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COMMON STATIONARY POINTS FOR
CONTRACTIVE TYPE MULTIVALUED MAPPINGS
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ABSTRACT. Several common stationary point theorems for two classes of
contractive type multivalued mappings in a complete bounded metric space
are given. The results presented in this paper generalize and extend some
known results in literature.

1. Introduction

Let (X, d) be a metric space and B(X) denote the set of all nonempty
bounded subsets of X.

For A, B € X, define §(A, B) = sup{d(a,b) : a € A, b € B} and §(A4) =
d(A, A). If A consists of a single point a, we write (4, B) = d(a, B). If B
also consists of a single point b, we write §(A4, B) = d(a,b) = d(a,b).

Let RT = [0,4+00), N and w denote the sets of positive integers and
nonnegative integers, respectively. Let ® = {¢ : ¢ : Rt — R* is an upper
semicontinuous and nondecreasing function satisfying ¢(t) < ¢ for each ¢t >
0}.

Let F and G be multivalued mappings from (X,d) into B(X). A point
x € X is called a common stationary point of F and G if Fx = Gz = {x}.
For AC X, let FA=|J,c4Fa and GFA = G(FA). The mappings F' and
G are said to commute if FGx = GFx for all x € X.

Define Cp = {T : T is a mapping of from X into B(X) which commutes
with F'}. It follows that Cr 2 {F" : n € w}, where F'z = {z} for all z € X.
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In 1983, Fisher [4] established a common fixed point theorem for contin-

uous and commuting mappings F' and G from (X, d) into B(X) satisfying
I(FPGPz, FPGPy)
(1.1) < cmax{d(F1G" "z, F*G'y),§(F1G" "z, F*G'z),
S(FI1G™y, F*G'y) : 0 < q,7,5,t < p}
for all z,y € X, where 0 < ¢ < 1 and p is a fixed positive integer.

In 1994, Ohta and Nikaido [6] obtained the existence of fixed point for a

continuous self mapping f on (X, d) satisfying

(1.2) d(f*z, fby) <co({f't: t € {z,y},i € w})

for all x,y € X, where 0 < ¢ < 1 and k is a fixed positive integer.
In 2000, Liu and Kang [5] proved some common stationary point theorems
for commuting mappings F' and G from (X, d) into B(X) satisfying one of

the following conditions:

(1.3) S(FPGPz, F1GYY) < ¢(0(Upec,pe P, v}))

for all z,y € X, where ¢ € ® and p, ¢ are fixed positive integers;

(1.4) 3(F"z,G1y) < d(6(Upecpnce Pix:y}))

for all z,y € X, where ¢ € ® and p, ¢ are fixed positive integers.
The purpose of the paper is to study the existence of common stationary
points for the commuting multivalued mappings F' and G from (X, d) into

B(X) satisfying one of the conditions below:
§(FPGQiz, F*G'y)
< ¢(5(UDECFOCGD(U{FmGTu RS {xv y}7 m,T € w})>)

for all z,y € X, where ¢ € ® and p,q,s,t are fixed nonnegative integers

satisfying p4+¢>1and s+t > 1;

(1.5)

(16) 6(Fp$’ qu) < ¢(5(UD€CFUWLEwDFm$7 UEECGUrewEGry))
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for all x,y € X, where ¢ € ® and p, ¢ are fixed nonnegative integers satisfy-
ing p+q > 1. Under certain conditions, we establish two common stationary
point theorems for the contractive type multivalued mappings F' and G sat-
isfying (1.5) and (1.6), respectively. Our results extend and unify several
results due to Fisher [1, 2, 4] and Ohta and Nikaido [6].

It is evident that the conditions (1.5) and (1.6) completely independent
of each other.

Recall some concepts and result in [3, 7.

DEFINITION 1.1. ([3]) Let {Ay}nen be a sequence of sets in B(X) and
A € B(X). The sequence {4, }nen is said to converge to the set A if (1)
each point a € A is the limit of some convergent sequence {ay}nen, Wwhere
an € A, forn € N;

(2) for arbitrary € > 0, there exists k € N such that 4,, C A, for n > k,

where A, is the union of all open spheres with centers in A and radius e.

DEFINITION 1.2. ([3]) Let F' be a multivalued mapping of (X,d) into
B(X). The mapping F is said to be continuous in X if whenever {z, },en
is a sequence of points in X converging to z € X, the sequence {Fx, }nen
in B(X) converges to Fz € B(X).

Lemma 1.1. ([3]) If {An}nen and {B,}nen are sequences of bounded
subsets of a complete metric space (X, d) which converge to the bounded

subsets A and B, resp., then the sequence {§(A,, By)}nen converges to
d(A, B).

LeMMA 1.2. ([7]) Let ¢ € ®. Then ¢(t) <t for each t > 0 if and only if

lim,, o ¢"(t) = 0, where ¢" denotes the n-times composition of ¢.

2. Common stationary points

We are now ready to prove our main results.

THEOREM 2.1. Let (X,d) be a complete bounded metric space, Fand G

be continuous and commuting mappings from (X,d) into B(X) satisfying
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(1.5). Then F and G have a unique common stationary point z € X and

the sequence {F"G"x},e. converges to {z} for all z € X.
Proof. Let A, B be in B(X). By (1.5) we have
§(FPGY, F5G")
< 90Upeccrno PIUHEF" G u € {a, b}, m,r € w})))
for all a € A, b € B, which implies that
S(FPG1A, F°G'B)
< 900(Upecrnoe PIULF™G (AU B) :m, 1 € w}))).
Let M =6(X), k=p+qg+s+tand X,, = F"G"X for each n € w. Choose

z, € X, for each n € w. Let n be fixed in N. It is clear that it can be

written as
(2.2) n==kjn+in, 0<in<k, jncw.

It follows from (2.1) and (2.2) that
(Xn)
=0(F"G"X,F"G"X)
= §(FPGI(FFHin—PGITin=0 X, 0 1)),
FsGt(Fk—f—in—sGk—‘rin—th(jn_l)))
< 0(0(Upecpnce DUFT G (FFFPGM =Xy
UFF =G X, —1)) i m, 7 € w})))
— ¢(5(UDecchGU{Fk(j"_1)Gk(j"_1)Fk+i”'_p+mGk+i"_q+rDX
UFkGn =D Ghn=1) phtin—stmghtin=tdr ) x e 1))
< (0(Xn(j,-1)));
which together with X,, C X,,_ yields that

6(Xn) < 0(Xkj,) < O(6(Xn(j,—1)))

(2.3) << @ THO(X)) < @7 (M),
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For any m > n > k, by (2.2) and (2.3) we have
(2.4) AT, 2m) < 0(Xn, Xm) < 8(X,) < ¢ (M).

It follows from (2.4) and ¢ € ® that {z,}nec. is a Cauchy sequence. By
completeness of X we infer that there exists a point z € X such that z,, — 2
as n — oQ.

It follows from (2.2) and (2.3) that

8z, Xn) < d(z,2m) + (X, Xn) < d(z,2m) + 6(X5)
< d(za $m) + ¢jn (M)

for m,n € N with m > n. Letting m tend to infinity, we obtain that
(2.5) §(z,X,) < ¢'(M), VneN.

Since F' is continuous and x,, — z as n — oo, it follows that {Fz,}new
converges to {Fz}. Note that Fz,, C F(F"G"X) = F"G"FX C X,, for all
n € N. It follows that

(2.6) 0(z, Fxp) < 0(2,X,), VneN.
Taking n — oo, in view of (2.5) and (2.6), we have
§(z, Fz) < ¢’ (M) — 0,

that is, F'z = {z}. Similarly, we have Gz = {z}.

Suppose that F' and G have a second common stationary point w € X.
Thus {u} = F"G™"u C X,, for u € {z,w} and n € w. In view of (2.3), we
infer that d(z,w) < §(X,) < ¢'"(M) — 0 as n — oo, which implies that
z = w. That is, F' and G have a unique common stationary point z € X.

For z € X and n € w, choose y,, € F"G"x. It follows that

A(Yn,2) <I(F"G"x,2z) < §(Xn, 2)
< 3(Xn) € (M) =0 asn — oo,
which yields that {F"G"x},,c., converges to {z}. This completes the proof.
O
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REMARK 2.1. Theorem 2.1 extends Theorem 4 in [1], Theorem 2 in [2],
Theorem 1 in [4] and Theorem 3 in [6].

THEOREM 2.2. Let (X,d) be a complete bounded metric space, F' and
G be continuous mappings from (X, d) into B(X) satisfying (1.6). Then F
and G have a unique common stationary point z € X and the sequences
{F"x}new and {G"x}ne, converge to {z} for all x € X.

Proof. Let M = 0(X), k=p+4q, X, = F"X and Y,, = G"X for every
n € w. Choose x,, € X, y, € Y, for each n € w. Let n € N be fixed. Then,
we note that (2.2) holds. In light of (1.6) and (2.2), we conclude that

0 Xn,Yn) =0(F"X,G"X)

5(Fp(Fq+inXk(jn—1))’ Gq(GpH"Yk(jn—l)))

< Cb((s(UDeCFUm@wDFquHnXk(jnfl)’
UpecoUrew BG"GP T Yi(j,-1)))

= 0(6(Upec, Ume FPUn "V FmHatinDX,
UpecoUre, X006 BY))

< O(0(Xk(p—1)s Ye(in-1))),

which implies that

(X, Vo) < 0(Xkjs Yagn) < O(0(Xk(j—1)s Ya(Gn-1)))

=0 <o < (X)) = 7 ().

For any m > n > k, by (2.2) and (2.7) we have

d((L‘n, wm) < d(«%’m ym) + d(ym7 xm)
<6(X, Y5) +60(Yn, Xn)
<2¢" (M) — 0 asn — oo,
which yields that {z, }necw. is a Cauchy sequence and hence lim,,_, =, = 2

for some z € X by completeness of X. Similarly, lim,, ... ¥, = w for some

w e X.
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It follows from (2.2) and (2.7) that

3z, Xn) <d(z,zm) + 6(xm, Xn)
< d(Z’ xm) + 5($mv ym) + 5(ym7 XTL)
< d(z,xm) + 2¢7 (M)

for m,n € N with m > n. Letting m tend to infinity, we obtain that
(2.8) §(z, X,) < 2¢7" (M), VneN.

As in the proof of Theorem 2.1, we conclude that F'z = {z}. Similarly,
Gw = {w}. Furthermore, (2.2) and (2.7) ensure that

d(z,w) = 0(Fz,Gw) < 6(X,,Y,)

< @"(M) —0 asn— oo,

which gives that z = w. Hence Fz = {z} = Gz.

Suppose that F' and G have a second common stationary point v. Thus
{u} = F"u C X,, and {u} = G"u C Y, for u € {z,v} and n € w. In view of
(2.7), we infer that

d(z,0) < 8(Xn, Yn) < ¢ (M) =0 as n — oo,

which means that z = v. That is, /' and G have a unique common stationary
point z.
For z € X and n € w, choose a,, € F™"x. It follows from (2.2) and (2.7)

that

d(an, 2) (F"x,z) < §(Xp, 2)

<4
<0(X,, V) < (M) — 0 asn — oo,
which implies that {F"x},c, converges to {z}. Similarly, {G"z},e, con-

verges to {z}. This completes the proof. O
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