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LOCAL REGULARITY OF THE STEADY STATE
NAVIER-STOKES EQUATIONS NEAR BOUNDARY IN
FIVE DIMENSIONS

JAEWOO KIM* AND MYEONGHYEON Kivm**

ABSTRACT. We present a new regularity criterion for suitable weak
solutions of the steady-state Navier-Stokes equations near boundary
in dimension five. We show that suitable weak solutions are regular
up to the boundary if the scaled L3 —norm of the solution is small
near the boundary. Our result is also valid in the interior.

1. Introduction

In this paper, we study suitable weak solutions (u,p) :  — R xR to
the stationary Navier-Stokes equations in a bounded domain 2 in five
dimensions
(1.1) —Au+ (u-V)u+Vp=f, divu=0 in Q,

' u=20 on Of).

Here f is an external force and €2 is a bounded domain with C? boundary.

After existence of weak solutions was proved by Leray [11] and Hopf
[8] for the time dependent case in dimension three (see also [10] for steady
state case), regularity question has remained open. The five dimensional
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steady-state Navier-Stokes equations has some similarities, e.g. dimen-
sionless quantities due to scaling invariance, to the three dimensional
Navier-Stokes equations. Furthermore, it is of independent interest itself
since five dimension is the smallest dimension where stationary Navier-
Stokes equations is super-critical (compare to [6]). Partial regularity was
proved in [14] and [7] for the interior and boundary cases, respectively.
The main point in [14] and [7] is that if the scaling invariant quantity
1 fQﬂBx,r |Vu|? dz, under the scaling u(z) — Au(Az), is sufficiently small

for x € ), then u is regular at x. This implies that the one-dimensional
Hausdorff measure of possible singular set is zero (compare to [1] and
[13] in three dimensional time dependent case). The five dimensional
steady-state Navier-Stokes equations have been also studied in a num-
ber of papers (see e. g. [2, 3, 4, 5]).

For a point x = (2/,75) € R® with 2’ € R* we denote

Boy={y€R’: ly—z|<r}, Dy, ={y eR': [y —a'[<r}.

For = € Q, we use the notation Q= QN By, for somer > 0. If x =0,
we drop z in the above notations, for instance {1, is abbreviated to €2,.
A solution u to (1.1) is said to be regular at z € Q if u € L>®(Qy,)
for some r > 0. In such case, x is called a regular point. Otherwise we
say that u is singular at x and z is a singular point.
We first make some assumptions on the boundary of €.

AsSUMPTION 1.1. Suppose that € is a domain with C? boundary
such that the following is satisfied: For each point z = (2/,25) € 9
there exist L and rg independent of x such that we can find a Cartesian
coordinate system {yi}?zl with the origin at x and a C? function ¢ :
D,, — R satisfying

Q= QN Boyy = {y=(t,y5) € Buoyy : y5 > 0(y)}
and

9(0) =0, Vyup(0)=0, sup |Vie| < L.

70

REMARK 1.2. The main condition on Assumption 1.1 is the uniform
estimate of the C?—mnorms of the function ¢ for each x € 9. More
precisely, there exists a sufficiently small r; with vy < rg, where r¢ is
the number in Assumption 1.1 such that for any r < rq

(1.2) sup [|@llee(p,) < L(1 47 +71?).
€N

This can be verified by the Taylor’s formula. O
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We recall a class of functions, Morrey type space, denoted by Mo ., (€2)
for some 0 < v < 2 so that f € M, () is equipped with the norm

1 9 %
Wl o= sup —n / Pz .
Mz,4(Q) O r 2l P2y Jo

We note that Ms(€2) contains L%(Q)

The objective of this paper is to present a sufficient condition for
the regularity of suitable weak solutions to (1.1) near the boundary.
Suitable weak solutions will be defined in D5eﬁnition 2.1 in next section.
Our main result is that the smallness of L2 —norm of the velocity field
near boundary implies regularity. Our main result reads as follows:

THEOREM 1.3. Let u be a suitable weak solution of the steady-state
Navier-Stokes equation in ) with force f € My for some v > 0. As-
sume further that Q is a bounded domain with C* boundary satisfying
Assumption 1.1. Suppose that x € 9. There exists € > 0 such that if

1 5

limsup5/ lul2 dy < e,
r—0 12 JQu,

then u is regular at x.

REMARK 1.4. It is an open question whether or not the regularity
criterion in Theorem 1.3 could be replaced by the following condition:

1 5
lim sup / lul™ dy < e, 1<m< .
=0 7 Ja,, 2
We present the proof of Theorem 1.3 in next section. Our regularity
criterion is also true in the interior, which will be shown in the Appendix.

2. Local boundary regularity

In this section we introduce the notations, define suitable weak solu-
tions, derive the equations (2.3) changed by flatting the boundary, and
finally present the proof of Theorem 1.3. We begin with some notations.
Let Q be a bounded domain in R>. We denote by C' = C(a, 3, ...) a con-
stant depending on the prescribed quantities «, 3, ..., which may change
from line to line. For 1 < ¢ < oo, WH4(2) denotes the usual Sobolev
space, i.e., Wh4(Q) = {u € LI(Q) : D% € LI(Q),0 < |a| < k}. We
write the average of f on E as f f, that is f, f = [ f/|E|. Next we
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recall suitable weak solutions for the steady-state Navier-Stokes equa-
tions (1.1) in five dimensions (compare to e.g. [1] for three dimensional
case).

DEFINITION 2.1. Let © C R® be a bounded domain satisfying As-
sumption 1.1. Suppose that f belongs to the Morrey space Ma ,(£2)
for some v > 0. A pair (u,p) is suitable weak solution to (1.1) if the
following conditions are satisfied:

(a) The functions u : Q — R® and p : Q — R satisfy u € W&’Z(Q), pE
L3(Q).

(b) u and p solve the Navier-Stokes equations in €2 in the sense of
distributions and u satisfies the boundary condition u = 0 on 9f2
in the trace sense.

u and p satisfy the local energy inequality

(21) /yvu|¢< /\|A¢+/<H2+p>u-v¢+/gf-ucb,

where ¢ € C§°(R?) and ¢ > 0. O

REMARK 2.2. The existence of suitable weak solutions is proved in
[1] (refer also to [12]) and Definition 2.1 for suitable weak solution for
steady case is analog to that of time dependent case. The main differ-
ence between suitable weak solutions and weak solutions (compare to [2,
p.779]) is the additional condition of the local energy inequality (2.1).
It is an open question if all weak solutions are suitable.

Let zop € 0f). Under Assumption 1.1, we can represent €, ., =
QN Byyro ={y=,y5) € Bagry : Y5 > go( ")}, where ¢ is the graph
of C? in Assumption 1.1. Flatting the boundary near g, we introduce
new coordinates x = 1(y) by formulas

(2.2) x=YY) = (Y1, Y2, Y3, Y4, Y5 — (Y1, Y2, Y3, Y4)) -

We note that the mapping y — = = 1(y) straightens out 9 near x
such that €, ,, p < g is transformed onto a subdomain (€, ,) of
RS ={z €eR®: 25 > 0}.

We define v = uo¢p L, mr =poyptand g = fop™! in ¢(Qyyp).
Then using the change of variables (2.2), the equations (1.1) result in
the following for v and 7:

—A’U—i—(?ﬂ-@)’u—i—@w:g in 1/}( $op)

(2.3) V-v=0 in Y(Qyg.p),
v=20 on 0Y(Qg,,) N{xs =0},
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where V and A are differential operators with variable coefficients de-
fined by
(2.4)
V= (8421 - 90561&25’ 8432 - 80x28z5; 84U3 - 90963&25’ 84U4 - 900648435’ 8305)7
A = aij(x>8§i,xj + bz(x)awm

where a;; and b; are given as
aij(z) = bij,  ais(x) = asi(x) = =z, bi(x) =0,  1=1,2,3,4,

and
4 4
as5() =1+ (¢n)’  b5(2) == baim:
=1 i=1

As mentioned in Remark 1.2, if we take a sufficiently small r; with
r1 < 19, then (1.2) holds for any r < r;. In addition, we note that

(2.5) % Vole, )] < [Vole, )] < 2(Vo(@, 0] for all z € ¥(Quy,)

and

(2.6)

+ + 1+ 1+
Bag)s © V(o) C Bagy om0 (B ) © Qaor CUT (B o)

where B, indicates {y € R} : |y — x| < r}.
From now on, we fix o = 0 without loss of generality. We suppose
that, as above, v is a coordinate transformation so that v, satisfies

(2.3) in ().

REMARK 2.3. Due to the suitability of u, p (see Definition 2.1), (v, )
solve (2.3) in a weak sense and satisfies the following local energy inequal-

ity: There exists ry with r9 < rg where r( is the number in Assumption
1.1 such that
(2.7

)
~ 12 ~ 3. |a
[ oefe<e [ (1of|Ag+ ol + b [Fe] + lg-ol1el).
P(Qrg) P(Qrg)
where € € C3°(B,) with r < 75 and £ > 0, and V and A are differential
operators in (2.4). O

Next we define some scaling invariant functionals, which are useful
for our purpose. Let B)f = B, N{x € R’ : x5 > 0}. Let ro and 71 be
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the numbers in Assumption 1.1 and Remark 1.2, respectively. For any
r < ry and for a suitable weak solution (u,p) of (1.1) we introduce

B0) =1 [ V)P, A6 = [ utw)ds

1 5 1 3
K= [ ity Q0= [ )iy
rz Ja, rJa,
For a weak solution (v,7) and B;f C ¢(Q;,), we introduce
By L & N2 i(r) = L 3
Ey= [ vl Ae)= 5 [ poray

k)= [ el Q= [ )y

re r?
Next lemma shows relations between scaling invariant quantities above.

LEMMA 2.4. Let Q be a bounded domain satisfying Assumption 1.1
and xg € 0. Suppose that (u,p) and (v, ) are suitable weak solutions
of (1.1) in © C R® and (2.3) in 1 (Qy,) C R3, respectively, where v is
the mapping flatting the boundary in the Assumption 1.1. Then there
exist sufficiently small r; and C = C(r1) such that for any 4r < ry the
followings are satisfied:

1 . 1 N
6E(T’) < E(2r) < CE(4r), aA(r) < A(2r) < CA(4r),

1 A 1 R
aK(r) < K(2r) < CK(4r), 6@(7”) < Q(2r) < CQ(4r),
Proof. We just show one of above estimates, since others follows sim-

ilar arguments As indicated earlier, we take a sufficiently small r; such
that (1.2), (2.5) and (2.6) hold. Then
v
- 27‘ /

E(r) < / Vol < /
(@)
E(2r) < 1/ Vol < C/ IVul? < C/ \Vu|> = CE(4r).
2r B; T w—l(B;rr) 4r Qur

On the other hand,
This completes the proof. O

~ |2 A
Vv‘ — CE(2r).

REMARK 2.5. We can also show that f and g have relations as in
Lemma 2.4. To be more precise, for 1 < m < oo

/'mmsc/ mmgc/ g™
Q Y(Q) B3,
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[armsef gmee | i
Bt Y- 1(B) Qa2r
Therefore, it is direct that HgHMM(B:r) <C HfHMM(Q). O

From now on, for simplicity, we denote || f|;, _ = my. Next we show
the local regularity criterion for v near the boundary.

LEMMA 2.6. Let €2 be a bounded domain satisfying the Assumption
1.1 and zp € 0. Suppose that (u,p) and (v,7) are suitable weak
solutions of (1.1) in Q C R® and (2.3) in (Qy,) C R?., respectively,
where v is the mapping flatting the boundary in the Assumption 1.1.
Let x = 1(x0). Assume further that g € Ms . for some vy € (0,2]. Then

there exist € > 0 and r, depending on 7, [|g| 5, _ such that if A%(r) <€
for some r < ry, then x is a regular point.

Before giving the proof of Lemma 2.6, we first control the pressure in
terms of velocity field, which will be used in the proof of Lemma 2.6.

LEMMA 2.7. Under the assumption in Lemma 2.6, there exists r,
such that for any r and p with 16r < p < r,

Q) < o7 (A +p%md )

Proof. Let 1. be sufficiently small such that (1.2), (2.5) and (2.6) hold.
Due to the estimate of pressure for the Stokes system in [9, Theorem
3.7], we know

aen<c(aun+ [ 1) <5 (A@r) [ \gﬁ) .

8r

Combining the above estimate and Lemma 2.4, we obtain
A (G 3
Q) < cqen < 5 (A + [l
r Bg?
3
P2 ; Pyo | -1 2\
<c®Pip)+ 2P (7 [ 1
T T B;—
Recalling observations in Remark 2.5, we deduce the lemma. This com-

pletes the proof. O

The proof of Lemma 2.6 is based on the following decay estimate of
v in a Lebesgue spaces.
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LEMMA 2.8. Let 0 < 6 < % and 3 € (0,v). Under the assumption in
Lemma 2.6, there exist €; > 0 and r. depending on 0,, 3 and m~ such

that if A5 (r) + 190l as, rP+1 < € for some r € (0,7), then
As(0r) < CoMe (A%(r) + mvrﬁJrl) :
where 0 < a < 1 and C is a constant.

Proof. Suppose the statement is not true. Then for any a € (0,1),
6 € (0, %), and C' > 0, there exist z,, \, 0,7, \, 0 and &, \, 0 such that

A5 (rn) + |gnllar, " = e, but A5 (0r,) > CO(AS (ry) + myr ).
Let y = r; }(z—x,) and we define wy,,q, and h,, by w,(y) := e, 'rpv,(z),

an(y) == &, 27, (x) and hy,(y) := €, 173 g, (x) respectively. For conve-
nience we denote A(wp,0) := %IBT lwn|*dy and M := ||hy | as,,,- The

change of variables leads to
(2.8) A5 (0, 1)+ M2 =1 and A5 (w,,0) > CO™.
On the other hand, w,, ¢, solve the following system in a weak sense:

—Aw,, + en(wy, - @)wn +Vgn =h,, divw,=0 in Bfr
wy, =0 on By N{zs =0}.

Due to (2.8) and Lemma 2.7, we have following weak convergence (pos-
sible subsequences of w,, and g, should be taken and we, however, use
the same symbol for simplicity):

w, —w in L¥(B), Gn — q in L%(Bg),

4
—1 n 1+v _ —1 n, . 0+1_ ~v— —
||hnHL% <e, Mjr,7" =¢, Mvrg P <P 0 asn — oo,

Next we show that Vaw, is uniformly bounded in L?(B). Let £ be a
2

standard cut off function satisfying £ =1 on B 1 and £ =0 on R%\ B 8-
Recalling the local energy inequality,

/ vwnﬁsdysc/ |wn|2\A5\dy+/ <|wn|3+|qnwn|) [ve|
B} B} B}

T / o - 5] €1,
5t

we have following weak convergence; w,, — w in W12(BY). Thus, by
4

the compactness theorem, we have strong convergence of w, to w in



Local regularity near boundary in five dimensions 565
L3(BY), namely
2
(2.9) w, — w in L¥(BY).
2

Combining (2.9) and A3 (w,,0) > CO*, we obtain

1 3 1+«
i >
(2.10) <92 /B; |w] dy) >Co e

We note that w and ¢ solve the following Stokes system in a weak sense:

—Aw+ Vg =0, divw=0 in BY, w =0 On{x5:0}ﬂB%.
4

ol

Since w is regular in BT, we obtain
2

1
. 1 3
A3 (w) = (02 /B+ |w\3dy> < G162,

0

where C is absolute constant. At the beginning, we take § € (0, 3)

such that C10% < %91‘“", where C' is the constant in (2.10). This
leads, due to (2.10) and the choice of 6, to a contradiction, because
CoMe < liminf A3 (w,,0) = A3(w,0) = C162 < 61, This com-
pletes the proof. O

Since the Lemma 2.8 is the crucial part of the proof of Lemma 2.6,
we present only a brief sketch of the streamline of Lemma 2.6
The sketch of the proof of Lemma 2.6 We note that due to the
Lemma 2.8 there exists a positive constant oy < 1 such that

Ai(r) < cpvrr (A (p) +myr ™), r<p<n,

+

where 71 is the number in Lemma 2.6. We consider for any x € Br1 /2

and for any r < ri/4

)= [ @ - @ @a=f o)y

1
We can then show that A2 (r) < Cri*@ where C is an absolute constant
independent of v. This can be proved by simple computations and the
details are omitted. Holder continuity of v is a direct consequence of this
estimate, which immediately implies that u is also Holder continuous
locally near boundary. This completes the proof. O
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In next lemma we estimate the scaled L?—norm of suitable weak
solutions.

LEMMA 2.9. Let r, be the number in Lemma 2.6. Under the same
assumption as in Lemma 2.6, for any r < rq

(2.11) A(r) < CE( K3 ().

Proof. This is due to the Holder and Poincaré’s inequality. Indeed,
as before, taking a sufficiently small r; such that (2.5) holds, we have

0355y < €IVl gt 0l 5 ey < € |[V0 .

L2(B+ H ||L2 B+)

We deduce (2.11) by diving both sides by r2. This completes the proof.
O

Now we are ready to present the proof of Theorem 1.3.

The proof of Theorem 1.3 Let 7 be sufficiently small such that
(1.2), (2.5) and (2.6) hold and we will specify 7 later. We assume that
167 < p < 7. By Lemma 2.7 and Lemma 2.9, we have for 167 < p

A(r) < CE(rK3(r)

~

<C [A% (2r) + A@2r) + Q(2r) + m. A3 (2r)r *} K3 (r)
<C

[A(QT)+Q(27")+1+m r2]K5()

3 3y ~2

< CEPEIMA(p) + CEYPm2p¥ KE(r) + € |1+ mir ¥ | K5 ().
Choosing 6 € (0, 7) and replacing r and p by 0r and r, respectively, we
obtain
(2.12)
A(or) <

3'\//\

A 3
i m3r ¥ K5 () +C [1+mi(or) ¥ | K

2 A C

REH6r)A() + 5,
1 2

Now we fix 7 < min{l, (1 +m,) 7,(1 + m,) 37,r.}, where r, is the

number in Lemma 2.6 such that for all r < 7

o< ()" (%)}

where C' is the constant in (2.12) and € is the number in Lemma 2.6.

Therefore,
- €

Aor) < SA0) + 5.



Local regularity near boundary in five dimensions 567

By iteration, we obtain

A 1 -
A(*r) < AW + g dr <1y
Thus, for k sufficiently large, fl(@kr) < ¢, which implies that x is a
regular point due to Lemma 2.6. This completes the proof. O
Appendix

In this appendix we show that Theorem 1.3 is also valid in the in-
terior case. Although interior case is simpler than the boundary case,
we present a sketch of procedures since slight different arguments are
required compared to the boundary case. From now on x is assumed
to be an interior point and B, C 2. We introduce a scaling invariant
functional A,(r) defined by

)= [ ) - @@= f

In the case of interior, we need similar decay estimates comparable to
Lemma 2.6 as in boundary case.

LEMMA 2.10. Let 0 < 6 < %,ﬁ € (0,7) and z € Q be an interior
point. There exist €1 > 0,71, and M depending on 0,~, such that
if uw is a suitable weak solution of Navier-Stokes equations satisfying
Definition 2.1 and if A,(r) + ||g||ar, 7" < &1 and |r(u),| < M for some
r € (0,7r1), then

1 1
A3 (0r) < COMT <Ag (r) + mvrﬁ"'l) ,

where 0 < o < 1 and C is a constant.

Proof. We assume f = 0 for simplicity. Suppose the statement is not
true. Then for any « € (0,1) and C > 0, there exist z,,, 7, \, 0 and &, \,
1 1

0 such that A2 (r,) = e, and r,(u),, < M but AZ(0r,) > CO,.
Using the change of variables y = 7~ !(z—x,), we set v, (y) := e, 'rou()
and ¢, = e;'r2(p(x) — (p)r,). The standard blow-up procedure and
compactness result lead to a contradiction as in Lemma 2.6. Since the
arguments are just repetitions of the boundary case, the details are

skipped. O

Next lemma is straightforward due to Lemma 2.10, and thus its de-
tails are omitted.



568 Jaewoo Kim and Myeonghyeon Kim

LEMMA 2.11. Let x € Q) be an interior point. There exist a constant
€ > 0 depending on v, m. and r, > 0 such that if u is a suitable weak
solution of the Navier-Stokes equations satisfying Definition 2.1 and if

1 . .
As(r) < e for some r < ry, then x is a regular point.

With modifications above, we can have the same regularity criterion
in the interior as in boundary case. Since its verification can be done
by following procedures similar to those of boundary case, we skip the
details.

THEOREM 2.12. The same statement of Theorem 1.3 remains true
when x € ) is an interior point with €2, , replaced by By ;.
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