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THE GENERALIZED TRIANGULAR FUZZY SETS

YoNG SIK YUN*, SANG Uk Ryu**, AND JIN WON PARK***

ABSTRACT. For various fuzzy numbers, many operations have been cal-
culated. We generalize about triangular fuzzy number and calculate four
operations based on the Zadeh’s extension principle, addition A(+4)B, sub-
traction A(—)B, multiplication A(-) B and division A(/)B for two generalized
triangular fuzzy sets.

1. Introduction

The operations of two fuzzy numbers (A, p4) and (B, up) defined in Def-
inition 2.3 are based on the Zadeh’s extension principle([4], [5], [6]). We
consider four operations, addition A(+)B, subtraction A(—)B, multiplica-
tion A(-)B and division A(/)B for two generalized triangular fuzzy sets A
and B.

For two triangular fuzzy numbers, many results for various operations in-
cluding the above four operations are known([1], [2]). About four operations,
we introduce an example in Example 2.5.

In this paper, we generalize the triangular fuzzy number to generalized
fuzzy set in Definition 3.1. It is a symmetric fuzzy set and may not have
value 1. We study four operations for two generalized fuzzy sets in Theorem
3.2. The addition A(+)B and subtraction A(—)B becomes a generalized
trapezoidal fuzzy set defined in Definition 2.5. But the multiplication A(-)B
and division A(/)B need not to be a generalized triangular fuzzy set or a

generalized trapezoidal fuzzy set. And we give an example.
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2. Preliminaries

DEFINITION 2.1. The set A, = {x € X | pa(z) > a} is said to be the

a-cut of a fuzzy set A.

The membership function of a fuzzy set A can be expressed in terms of

the characteristic functions of its a-cuts according to the formula

pa(z) = sup min(a, pa,(2)),
a€e(0,1]

where

(z) = 1, =€ A,,
HANE) = 0, otherwise.

It is easily checked that the following properties hold

(AUB), =A,UB,, (ANB)y = A, N B,.

DEFINITION 2.2. A triangular fuzzy number is a fuzzy number A having

membership function

0, r<a, a3 <,
T—ai1
MA(x) = as—ay’ a1 <z< az,
a3z —x
anag 02 <z <as.

The above triangular fuzzy number is denoted by A = (a1, asz,a3).

DEFINITION 2.3. The addition, subtraction, multiplication, and division

of two fuzzy numbers are defined as

1. Addition A(+)B :

paB(z) = Ziggy min{pa(z), up(y)}, © € A,y € B.
2. Subtraction A(—)B :

pa-)p(z) = s min{pa(z), up(y)}, v € A,y € B.

3. Multiplication A(-)B :
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sup min{ua (), up(y)}, v € Ay € B.

z=x-y

MA(-)B(Z) =

4. Division A(/)B :

pas(z) = sup min{a(z), ps(y)}, © € A,y € B.
z=x/y
EXAMPLE 2.4. For two triangular fuzzy numbers A = (1,2,4) and B =
(2,4,5), we have
1. Addition : A(+)B = (3,6,9).

2. Subtraction : A(—)B = (—4,—-2,2).
3. Multiplication :
0, r <2, 20<x,
—2+v2z
pagp(@) =4 —5 - 25w<8,
7-/972
VIR g < g < 20,
Note that A(-)B is not a triangular fuzzy number.
4. Division :
0, T < %, 2 < x,
Se—1 1 1
pas@) =9 S5 55T<3
—a42 1

Note that A(/)B is not a triangular fuzzy number.

DEFINITION 2.5. A fuzzy set A having membership function

a4 —X
as—ag’

r<ai, ag <,
a1 <z < ag,
az <z < as,

az < x < ay,

where a; € R,1=1,2,3,4 and 0 < ¢ < 1, is called a generalized trapezoidal

fuzzy set.

The above generalized trapezoidal fuzzy set is denoted by A = (aq, as, ¢, as, aq).
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3. Generalized triangular fuzzy set
We generalize the triangular fuzzy number. A generalized triangular fuzzy

set is symmetric and may not have value 1.

DEFINITION 3.1. A generalized triangular fuzzy set is a symmetric fuzzy

set A having membership function

0, r<ay, ay <,
2c(z—aq) ai1tas
,UA(-T) = az—ai ’ a1 <2< 2 0
—2c(z—az)  ay+as
as—a; 2 S x < asg,

where a1,a3 € R and 0 < ¢ < 1.
The above generalized triangular fuzzy set is denoted by A = ((a1, ¢, az)).

THEOREM 3.2. For two generalized triangular fuzzy sets
A= ((ay,c1,a2)) and B = ((by,c2,b2)), if c1 < ¢ and up(x) > ¢1 in [ky, k2],

we have the followings.

1. A(+)B = (a1 + b1, 3(a1 +a2) + ki, c1, 3(a1+a2) + k2, az+bo), ie,
A(+)B is a generalized trapezoidal fuzzy set.

2. A(—)B = (a1 — bg, %(al +a2) — ]{2, C1, %(al —i—a2) — k’l, ag — bl)), i.e.,
A(—)B is a generalized trapezoidal fuzzy set.

3. A(-)B is a fuzzy set on (a1by,asbs), but need not to be a generalized
triangular fuzzy set or a generalized trapezoidal fuzzy set. The membership
function of A(-)B is

\
=)

; x < aiby, azby <,
ﬁ(—l)bl —qay + /(pby + qa1)? — 4pq(arby — z)),
a1by <z < arby + 3(a1 + az)ky,

MA(.)B(x) - %, a1b1 + %(al + ag)/ﬁ S T < a1b1 + %(Gq + ag)kg,
ﬁ (pb2 + gaz — v/ (pb2 + qa2)? — 4pg(azbs — ),
a1b1 + %(Ch + az)kg <z< agbg,
where p = % and q = b22;2bl .
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4. A(/)B is a fuzzy set on (31, 32), but need not to be a generalized

triangular fuzzy set or a generalized trapezoidal fuzzy set. The membership
function of A(/)B is

0, r <3k P2 <uw,
pac)s(@) = cQ(ffc_ff)(fcﬁ(_b?—)bl)x’ ST %,
5 ate < g < agta
Al e S e < g
Proof. Note that
0, r<ay, a2 <x,
pale) = PSR, e Sw<nge,
,2212(10&—;&)7 alé“? <z < ag,
and
0, xr<by, by<uw,
pple) = { RIS b So< g,
_sz(inb—lbz), leQFb2 <x < bs.

We calculate exactly four operations using a-cuts. Let A, = [aga),aga)]

and B, = [b§°‘),b(;”)] are the a-cuts of A and B, respectively. Since o =

2c1 (aga)—aﬂ —2cq (aéa)—ag)

and a = , we have
as—a1l az—ai
o) (a (ag —ay)a (ag — aq)a
Aa:[ag ),ag )]: [7201 +a1,7_261 +a2}.

Similarly, we have

_pl ey = [a=bya (b2 = by
B, = [by ,bg]—[ 50 + b1, o0y +bg}

1. Addition : Since ¢1 < ¢z and pp(x) > ¢y in [k, ko], pacyp(z) = ¢y if
x € [9d92 4 gy, 9t 4 ko). By the above facts,
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Aa(+)Ba — [a(loz) + bga)’a(QOé) + bg@)]

- by — b
- {L aa | g4 bzbe
261 262

as — aq)o bo — b1
—2c —2co
If x € [a1+b1,‘“+T‘12+k:1], then %+a1+%+bl = z. Thus
calculating for o, a = (ic;fz(lggjrzll(;gi)bl 5 Similarly, for 2 € (91392 4 ko, an+

_ —26102(1‘—(12—172)
bs], we have o = Alar—a ) Ter(ba by Therefore

0, r<a;+by, ag+0by <z,
ecalo—aiby) ) by <p< BFe2 4
( ) CQ(GZ_G1)+Cl(b2—b1)? 1 1> 3 1,
A(+)B\T) =
HA(+) %7 %+k1§x<%+k2,
—2c1ca(z—as—bs) a14a
ca(az—ay)+ci(ba—b1)’ 12 2 4 ky <x<as+ bs.

Hence A(+)B = (a1 + b1, %(al + a2) + k1, c1, %(al + (12) + ko, as + bg),
i.e., A(+)B is a generalized trapezoidal fuzzy set.

2. Subtraction : Since ¢; < ¢y and pup(x) > ¢ in [k1, k2],

pa—yp(@) = if @ € [9F92 — ky, Fe2 — k], By the above facts,

Aa(=)Ba = [af™ = b5 af” — b
_ |:(CL2—CL1)05 +a1 (bg—bl)a

2¢1 2y b2,
(ag —a1) b (b2 — b)) by
—2c 2¢o
If z € [aq —bg,‘“‘FTa2 — k3], then %—Fal —% — by = x. Thus
calculating for o, a = (i?_ciglgﬂfz_)bl)- Similarly, for z € [9492 —ky, a5 —
b1], we have o = CQZGiClZQI()Z_CT?ZZ bjgl). Therefore
0, r<ay —by, as—b; <z,

2cico(x—ai+ba) _ aitaz
( ) ca2(az—ay)+ci(ba—b1)’ a; —by < w < 2 k2,
A(-)B\X) =
HA(-) %’ alJQraQ —ky<ax< !1142*02 _ kl’
—2cica(x—az+by) aitas _
ca2(azg—a1)+ci(ba—b1)’ 2 ki <@ <az— b
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Hence A(—)B = (a; — ba, %(al + as) — ko, ¢, %(al + as) — k1, az — b1)),
i.e., A(—)B is a generalized trapezoidal fuzzy set.

3. Multiplication : Since ¢; < ¢ and pup(x) > c1 in [k1, k2, pacyp(r) =
o if x € [9de2k,, @1t k] By the above facts,

Aa()Ba = 0B, a0
(ag — al)a (b2 — bl)a
= B ————— B ——— b
|:( 261 +a1)< 262 + 1)7

(20 o)

(bg — bl)Oé

o0 —I-bz)]-

If z € [a1by, 592k, ], then (% + al)(M + b1) = x. Thus calcu-

lating for «,

az2—aj

a = qu( pb1 — qa1 + \/(pb1 + qa1)? — 4pq(a1by — x)), where p = 5,

bg b1

and q = . Similarly,

a= g (pbz + qaz — \/(pbz + qaz)? — 4pq(azbs — x))
for z € [‘“‘5"2 k2, agbs]. Therefore

r 0, T < (lel, agby < x,
5= (=pb1 — gar + /(pb1 + ga1)? — dpg(arby — @),
a1by <z < arby + 3(a1 + ag)ky,

MA(.)B(x) - %, a1b1 + %(al + ag)/ﬁ S T < a1b1 + %(Gq + ag)kg,
ﬁ (pbz + qag — \/(pb2 + qaz)? — 4pq(azby — l‘))a
a1b1 + %(al + az)kz <z< agbg,
where p = % and g = b22;2bl .

Hence A(-)B is a fuzzy set on (a1b1, azb2), but need not to be a generalized
triangular fuzzy set or a generalized trapezoidal fuzzy set.
4. Division : Since ¢; < ¢ and pup(x) > ¢y in [k1, ko], payp(z) = c1 if

T [m7 %] By the above facts,

Aa(/)Ba = [a8 /65 a$ /8]

(a2;(zl)a +ay (az al)a T ay

= (b2—b1)a+b (bg bl)a +b ]

7202
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Ifze[3t, “12:2“2], then (laz-a)a 4 gy /(Ge=bia ) — 5 Thus calculating

261 —262

_ 2cica(bar—ai) s ai1tas az _
for a, a = las—a)ter(ha bz Similarly, for xz € | b2, bl]’ we have a =
—2cica(biz—as)
2(as—an) ter(a—b)z " Therefore
ai az
0, r <3, s,
2cica(ber—ay) ay aitas
o cz(ag—al)—i-cl(bz—bl)m’ bo S z < 2ks
HA(/)B(:E) - l a1+a2 < T < a1+a2
29 2ky — 2k1 ?
—2cica(biz—asz) ai1+as as
Cz(azfal)JrCl(bz*bl)x’ 2]€1 S z < b1 :

Hence A(/)B is a fuzzy set on (31, §2), but need not to be a generalized

triangular fuzzy set or a generalized trapezoidal fuzzy set. O

EXAMPLE 3.3. Let A = ((2,1,8)) and B = ((1,2,5)) be generalized

triangular fuzzy sets, i.e.,

0, r <2, 8<Zu,
pa(z) = %(az—Z), 2<x <5,
—é(az—S), 5<a <8,
and
0, r<l1, 5<uz,
pp(x) = %(3}— 1), 1<z <3,

—%(a:—E)), 3<x <h.
Let A, and B, be the a-cuts of A and B, respectively. Let A, =

[ago‘), aga)] and B, = [bga), bga)]. Since o = l(a(a) —2) and a = —é(aga) -

6\ad1
8), Ay = [aga),aga)] = [6cr + 2, —6c + 8]. Since a = %(bga) — 1) and
a = —%(béa) —5), we have B, = [bga),bga)] = [2a+1,—-2a + 5. Then
we have the followings.
1. Addition :
0, <3, 13<u,
Z(x-3), 3<z<?Z,
pa+ (@) = %7 %§x<%,

Z(z—13), 2 <z<13,
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2. Subtraction :

0, r< -3, 7<ux,
@ %(x+3), —3<:1:<%,
HA(—YB\T) = 1 5 11
2 1ST<7,
1

ie, A(-)B=(-3,2,1 1.7,

3. Multiplication :

0, r <2, 40 <z,
@ (=114 /121 - 60(2 — 2)), 2<z <%,
HA(yB\T) = 4 75
() %7 ZS Sx< )
35 (50 — /2500 — 60(40 — z)), L <z <40,

Thus A(+)B is a fuzzy set on (2,40), but not a generalized triangular fuzzy

set or a generalized trapezoidal fuzzy set.

4. Division :
0, T < %, 8 <z,
10z—4 2 4
y (z) 5r+12° 5sT<3,
A(/)B = 1 4 20
2 3T <7,
—2(z—8) 20
siria o o9 =T <8,

Thus A(/)B is a fuzzy set on (£,8), but not a generalized triangular fuzzy

set or a generalized trapezoidal fuzzy set.
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