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SOME REMARKS ON THE DIMENSIONS OF THE
PRODUCTS OF CANTOR SETS
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ABSTRACT. Using the properties of the concave function, we show
that the Hausdorfl dimension of the product Ca+b ath X Clatp atb

of the same symmetric Cantor sets is greater than that of the2 prod—
uct Cqp X Cqp of the same anti-symmetric Cantor sets. Further,
for 1/e? < a,b < 1/2, we also show that the dimension of the prod-
uct Cg,qa X Cpp of the different symmetric Cantor sets is greater
than that of the product Ca,+b ath X Ca+b ath of the same sym-

metric Cantor sets using the concav1ty Fmally we give a concrete
example showing that the latter argument does not hold for all
0<a,b<1/2

1. Introduction

Recently the exact packing measure of the symmetric Cantor set and
the exact packing measure of the product of the same symmetric Cantor
sets were computed in [2, 3]. It is still open to compute the exact
packing measure of the product of the anti-symmetric Cantor sets or
the different symmetric Cantor sets. However, computing the packing
dimension is easier than computing the exact packing measure of the
product of the same symmetric Cantor sets. The calculating method
of the Hausdorff and packing dimensions of the product of the same
symmetric Cantor sets was well-known in [1, 4]. We note that the main
idea of its calculating method is due to [5]. More precisely, if one(say it
B) of the sets A, B making product A x B has the same Hausdorff and
packing dimension, then the Hausdorff dimension of the product Ax B is
the sum of the Hausdorff dimension of A and the Hausdorff and packing
dimension of B. Similarly, if one(say it B) of the sets A, B making
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product A x B has the same Hausdorff and packing dimension, then
the packing dimension of the product A x B is the sum of the packing
dimension of A and the Hausdorff dimension(or packing dimension) of B.
Using the formulas, we easily have the dimensions of the product A x B
where A, B are Cantor sets. In this paper, we discuss the Hausdorff and
packing dimension of the product A x B where A, B are Cantor sets for
the condition that the sum of the lengths of the first stage of Cantor
sets making the product is fixed. There are 3 types for the first stage
of Cantor sets making the product. More precisely, the three types are
Caer atb X Ca+b a+b Ca p X Ca by Ca,a X Cb,b whose length is 2(a+b). This

2 2
follows from the length equation 2(‘%‘2’4—“7“’) = 2(a+b) = (a+a)+(b+0).
Their Hausdorff and packing dimensions are same, which follows from
an easy calculation for the dimensions of their product. We note that
the product Caer atp X Ca+b atb of the same symmetric Cantor sets is

the self-similar set Whlle the products Cap X Cypy Caa X Cpyp are the self-
affine sets. Finally we give concrete examples and a counter example of
our main results related to the above length conditions.

2. Preliminaries

The definitions of Hausdorff dimension of a set A denoted by dim(A)
and packing dimension of a set A denoted by Dim(A) are well-known][1,
4]. We define fi(z) = ax and fa(z) = (1 —b) + bz with 0 < a,b < 1
and 0 < a+b < 1. We define the Cantor set C,j to be the attractor
of the similarities {f1, fo} on R. From now on, we give some necessary
propositions to compute the dimensions of the product of Cantor sets.
Further we also give some lemmas for the concave function for expla-
nation of our main theorems. This properties can be straightforward,
but are postulated for easy access to the main theorems. We give the
dimension formula for dimension of the product A x B.

PRrROPOSITION 2.1. Let A C R and B C R be non-empty Borel sets.
Then

dim(A4) 4+ dim(B) < dim(A x B) < Dim(A x B) < Dim(A) + Dim(B).

Proof. Tt follows from [4] and the well-known fact that dim(A x B) <
Dim(A x B). 0
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COROLLARY 2.2. Let A C R and B C R be non-empty Borel sets
with dim(A) = Dim(A),dim(B) = Dim(B). Then

dim(A) + dim(B) = dim(A x B) = Dim(A4 x B) = Dim(A4) + Dim(B).
Proof. Tt follows immediately from the above Proposition. O

ExAMPLE 2.3. Let A C R and B C R be self-similar Cantor sets in
R. Then

dim(A) + dim(B) = dim(A x B) = Dim(A x B) = Dim(A) + Dim(B),
since they have the same Hausdorff dimension and packing dimension.

LEMMA 2.4. Let 0 < s <1 bein R. Then for A > 0 and € > 0,
A+e)+(A—¢)?

A% >
- 2
Proof. Tt follows easily from that g(z) = z° is a concave function for
0<s<land\=2F 4+ A< O

3. Main results

We note that C atb ath, Cap, Caa, Cpp below are all self-similar Cantor

sets in R mentloned in the above Example. So their Hausdorff dimen-
sion and packing dimensions are same, which gives that their products
also have the same Hausdorff dimension and packing dimensions. We
only use their Hausdorff dimension instead of using their dimensions
separately.

Using the properties of the concave function, we see that the dimen-
sion of the product C'azt axp X Cags agv of the same symmetric Cantor

2 0 2 2 7 2
sets is greater than that of the product C,; X Cgyp of the same anti-
symmetric Cantor sets.

THEOREM 3.1. For each 0 < a,b <1 with 0 < a+ b <1, we have
dim(Cm a+b X CLH; L—»—b) > dim((]mb X Ca,b)‘
2 2 2 0 2

Proof. Let “T'H) = A. We note that dim(Cy x Cy ) = 2log)\% and
dim(Cqp x Cyp) = 25 where a® + b® = 1. Without loss of generality, we
may assume that 0 < b < a < 1 with 0 < a4+ b < 1. There must be
€ > 0 such that a = A+ € and b = A —e. Since f(x) = A" is a decreasing
function for x € (0,1), we only need to show that

2> (A+e)’+ (A —¢)°,
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where a® + b = 1. It follows from the above Lemma. O

Using the properties of the concave function, we also see that the
dimension of the product Cy, X Cpy of the different symmetric Cantor

sets is greater than that of the product Catb arb X Ca+b atb of the same
20 2

symmetric Cantor sets for e™* = 0.135335283237... < a, b <1/2.
THEOREM 3.2. For each e™? < a,b < 1/2, we have
dim(Cw X Cbe) > dim(cw atb X CLM m)-
27 2 2 2
Proof. We note that

dim(Cm atb X CLH; L-H)) = 210ga b

2 0 2 2 2 2

N

and

. 1 1
dim(Cqq % Cpp) = log, 3 + logy 3

We note that ¢(x) = @ is a concave function on the interval (e72,1)
since ¢"(x) < 0 on (e~2,1). Therefore

ath . ola) + o)

This gives
1 1
1 > loga + logb
log atb — 2 ’

Multiplying the negative number 2 log% on each side, we have

2log% < log% log%
log =t = loga  logh’

Hence we have 2logaqs % <log, % + log, % O
2

EXAMPLE 3.3. For a = 1/2,b = 1/4, we see that
dim(Ca@ X Cb,b) > dim(Caib LH) X CL% L‘!‘b) > dim(CCL,b X Ca,b)'
2 )

We note that dim(Cqq x Cpp) = 5 = 1.5, dlm(Ca+b ath X Ca i) =

logs + = 1.41339..., and dim(Cayb x Cap) = 2log) f _ 1.38848..
8
We note that C, 4 is the unit interval which is not a Cantor set.
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EXAMPLE 3.4. If a = 1/4,b = 1/16, the assumption of the above
theorem does not hold. But we still see that for a = 1/4,b =1/16

dim(Caﬂ X Cb,b) > dim(Caib at+b X CL-H) L‘rb) > dim(C%b X Ca,b)-
2 2 2 2

We note that dim(C,q x Cpp) = % = 0.75, dim(Catb ats X Casb atp) =
> 2 2 7 2

2

logs § = 0.74680..., and dim(Cyy x Cyp) = 2log) Vool — 0.69424....

From the above example, we naturally ask if dim(Cyq % Cpp) >
dim(Catb arv X Cas axs) holds for all 0 < a,b < 1/2. We find the
202 2 0 2

negative answer in the following example.

EXAMPLE 3.5. If a = 1/8,b = 1/64, the assumption of the above
theorem does not hold. We see that for a =1/8,b=1/64

dim(C’w X Cb,b) z dim(CLH; atb X C(ib LM) > dim(cmb X Ca,b)-
2 T2 2 72

We note that dim(Cy o % Cpp) = % = 0.5, dim(Casp asp X Catp atp) =
2 7 2 2 0 2

log » %+ = 0.52218..., and dim(Cyp x Cyp) = 2logs Y51 = 0.46282....
It is false that dim(Cqq x Cpp) > dim(Cats att X Casb ats) holds for all
2 0 2 2 0 2

0 <a,b<1/2. It is a counter example of such an argument.

Acknowledgments

I would like to thank Professor In-Soo Baek for the helpful comments
on this paper.

References

[1] K. J. Falconer, Fractal Geometry-Mathematical Foundations and Applications,
Wiley New York, 1990.

[2] D.-J. Feng, Exact packing measure of linear Cantor sets, Math. Nachr. 248-249
(2003), 102-109.

[3] B. Jia, Z. Zhou, Z. Zhu, J. Luo, The packing measure of the Cartesian product
of the middle third Cantor set with itself, J. Math. Anal. Appl. 288 (2003),
424-441.

[4] P. Mattila, Geometry of sets and measures in Euclidean spaces, Cambridge
University Press, 1995.

[5] C. Tricot, Two definitions of fractional dimension, Math. Proc. Camb. Phil.
Soc. 91 (1982), 54-74.



236 Jin-Oh Kim

*

Department of Mathematics Eduacation
Graduate School of Education

Pusan University of Foreign Studies
Pusan 608-738, Republic of Korea
E-mail: jokim@pufs.ac.kr



