Ip(d - (bxEd))=d Ug(bxkd) for all d,d’ € D,b € B. Therefore
Ip is a left D-module map. Hg((b xk d) - d') = Hp(b xE d) - d for all
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be B,d,d € D. So Ilg is a right D-module map.

(d). Let p; : jp(B) — D ®jp(B), bxk1p+—— Srp((bxk1p)) ®
(bxE1p)s = 1p @ (b xL 1p) be the left sub-D-comodule structure map
of jp(B) =B X%I 1p. Let pp: B — D ® B,b+—— 1p ® b be the left D-
comodule structure map of B. For all bx % 1p € jp(B), (ppollg)(bx%1p) =
p(ep(1p)b) = pp(lxb) = 1lp@b=1p ®ep(lp)b= (I @ 1p)(1p @ (b xL
1p)) = (I ®Ip)op)(bx%1p). Hence Ilg|;, (p) is a left D-comodule map.
Let p, : jp(B) — jp(B)®D, bx%k1p+— S(bxL1p)1@mp((bxk1p)s) =
(b xk 1p) ® 1p be the right sub-D-comodule structure map of jz(B). Let
pg:B— B®D, b— b®1p be the right D-comodule structure map of
b. Similarly, IIg|;,(p) is a right D-comodule map. Therefore [Ig|;,(p) is a
D-bicomodule map.

(e). For all b xk d € B x4 D, (jpollp) * (ip omp)(b xk d) = B(jp o
M) (b %}y )i 0 m0) (b Xy d)2) = S(enr(ba, 1)ep(dn)br X 1p)(1p x4
eg(bao)d2) = X(en(ep(b2)lu)by x5 1p)(1p x5 d) = b xk d =id(b x L d).

Therefore, (jp ollp) * (ip o mp) = id.

O

LEMMA 2. Let (D, B) be an admissible pair and let A be a bialgebra over
k. Suppose that B ‘:? A 2T D is an admissible mapping system. Then
i(d)j(b) = j(b)i(d)
forallbe B,d e D.

Proof. i(d)j(b) = ((j o II) (i o m))(i(d) (b))
= 3(j o I)(i(d1)7(b)1) (i o m)(i(d2)(b)2)
= X(j o )(dy - j(b)1)i((m 0 7)(d2)m (5 (b)2))
= ¥j(dq - 1(j(b))i(d2)i(1p)
= Xj(dq - b)i(d2)
= Xj(ep(d1)b)i(dz)
= j(b)i(d)
forallb e B,d € D. O

LEMMA 3. Let (D, B) be an admissible pair and let A be a bialgebra over
k. Suppose that B S? A 2T D is an admissible mapping system. Then
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Ej(d-1 - V)i(do) = j(b)i(d)
for allt € B,d € D.

Proof. By the definition of admissible pair and Theorem 1, (2), ep and
ep are algebra maps. So eg(h-b) =epy(h)ep(b) and Xd_1ep(dp)

=ep(d)ly. By [5, Corollary 3], X(d_1 -0’ x5 1p)® (15 xL dy) = (' x&
1p) ® (1p x% d). If we apply IIp @ 7p to the two-side of the above, we get
Yd_1 -V ®@dy =V @d. So Xj(d—y1-V)i(do) = j(b)i(d). O

LEMMA 4. Let (D, B) be an admissible pair and let A be a bialgebra over
k. Suppose that B ‘:}T A 2T D is an admissible mapping system. Then
YM(ay)—-1 - 7m(az) @ (a1)o = Em(ar) ® (az)
where B — H® B,b+— Yb_1 by is the left H-comodule structure map.

Proof. Firstlet a € j(b). Then II| () is a right D-comodule map, ¥1I(a;)®
m(az) = (a)®1p. So, X1l(a1)_1-m(az) ®1(a1)o = X1l(a)_1-1p ®11(a)y =
Yep(Il(a)-1)1p @ (a)g = X1p @ ep(ll(a)—_1)

II(a)o = 1p®Il(a) = ¥7(a;)®I(az). From the observation that II(aa’) =
II(a)e(d’) for all @’ =i(d’) € i(D) and that A = j(B)i(D) for f is surjective,

we reduce the general case to the special case. O

THEOREM 3. Let (D, B) be an admissible pair and let A be a bialgebra

over k. Suppose that B S? A 2T D is an admissible mapping system.

(1) There exists a unique algebra map f : B x% D — A such that the

diagram

BxE D

BV fXD
Sl

A



Properties of generalized biproduct Hopf algebras 331
commutes. Furthermore the diagram

L
xk D
IIp

7N,

A

commutes and f is a bialgebra isomorphism.
(2) There exists a unique coalgebra map g : A — B x% D such that the

diagram

commutes and g is a bialgebra isomorphism.

Proof. For all b € B,d € D,(bx% 1p)(1p xk d) = b x% d since D is a
left H-comodule algebra and B is a left H-module. If f : B x4 D — A
is an algebra map then first diagram commutes if and only if f(b x% d) =
fbxE1p)f(1pxLd) = j(b)i(d) forallbe B,d€ D.Ifg: A— BxEDisa
coalgebra map then third diagram commutes if and only if g(a) = I(g(a)) =
(jpollg) * (ipomp)(g(a)) = L11(a1) x% 7w(az) for all @ € A by Theorem 2.
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Thus we have the uniqueness of f and g. Let f and g be defined as above.
Then f(g(a)) = f(S(ar) x4 m(az)) = j(M(ar))i(r(az)) = (G o T0) % (i o
m)(a) = I(a) = a and g(f(b xf d)) = g(j(b)i(d)) = SI((j(b)i(d))1) xF
m((j(b)i(d))2) = (5(b)) xk d =b xE d. So f and g are inverses. Thus the
proof will be complete once we show that f is an algebra map and g is a
coalgebra map. f(l1p x5 1p) = j(1p)i(1p) = 1ala = 14 since i and j are
algebra maps. We need only show that f is multiplicative. From Lemma 2,
and Lemma 3, follow that f((bx% d)(b' xk d')) = Sf(b(d—1- V') xk dod') =
Fbxk d)f(b xk d"). And epxt p(9(a)) = ea(a). We need only show that
g is comultiplicative. By Lemma 4,
E(g(a) ® (9(a))2 = Apxrplg(a))
= B(M(a)11 xf (a)1,2,-1 - m(a)2,1) ® (I(a)1,2,0 XF T(a)2,2)
= S(I(a1) xf M(az)-1 - 7(as)) ® (TKathXH7WGO)
= S(l(a1) xf m(az)) ® ((as) xf 7(as))
= Xg(a1) ® g(az).
So g is a coalgebra map. This completes the proof. g

REFERENCES

[1] S. Caenepeel, G. Militaru and Z. Shenglin, Crossed Modules and Doi-Hopf Modules,
Israel J. Math. 100 (1997), 221-247.

[2] Zhang Liangyun, L-R smash products for bimodule algebras, Progress in Nature Sci-
ence 16 (6) (2006), 580-587

[3] S. Montgomery, Hopf Algebras and their actions on Rings, AMS, Rhode Island, 1992.

[4] R. K. Molnar Semi-Direct Products of Hopf Algebras, Journal of Algebra, 47 (1977),
29-51.

[6] J.S. Park, Generalized Biproduct Hopf Algebras, J. of the Chungcheong Mathematical
Society 21 (2008), no. 3, 301-320

[6] D. E. Radford, The Structure of Hopf Algebras with a Projection, Journal of Algebra
92 (1985) 322-347.

[7] M. Takeuchi, Extqq(SpR, u?) & B;(A/k), Journal of Algebra, 67 (1980) 436-475

[8] E. Abe, Hopf Algebras, Cambridge University Press, Cambridge, 1977.

*

DEPARTMENT OF MATHEMATICS

THE RESEARCH INSTITUTE FOR BASIC SCIENCES,
HoseEO UNIVERSITY

AsAN 336-795, REPUBLIC OF KOREA

E-mail: junspk@hoseo.edu



Properties of generalized biproduct Hopf algebras 333

k%K

DEPARTMENT OF MATHEMATICS
COLLEGE OF NATURAL SCIENCES, HOSEO UNIVERSITY
AsAN 336-795, REPUBLIC OF KOREA

E-mail: kimws@hoseo.edu



