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ON A SELF-SIMILAR MEASURE ON A SELF-SIMILAR
CANTOR SET

IN-So0 BAEK*

ABSTRACT. We compare a self-similar measure on a self-similar Can-
tor set with a quasi-self-similar measure on a deranged Cantor set.
Further we study some properties of a self-similar measure on a self-

similar Cantor set.

1. Introduction

Recently the multifractal spectrum by a self-similar measure of a
self-similar Cantor set was studied([11, 13]) for the investigation of its
geometrical properties. We([2, 5]) studied a deranged Cantor set which
is the most generalized Cantor set which has a local structure of a
perturbed Cantor set([1, 3, 4, 5, 6]), which is also a generalized form
of self-similar Cantor set. In this paper, we compare the self-similar
measure with a quasi-self-similar measure which also gives a spectrum
of a deranged Cantor set([7, 10]). Recently we found the relation be-
tween a subset composing a spectrum by a self-similar measure of a
self-similar Cantor set and a distribution set of the self-similar Cantor
set([8, 9]). On the basis of the relation, we introduce an easy closed
form of computing dimensions of a subset of the same local dimension of
a self-similar measure on a self-similar Cantor set and give an example.
Further we discuss some properties of the function of local dimension of
self-similar measure at a point in a self-similar Cantor set, which plays

an important role in the transformed dimension theory([7, 10]).
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2. Preliminaries

We recall the definition of a deranged Cantor set([2]). Let X, =
[0,1]. We obtain the left subinterval Xi; and the right subinterval X »
of X by deleting a middle open subinterval of X; inductively for each
ie{1,2}", wheren =0,1,2,... . Let B, = Uicq1,2}nXi. Then E, is a
decreasing sequence of closed sets. For each n, we set | Xi1|/|Xi| = cia
and |Xio|/|Xi| = 2 for all i € {1,2}", where n = 0,1,2,--- where
| X'| denotes the length of X. We assume that the contraction ratios ¢
and gap ratios 1 — (¢ 1 + ¢i2) are uniformly bounded away from 0. We
call =N E, a deranged Cantor set([2]). We note that a deranged
Cantor set satisfying ¢i1 = an41 and ¢i2 = b,qq for all i € {1,2}", for
each n = 0,1,2,--- is called a perturbed Cantor set([1]). Further a
perturbed Cantor set with a,+1 = a and b,y =bforalln=0,1,2,---
is called a self-similar Cantor set([11]).

For i € {1,2}", X, denotes a fundamental interval of the n-stage
of construction of a deranged Cantor set. Let R be the set of all real
numbers and N be the set of all natural numbers. For y € R, we([2])
define a quasi-self-similar measure p, on a deranged Cantor set F' to

be a Borel probability measure induced by

,Uy(Xi) = Diy Divjia = * * Divjia, - in

where
v
D o 11, 1,0k
Wyt T Y Y
Cirpyino1,1 T Cigoig1,2
for each 1 < k < n and i = iy,---,%,. Then clearly we see that

Pirysin-1,2 = L = Pig iy 1+

REMARK 2.1. In a perturbed Cantor set F', for y € R we find
Diy e ip_11 = Dk = % for each & € N. Further the quasi-self-similar
k k

measure [, on F'is a Borel probability measure induced by
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Dk for i, =1
i1 o i

X)) = rBp@ ) where 7 =
Hy(Xi) tn 1—p, forip=2"

=11, ik, i and 1 < k < n. We note that p, is just a self-
similar measure if I is a self-similar Cantor set. We write p, as v,
where p = aycfby.

For x € F, we write X,,(z) for the n-th level set Xj,..;, that con-
tains z. We also note that if x € F, then there is 0 € {1,2}"
such that (|~ Xon = {z} (Here oln = 4y,49,--- 1, where 0 =
Q1,99 ,in,iny1, -+ ). Hereafter, we use o € {1,2}" and z € F as
the same identity freely.

In a self-similar Cantor set F', we can consider a generalized expansion
of x from o, that is if 0 = iy,49,- -+ , %, ix41, - - - then the expansion of
218 0.51, 92, s Jky Jea1, - -+ where jp = 0if iy =1 and jp = 2 if 1, = 2.
We denote ng(z|k) the number of times the digit 0 occurs in the first &
places of the generalized expansion of z([12]).

For r € [0,1], we define lower(upper) distribution set F(r)(F(r)) con-
taining the digit 0 in proportion r by

F(r)={reF: lilgninf no(:|k‘) =1},
Firy={r € F: limsupw =7}
k—o0

We write F(r) N F(r) as F(r).
The lower and upper local dimension of a finite measure p at © € R
are defined([11]) by

. o logpu(B(x,r))
dimy,.u(x) = lim inf T logr
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- 1 B
dimyep(z) = lim sup —og,u( (z.1)
r—0 log r

where B(z,r) is the closed ball with center z € R and radius r > 0.
If dim,, p(x) = dimyeep(x), we call it the local dimension of ju at ©
and write it as dimy,.p(x). These local dimensions express the power

law behaviour of u(B(x,r)) for some r > 0.
For o > 0 define

EY = {z e R|dimy, py(x) = a}

= {z eR|lim log piy (B(, 1)) —a)
r—0 IOg’f’

Also we write EY (E") for the set of points at which the lower(upper)

local dimension of 1, on F'is exactly «, so that

log 11y (B(z, 1))

Yo Lo Tim _

EY ={x: hrrn_}onf log. 7 = a},
| B

EZ = {z : limsup og sty(B(x,1)) = a}.
r—0 log r

From now on, dim(F) denotes the Hausdorff dimension of £ € R
and Dim(F) denotes the packing dimension of E. In this paper, we

assume that 0log 0 = 0 for convenience.

3. Main results

Consider a self-similar Cantor set F' with two contraction ratios a

and b. Let y € R and consider p?a®’@ 4 (1—-p)7?"@ = 1 and p = kg

For a > 0, the Legendre transform f¥(«) of beta function 3Y is defined
by

fUa) = inf {B%(q)+ aq}.

—00<g<0o0
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It will be helpful for us to study the relation between the set X, ()
and the closed ball B(x,r) ,that is, | X, (z)| is comparable with r.

LEMMA 3.1. Given a Borel probability measure p on a deranged
Cantor set F, for all x € F,

liminf [08HB@, 1) o log (X (2))
r—0 log 7 n—oo log | Xy ()]
and
log (B log (X,
lim sup ogu(B(z,r)) _ lim sup 0g U Xn(2))
0 log r n—ooo  log| X, ()]

Proof. 1t is obvious from the fact that the contraction ratios are
uniformly bounded away from 0. O

a¥
a¥+bY *

THEOREM 3.2. Let y € R and p = Consider a self-similar

measure Y,(= p,) on a self-similar Cantor set F' and let r € [0, 1] and

g(r,p) = Mﬁfgﬁfﬂzgﬁ;—bm- Then dim(EY) = Dim(EY) = g(r,r) where

= g(’f’,p).

Proof. From (11.30) (11.35) and (11.50) in [11], we see that the di-
mensions of EY is fY(a) = aq + ($Y(q) where ¢ and (3Y(q) satisfies the
two equations such that p?a®(@ 4+ (1 — p)?p”*"@ =1 and

pqaﬁy(Q) loga + (1 — p)Qbﬁy(Q) log b

Putting p?a®’(9 = r for ¢ and (5Y(q) satisfying the above two equations,
we see that r satisfies a = g(r,p). We easily see that g(r,r) = agq +

BY(q). m

REMARK 3.1. From the proof in the above theorem, we get our result
that dim(EY) = Dim(EY) = g(r,r) where a« = g(r,p). However this
result was hinted from the relation between a distribution set and a
subset EY of same local dimension of a self-similar measure([8]).
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REMARK 3.2. The calculation from our result in the above theorem
that dim(FEY) = Dim(EY) = g(r,r) where a = g(r, p) is much easier to
compute than that of Olsen([11, 13]). That is, it is so hard to find the
values ¢ and 3¥(q) satisfying the two equations such that p?a”"(® 4 (1 —
p)ib%'@ =1 and
p?a”@logp + (1 = p)b” W log(1 - p)

p?af’@ loga + (1 — p)abs* (@ log b

o =

After finding such two values ¢ and 3Y(q), we get dim(EY) = Dim(EY) =
[ @) = aq + 3%(q).

REMARK 3.3. In the above theorem, when we consider EY, the range

log(1—p) logp
logb 7 loga

logp log(1—p)
loga’ logb

of ais | | or | | which has non-empty interior if

logp 7£ log(1—p)
loga logh -

We give an example to show how much our calculation is easier than
that of Olsen.

ExXAMPLE 3.1. Consider a self-similar Cantor set with a = 1 and
_ 1 ~ ~ 1
b = ;. Then there is a solution y such that 5 = ay+by That is p = 5

In fact y = 0. Now we find the dimensions of Eg. Our calculatlon is

rlog 2—1—(1 r)log L 5

3
rlog L+(1—r)log L — g(r, 7). In fact

easy. That is we find r such that § =

=2 i 2 2y _ logd-log27 0
= 5. Now we easily find g(3, 5) = =575 So the dimensions of E

log4—log 27

are —= log16

. That of Olsen is so complicated. Sometimes it is almost
impossible to find algebraically the values ¢ and (3Y(q) satisfying the
two equations such that p?a®’@ 4 (1 — p)7%"@ = 1 and
p?a”@logp + (1 = p)b” W log(1 - p)

pqaﬁy(Q) loga + (1 — p)Qbﬁy(Q) log b

o =

In this case we adjusted the numbers to solve it possible even though

6Y(q) log(l——)

1916Y(q) 1 1
=12 log 5+(1—3)
2 2 2
BY (q) and
4

q
q18Y(q) 1 1
5 log 5+(1—-3

o

1
it is also complicated. We solve % = ;‘

1 1
2 1
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4
find 5Y(q) = 1. From %q%ﬁy(q) +(1— %)qiﬁy(q) =1, we see that ¢ = %-
2

4
0(3) _ 3logg — logd—log27
So we have f7(7) = Tiogl +1=""00%

Now we discuss the continuity of the lower(upper) local dimension

function dim,, ., ()(dimepy () of p, at x € F and y € R.

THEOREM 3.3. Fix x € F where F is a self-similar Cantor set. Then
dim,, 1, () is a continuous function for y € R. Similarly dimycp,(z) is
a continuous function for y € R.

Proof. Fix x € F. Let 6,(y) = % for y € R. We note
that dim;,.p, () = y—limsup,,_, . 0,(y) from Lemma 3.1. Assume that
By = min{a, b} and By = max{a,b}. Clearly 0 < By < a,b < By <1

for all k € N. Consider h(z) = L2 for fixed y. From the mean value

theorem we see that h(z) — h(y) = h/(w)(z — y) for some w between z
and y. Then

a®*+b 1)< | log Bi|
a¥ + by By

|z —y|

for all £ € N. Hence

K|z —y]
On(2) — 0p < —
3u(2) = )] < T B
for all n € N where 0 < K < oo which is from B; and independent of

n. Putting ﬁ = C, we have |0,(2) — 0,(y)| < Clz —y| all n € N.

Writing 6(y) = limsup,, .., 0,(y) for every y € R, we only need to
show that d(y) is continuous for y € R. Fix y € R and suppose that
lim, ., 6(2) # 6(y). Then there is € > 0 and a sequence {t,,} of real
numbers such that ¢, — y satisfying §(¢,,) > d(y)+eor 0(t,,) < 0(y)—e.
Consider m satisfying C|t,, — y| < 5. Then |6, () — 0n(y)| < 5 for all
n € N.
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Suppose that §(t,,) > d(y) + €. There is a sequence {my} of natural
numbers such that d,,, (tm) — 0(tm) and |dm, (tm) — 6m, (y)| < § for all
mk. We have a contradiction since lim supy, ., m, (y) > 0(y) + 5.

Now assume that 6(¢,,) < §(y) — €. There is a natural number N,
such that d,(t,) < 6(y) — € for all n > N, and [6,(t) — dn(y)| < §

for such n. We have a contradiction since lim sup,,_,.. 0,(y) < d(y) —

2¢

5. It follows that dim,,.u,(z) is a continuous function for y. Dually

dimy,epty () is a continuous function for y. O

THEOREM 3.4. Let F' be a self-similar Cantor set. Fix y(# s) € R
where a® + b° = 1. Then dim,,  u,(x) is a nowhere continuous function

for x € F. Similarly dimy,.p,(z) is a nowhere continuous function for
z e F.

Proof. We note that each x € F' is a limit point of F' and the distri-
bution set F'(r) is dense in F for each r € [0,1]([12]). Fix y(# s) € R

where a®+b° = 1. Then p = aycfby. For z € F(r), dimyecpiy(2) = g(r, p).

: ogp log(1— log(1-p) lo
So {dimy, t1,(2) : z € B(z,u),u > 0} = Ho§§> gh()gbp)] or | i()gbp), L)gi],

since {dimy, 11,(2) : z € B(xz,u),u > 0} contains {dimye.p,(2) : z €

B(xz,u),u > 0 and z € F(r) for some r € [0,1]} = Hggz’ 1og1(()1g;p)] or

[log( 1-p) logp

st ioee]- It follows easily since [logp logl—p)} o). [loell—p) logp] aq

loga’ logb logb 7 loga
non-empty interior if y(# s) € R where a® 4+ b° = 1. It holds dually for

the case of di—mloc,uy(:v). O

REMARK 3.4. Note that the lower(upper) distribution set £(r)(F

()
r)

is dense in F' for each r € [0,1] since the distribution set F(r) is
dense in F' for each r € [0,1]([12]). If y # s where a® +b° = 1,

. o log(1— log(1— o
{dimgpiy(2) : 2 € Br,u),u > 0} = [22, 250=)] o [lsl=p) tour)
since F(r) = EY where v = g(r,p) and p = =0 with 0 < p < a® and

F(r) = EY where a = g(r,p) with a® < p < 1([8]).
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REMARK 3.5. We see that some variation of dim,, s, (x)(dimyeefs, (7))
is a continuous function for y € R for fixed x € F where F is a de-
ranged Cantor set([6, 7, 10]), which plays an important role in their
transformed dimension theories that give better estimation of dimen-
sions of EY.

REMARK 3.6. ([8]) We see that E% = F = E. if F is a self-similar

Cantor set and a® + b° = 1. Further in this case the range of « is

o log(1— log(1— o .
[joap, l8lon)] — [Rslob) foEP] — {5} We also note that dimy,u(z)

and dimy,./y(2) are constant functions for € F in this case. As

in the above Theorem we used to assume in multifractal theory that

logp - log(1—p)

to avoid the degenerate case .
loga logb
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