JOURNAL OF THE
CHUNGCHEONG MATHEMATICAL SOCIETY
Volume 21, No. 2, June 2008

ON THE HYERS-ULAM-RASSIAS STABILITY OF A
CAUCHY-JENSEN FUNCTIONAL EQUATION II

KiL-Woung Jun*, Ju-RI LEE**, AND YANG-HI LEE***

ABSTRACT. In this paper, we obtain the Hyers-Ulam-Rassias sta-
bility of a Cauchy-Jensen functional equation

f(.’E—Fy,Z) —f(.’E,Z) _f(yVZ) :07
2 (2, L55) = flay) — £(w,2) = 0
in the spirit of Th. M. Rassias.

1. Introduction

In 1940, S.M. Ulam [11] raised a question concerning the stability of
homomorphisms: Let G1 be a group and let G2 be a metric group with
the metric d(-,-). Given € > 0, does there exists a § > 0 such that if a
mapping h : G1 — Go satisfies the inequality

d(h(zy), h(z)h(y)) < 6
for all x,y € G1 then there is a homomorphism H : G; — G5 with
d(h(z),H(x)) < e

for all x € G17 The case of approximately additive mappings was solved
by D.H.Hyers [2] under the assumption that G; and Gy are Banach
spaces. In 1978, Th.M.Rassias [10] gave a generalization. Since then,
the further generalization has been extensively investigated by a number
of mathematicians[1, 4-6, 8].

Throughout this paper, let X be a normed space and Y a Banach
space. A mapping g : X — Y is called a Cauchy mapping (respectively,

a Jensen mapping) if g satisfies the functional equation g(x + y) =

9(x) + g(y) (respectively, 2g(*%) = g(x) + g(y)). For given mappings
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£, fi, fo, f3, f1: X x X =Y, we define

le(ﬂi‘,y,Z) = f(x +y, Z) - f(x,z) - f(y7 Z)a
CZf(mayaz) = f(l'ay + Z) - f(xay) - f('l"vz)a
Yy+z

J2f(xay>z) = Qf(l', 92 )_f(xaz)_f(yvz)
for all z,y,z,w € X. A mapping f: X x X — Y is called a biadditive
(respectively Cauchy-Jensen) mapping if f satisfies the functional equa-
tions C1f =0 and Cyf = 0(C1f =0 and Jof = 0, respectively).

In 2006, Park and Bae [9] obtained the generalized Hyers-Ulam sta-

bility of the Cauchy-Jensen functional equation. From Theorem 6 in [9],
we get the following theorem:

THEOREM 1.1. Let 0 <p,g<lande>0. Let f: X x X — Y bea
mapping such that
1CLf (@, y, 2) || < e([|]|” + [lyll” + [|=(7),
1 J2f (@,y, 2)[| < e(l=]|* + [lyl* + [1=])

for all x,y,z € X. Then there exist two Cauchy-Jensen mappings
Fo,Fy: X x X — Y such that

_ p p
1£(2.9) = Folr.y)| < (5= +3)elal? + (= + Delyll”
1£(.y) = f(2,0) = Fs(x.9)]| < (5= + Dellll”

34 3° v »
+(373p+6+2-3 )ellyll

for all x,y € X. The mappings Fc,Fj: X x X — Y are given by

1 )
i _ J
lim = f(z,37y)

J—00

.1 ;
FC(SU,y) = lim ?f(zjxay)a FJ(LU,y) :

for all x,y € X.
In 2007, Lee [7] obtained the Hyers-Ulam-Rassias stability of the

Cauchy-Jensen functional equation. From Theorem 2.1, 2.2, 2.3 and 2.4
in [7], we get the following theorem:

THEOREM 1.2. Let 0 < p,q(# 1) ande > 0. Let f: X x X - Y be
a mapping such that
1CLf (@, y, 2)|| < e([l]]” + [lylP)lI=[]%,
12 (@, y, 2) || < ell=[[P([lyl|* + l|2[|7)
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for all z,y,z € X. Then there exists a unique Cauchy-Jensen mapping
F: X x X — Y such that

2e

1f(@,y) = Fi(z, )| < 2 27]

[l [” w1

for all xz,y € X.

In this paper, we investigate the stability of a Cauchy-Jensen func-
tional equation in the sense of Th.M.Rassias. We have better stability
results than that of Theorem 1.1. We improved Theorem 1.2 under
different inequality condition.

2. Stability of a Cauchy-Jensen functional equation

The authors and Chol[3] established the basic properties of a Cauchy-
Jensen mapping in the following lemma.

LEmMA 2.1. Let f: X x X — Y be a Cauchy-Jensen mapping. Then
x
f(x7y) = 2nf(275y)7

Flay) = 4"F (5 50) = (4" = 2 (5,0),

on’
Py = TELZD 4 on ) (2 o)

for all x,y € X and n € N.
LEMMA 2.2. Let f : X x X — Y be a mapping such that
Cif(w,y,2) =0, Jaf(x,y,2) =0
for all z,y,z € X\{0} and f(0,0) = 0. Then
Cif(zx,y,2) =0, Jaof(x,y,z) =0
for all x,y,z € X.

Proof. Since

f(ovy) - —le(Q.’B, _2$7y) + 201f($, —Z, y) - le(l',.%’,y) - le<—[E, —J),y)
=0
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for all y € X\{0}, we get

le(l’,y,[)) = %[Jgf(l‘ +Y,z, _Z) - JQf(l',Z, _Z)
_JQf(y,Z, _Z) + le(ﬂl‘,y,Z) + ClF(IE,y, _Z)] = 07

Doy, 0)= B f(@,0.9) = ~f, 2. %)~ pay,2)
+%sz(967 —Y,2y) — %sz(%y, —y) =0,

C1f(2,0,0)= C1£(0,y,0) = C1f(0,0,2) = C1f(0,0,0)
=C1f(x,0,2) = C1f(0,y,2) =0,

J2f(0,y,2) = J2£(0,y,0) = J2£(0,0,2) = Ja f(2,0,0)
= J>£(0,0,0) =0

for all z,y,z € X\{0} as desired. O

THEOREM 2.3. Let p < 1 ande > 0. Let f : X x X — Y bea
mapping such that

(2.1) 1CLf (2,9, 2) | < e(lll” + llyll” + 1I2]17)
(2.2) 12 (2, y, 2)I| < e(llz[[” + [yll” + [12]]")

for all x,y,z € X\{0}. Then there exists a unique Cauchy-Jensen map-
ping F': X x X — Y such that

2.3
for all x,y € X\{0}. The mapping F': X x X — Y is given by

2] + elly[1”

F(z,y) :== lim %f(2jx,y)

j—>OO J
for all x,y € X.
Proof. By (2.1), we get

1 A 1 .
I F@y) — S p(@ e ) = W €1 f @ 2,y
= 93P ||P
< 2j2 ||| +
for all z,y € X\{0} and j € N. For given integers I,m (0 <1 < m),

el

m—

2l
SRR EA Z a4

)
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for all z,y € X\{0}. By p < 1, the sequence {%f@jx,y)} is a Cauchy
sequence for all z,y € X\{0}. Since Y is complete, the sequence
{%f(ij,y)} converges for all z,y € X\{0}. Define F; : X x X - Y
by
.1 ;
Fi(r,y) = lm o f(2a,y)

Jj—00 J

for all z,y € X\{0}. Putting [ = 0 and taking m — oo in (2.4), one can
obtain the inequalities

2Pe
1 (z,y) = Pyl < 5—;

for all z,y € X\{0}. By (2), we obtain

[ + elly[”

1 ; 1 )
2 lim *f(QJ.f,O) - Fl(xay) + Fl(x7 _y) + lim fJQf(ija Y, _y)
j—o0 27 j—o0 27
= F1($7y) + Fl(m7 _y)
for all x € X\{0}. Hence we can define F': X x X — Y by

for all z,y € X. Using (2.1) and (2.2), we get

1 o
C1F(z,y,z) = lim —C1f(2'2,27y,z) =0,

j—o0 27
1 .
JQF(x7y7 Z) = hm fJQf(2]xayaZ) =0
j—oo 20
for all z,y,z € X\{0}. Since F(0,0) = 0, we can apply Lemma 2.2.
Hence, F' is a Cauchy-Jensen mapping satisfying (2.3). Now, let F’ :

X x X — Y be another Cauchy-Jensen mapping satisfying (2.3). Then
we have

IF(@,y) ~ F'@ )l < o |F@",) ~ 72", )|

1
4
<Gyt
2’ 2—2p

2e
1"+ S llyll”

for all z,y € X\{0} and n € N. As n — oo, we may conclude that
F(z,y) = F'(x,y) for all z,y € X\{0}. Since F, F’ are Cauchy-Jensen
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mappings,
F(0,y) = 0= F'(0,y),
1 1

for all x,y € X\{0}. Thus such a Cauchy-Jensen mapping F': X x X —
Y is unique. ]

COROLLARY 2.4. Let ¢, f be as in Theorem 2.3 and let p < 0. Then
there exists a unique Cauchy-Jensen mapping F' : X x X — Y such that

1/ (2, y) = F(z,y)| < min{( + %)el\wll”,%lly!\p}

for all x,y # 0.

2—-2p

Proof. From (2.1)-(2.3), we get

Hf(xvy) - F(xvy)H = Hle((k‘ + 1>$7 _kx7y) + (f - F)((k + l)xay)
+(f = F)(=kz,y) — C1F((k + D)z, —kz,y)||

2
< (5= + Dk + 1P + B)el2]” + 3el|y|lP,

1£9) = FGe, )l = 5 12f e, O+ 2), —hy) + ( = ), (k +2))
+(f = F) (@, —ky) — J2F(z, (k + 2)y, —ky)||

2 1
- P PP P
< gy + ellal? + (G + 27 + B)elly]
for all ,y # 0 and k € N. Since k is an arbitrary positive integer and
p < 0, we get the desired result. O

We can prove the following theorem by the similar method used to
prove Theorem 2.3.

THEOREM 2.5. Let p< 1l,e >0 and g€ R. Let f: X x X - Y be
a mapping such that
1C1f (,y, 2)|| < e([l]” + [[ylP)]] =]
12 f (z,y, 2)|| < ell=[P([[yll1* + 1I2]17)

for all z,y,z € X\{0}. Then there exists a unique Cauchy-Jensen map-
ping F': X x X — Y such that

2e
2 —2p

(2.5) 1f (2, y) — F(z,y)ll < [l lPllyl?
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for all x,y € X\{0}. The mapping F': X x X — Y is given by

Fla,y) = lim o [(2,y)
for all x,y € X.

COROLLARY 2.6. Let ¢, f be as in Theorem 2.5 and let p,q < 0. Then
there exists a unique Cauchy-Jensen mapping F' : X x X — Y such that
f(z,y) = F(z,y)

for all (z,y) # (0,0).

Proof. From (2.5), we get

(7 = ) )l = G ((k + V), ~ka, ) + (F = F)((k + 1), y)
HF = F)(~kay) — CYE((k + 1)z, —ka, )|
< ST 2 (k1P + el Pyl
(7 = F)O. )11 = [Csf (ka, k) + (F — F)ha,) + (F — F)(~ha, )|

4
- p p q
< (55 + DWelelPlyll,

I(f = F)(z,0)]| = lHJ2f(w ky, —ky) + (f — F)(x, ky) + (f = F)(z, —ky)|

4
<5 kqellﬂf!lpllyllq
for all z,y # 0 and k£ € N. Since k is an arbitrary positive integer and
p,q < 0, we get the desired result. ]

THEOREM 2.7. Let 2 < pande > 0. Let f : X x X — Y bea
mapping such that
(2.6) 1CLf (2, y, 2) || < e[l ]” + Nyl + [|=]]7)
(2.7) 1 J2f (z, y, 2)[| < e(llz]” + llyll” + [[2]1”)
for all x,y,z € X. Then there exists a unique Cauchy-Jensen mapping
F: X x X — Y such that

6e 2e 3-2P¢

2. - F < P
for all x,y € X. The mapping F : X x X — Y is given by

Fle,y) = lim (55 57) = (@ = 2) (5. 0)

L

for all z,y € X.
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Proof. By (2.6) and (2.7), we get

[20F(55,0) = 2 (g, Ol = 211 f (g 577 O € ol
and
j x Y i1 z Y
”43( 2_7 2]) f(2] O)) — 4 (f(2j+17 2j+1) (2J+1’ ))H
r oy r oy T
_4j”le(2]+]_7 2]+17 2]) 2‘]2.][‘(%7 2] ) le(2j+]_? 2]+170)||
3-41e 2
P P

< 2 (ol + i)

for all z,y € X and j € N. For given integers [,m (0 <1 < m),
m—1 ;
m ey 2J3+1
29 IGO0 < 3 pelel
J:
and
VeE Yy e oy a2l Yy B
WG ) = (5 0) = 4™ (F (o 22 = F s O
m—1
340 2
< 3 S el + i)

j=l

forallz,y € X. By p > 2, the sequences {2" f(57,0)} and {4"(f (57, 55 )—
f(5%,0))} are Cauchy sequences for all z,y € X. Since Y is complete,

the sequences {2" f(57,0)} and {4"(f(57, 5%) — f(5%,0))} converge for

all z,y € X. Define F1,F : X x X — Y by
Fi(z,y) == lim 2 f(-,0)
j—00 23

and

Fy(x,y) = lim 4 (f(5, =) = f(o5,

j—00 27 ’ 27

for all z,y € X. Putting [ = 0 and taking m — oo in (2.9) and (2.10),
one can obtain the inequalities

1 (2, 0) = Fa(z,y)ll < 5p— Ml

2p
and

6¢e 3- 2P
Py
e+ S

1f (@, y) = f(2,0) = Fa(z,y)]| <

2 Iyl
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for all z,y € X. By (2.6), (2.7) and the definitions of F} and Fs, we get

ry
C1Fi(z,y,2) = hm 27C'1f(2] 57 ,0) =0,
J2F1($,y,2) - 0

C1Fy(z,y,2) = hm 4J[le(£ 2% )= O (5, 2-,0)] =0,

20727

‘S\N

z
JoFs(x,y,2) = hm 4jJ2f(2J 2y] 27):0

for all z,y,z € X and so F is a Cauchy-Jensen mapping satisfying (2.8)
where F' is given by

F(a:,y) = Fl(JT,y) + FQ(xay)'

Cauchy-Jensen mappings. Now, let £/ : X x X — Y be another Cauchy-
Jensen mapping satisfying (2.8). Using Lemma 2.1, we have

I(F = F')(z,y)|| = [[4"(F - F)(Qn 2yn)+ (2"—4”)(F—F')(2n70))||
S4”H(F—f)( )H +4"|(f = F)( )H
(P - ngw i+ - wa,u
n+1 n
< G g el + g g

for all z,y € X and n € N. As n — oo, we may conclude that F(z,y) =
F'(z,y) for all x,y € X. Thus such a Cauchy-Jensen mapping F :
X x X — Y is unique. O

THEOREM 2.8. Let 1 <p < 2ande>0. Let f: X x X — Y bea
mapping such that
(2.10) 1CLf (z,y, 2) || < e[l + Myl + [|=[]")
(2.11) 1J2f (@, y, 2) || < e(llzll” + [lyll” + [I=[/*)
for all x,y,z € X. Then there exists a unique Cauchy-Jensen mapping
F: X x X — Y such that
2e 6e 3. 2P¢
2.12 —F < Py
(212)  [f@y) — Pyl < (g + o)l +
for all x,y € X. The mapping F': X x X — Y is given by
29z, 27y) — f(272,0
j—00 4

o 9117

LT
VN Tl
+2f(5;,0)]

for all z,y € X.
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Proof. Let F} be as in Theorem 2.7. By (2.11) and (2.12), we get

|ﬁ4<wxW>—f@%o»— (F@Hr,2Yy) — f(2712,0))]

4+
4J+1 ICLf (2,272,274 y) — 205 f (2, 27y, 0) — C1f (22,272, 0)

3. 20P¢

< Sl + 2yP)

for all ,y € X and j € N. For given integers [,m (0 <1 < m),
1 l l 1 m m m
I3 (2, 2y) ~ F2'2,0) - @ﬂﬂ2x2 v~ 12" 0)]

m— ‘
(2.13) Z 3+1 = (2lJz[1” + 271y )

for all z,y € X. By 1 < p < 2, the sequence {4%(f(2"x,2"y) -
f(2"z,0))} is a Cauchy sequence for all z,y € X. Since Y is complete,
the sequence {4 (f(2"z,2"y) — f(2",0))} converges for all z,y € X.
Define 5 : X x X —» Y by

Fir,y) = lim (25, 2y) ~ §(207,0)]

J—00

for all x,y € X. Putting [ = 0 and taking m — oo in (14), one can
obtain the inequality

6e 3 2Pe

17(,9) = F(2,0) = Fa(a )l € s 2l + T

o 1911

for all z,y € X. By (2.12), (2.13) and the definition of F», we get

ClF2(x7y> ) = lim 7[01]0(2]1" 2]ya 2] ) le(2]$72jy70)] = 07

]_’OO

JoFy(x,y,z) = lim —,JQf(ij,ij,2jz) =0
Jj—00 4_]

for all z,y,z € X and so F' is a Cauchy-Jensen mapping satisfying (2.13)
where F' is given by

F(Z‘,y) = Fl(.%‘,y) + FQ(x7y)'
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Cauchy-Jensen mappings. Now, let 7 : X x X — Y be another Cauchy-
Jensen mapping satisfying (2.13). Using Lemma 2.1, we have

I1F(z,y) —F'(z,y)|
iy (F — F")(2"x,2™y)

+ (2"~ 1)(F — F')(>,0)|

qn on’
< ME = pEma2my)| + (= F)2me,27)]
< -
+2"|(F = )5 Oll +2"[1( = F) (5. 0)l

AC AL 4e 12¢ 2"P 6 - 2Pe
< (47+27p)(2p_2 + 4_21,)”37"10"‘474_2]3”9”]7

for all z,y € X and n € N. As n — oo, we may conclude that F(z,y) =
F'(x,y) for all 2,y € X. Thus such a Cauchy-Jensen mapping F :

X X

(1]
2]

(7l
(8]
(9]
[10]

(11]

X — Y is unique. O

References

P. Gavruta, A generalization of the Hyers—Ulam—Rassias stability of approxi-
mately additive mappings, J. Math. Anal. Appl. 184 (1994), 431-436.

D. H. Hyers, On the stability of the linear functional equation, Pro. Nat’l. Acad.
Sci. U.S.A. 27 (1941), 222-224.

K.-W. Jun, Y.-H. Lee and Y.-S. Cho, On the stability of a Cauchy-Jensen
functional equation, Comm. K.M.S. to appear.

S.-M. Jung , Hyers-Ulam stability of linear differential equations of first order
, Appl. Math. Lett. 17 (2004), 1135-1140.

G.-H. Kim, On the stability of functional equations with square-symmetric op-
eration , Math. Inequal. Appl. 4 (2001), 257-266.

H.-M. Kim, On the stability problem for a mized type of quartic and quadratic
functional equation, J. Math. Anal. Appl. 324 (2006), 358-372.

Y .-H. Lee, On the Hyers-Ulam-Rassias stability of a Cauchy-Jensen functional
equation , J. Chungcheong Math. Soc. 20 (2007), 163-172.

C.-G. Park, Linear functional equations in Banach modules over a C*-algebra
, Acta Appl. Math. 77 (2003), 125-161.

W.-G. Park and J.-H. Bae, On a Cauchy-Jensen functional equation and its
stability, J. Math. Anal. Appl. 323 (2006), 634-643.

Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc.
Amer. Math. Soc. 72 (1978), 297-300.

S. M. Ulam, Problems in Modern Mathematics, Wiley, New York, 1960.



208 Kil-Woung Jun, Ju-Ri Lee, and Yang-Hi Lee

*

Department of Mathematics
Chungnam National University

Dagjeon 305-764, Republic of Korea
E-mail: kwjun@cnu.ac.kr

k%

Department of Mathematics
Chungnam National University
Daejeon 305-764, Republic of Korea

$okok

Department of Mathematics Education
Gongju National University of Education
Gongju 314-060, Republic of Korea
E-mail: 1yhmzi@pro.gjue.ac.kr



