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A NOTE ON THE AP-DENJOY INTEGRAL

JAE MYUNG PARK*, BYuNGg Moo KiM**, AND YounG Kuk
KIM***

ABSTRACT. In this paper, we define the ap-Denjoy integral and in-
vestigate some properties od the ap-Denjoy integral. In particular,
we show that a function f : [a,b] — R is ap-Denjoy integrable on
[a,b] if and only if there exists an ACG, function F on [a,b] such
that F,, = f almost everywhere on [a, b].

1. Introduction and preliminaries

For a measurable set E of real numbers we denote by |E| its Lebesgue
measure. Let E be a measurable set ant let ¢ be a real number. The
density of E/ at ¢ is defined by

. |En(c=h,c+h)|
dely = I, o

provided the limit exists. The point ¢ is called a point of density of
E if d.E = 1 and a point of dispersion of E if d.E = 0. The set E¢
represents the set of all points € E such that z is a point of density
of E. A function F': [a,b] — R is said to be approzimately differentiable
at ¢ € [a, b] if there exists a measurable set E C [a,b] such that ¢ € E?
and

i

F(x)—F
lim (z) — F(c)
zelR r—c

exists. The approximate derivative of F" at c is denoted by Fy,(c).

An approzimate neighborhood(or ap-nbd) of x € [a, b] is a measurable
set S, C [a, b] containing z as a point of density. For every z € E C [a, b],
choose an ap-nbd S; C [a,b] of z. Then we say that S = {S, : z € E}
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is a choice on E. A tagged interval (z, [c, d]) is said to be subordinate to
the choice S = {S;} if ¢,d € S;. Let P = {(;,[ci,di]) : 1 <i < n} be
a finite collection of non-overlapping tagged intervals. If (z;, [c;, d;]) is
subordinate to a choice S for each i, then we say that P is subordinate
to S. Let E C [a,b]. If P is subordinate to S and each z; € E,
then P is called E-subordinate to S. If P is subordinate to S and
[a,b] = Ui [ci, di], then we say that P is a tagged partition of [a, b]
that is subordinate to S.

2. The ap-Denjoy integral

We introduce the notion of the approximate Lusin function. This
function is used to define the ap-Denjoy integral.

For a function F' : [a,b] — R, F' can be treated as a function of
intervals by defining F([c,d]) = F(d) — F(c).

DEFINITION 2.1. Let F : [a,b] — R be a function. The function F
is an approximate Lusin function(or F' is an AL function) on [a, b] if for
every measurable set E C [a,b] of measure zero and for every ¢ > 0
there exists a choice S on E such that |(P)>_ F(I)| < € for every finite
collection P of non-overlapping tagged intervals that is E-subordinate
to S.

A function F': [a,b] — R is ACs on a measurable set E C [a,b] if for
each £ > 0 there exist a positive number § and a choice S on E such that
|(P)>_ F(I)| < e for every finite collection P of non-overlapping tagged
intervals that is E-subordinate to S and satisfies (P)>_|I| < §. The
function F'is ACGs on E if E can be expressed as a countable union of
measurable sets on each of which F'is ACS.

LEMMA 2.2. If F : [a,b] — R is ACGs on [a,b], then F is an AL
function on |a, b].

Proof. Suppose that E C [a,b] is a measurable set of measure zero.
Let E = U2 E,, where {E,} is a sequence of disjoint measurable sets
and F is AC, on each E,. Let ¢ > 0. For each positive integer n, there
exists a choice S™ = {S? : x € E,} on E, and a positive number 4,
such that |(P) > F(I)| < ¢/2"™ whenever P is E,,-subordinate to S™ and
(P)>_|I] < 6y. For each positive integer n, choose an open set O,, such
that B, € Oy and |Oy| < 6. Let S, = 52N (z — p(x, 0%),  + p(z, O%))
for each x € E,,, where p(z, Of) is the distance from = to O, = [a, b]—O,,.
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Then S = {S; : © € E} is a choice on E. Suppose that P is E-
subordinate to S. Let P, be a subset of P that has tags in E,, and note
that (Pn) > |I| < |On| < 6. Hence, we have

(PYY P <Y IP)Y FDI <Y o =c
n=1 n=1
(]

DEFINITION 2.3. A function f : [a,b] — R is ap-Denjoy integrable on
[a, b] if there exists an AL function F' on [a,b] such that F is approx-
imately differentiable almost everywhere on |a,b] and Fép = f almost
everywhere on [a,b]. The function f is ap-Denjoy integrable on a mea-
surable set E C [a,b] if fxg is ap-Denjoy integrable on [a,b].

If we add the condition F'(a) = 0, then the function F' is unique. We
will denote this function F(z) by (AD) [ f.

It is easy to show that if f : [a,b] — R is ap-Denjoy integrable on
[a, b], then f is ap-Denjoy integrable on every subinterval of [a, b]. This
gives rise to an interval function F such that F(I) = (AD) [, f for every
subinterval I C [a,b]. The function F' is called the primitive of f.

Recall that the function F' : [a,b] — Ris AC, on a measurable set E C
[a, b] if for each £ > 0 there exists 6 > 0 such that (P) > w(F,I) < ¢ for
every finite collection P of non-overlapping intervals that have endpoints
in E and satisfy (P) > |I| < §, where w(F,I) = sup{|F(y) — F(z)| :
x,y € I}. The function F' is ACG, on E if F|g is continuous on E,
E =Uy2 | E, and F is AC, on each E,. It is easy to show that if F' is
ACG, on [a,b], then F is ACG; on [a,b]. A function f : [a,b] — R is
Dengjoy integrable on [a, b] if there exists an ACG, function F': [a,b] — R
such that F’ = f almost everywhere on [a, b].

The following theorem shows that the ap-Denjoy integral is an exten-
sion of the Denjoy integral.

THEOREM 2.4. If f : [a,b] — R is Denjoy integrable on [a,b], then f
is ap-Denjoy integrable on |a, b].

Proof. Suppose that f : [a,b] — R is Denjoy integrable on [a, b]. Then
there exists an ACG, function F : [a,b] — R such that F' = f almost
everywhere on [a,b]. Since F' is ACG; on [a,b], by Lemma 2.2 F' is an
AL function on [a,b] and Iy, = ' = f almost everywhere on [a, b].
Hence, f is ap-Denjoy integrable on [a,b]. [

There exists a function that is ap-Denjoy integrable on [a, b], but not
Denjoy integrable on [a, b].
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EXAMPLE 2.5. Let {(an,byn)} be a sequence of disjoint open intervals
in (a,b) with the following properties ;
(1) by < b and bpy1 < by, for all n;
(2) {an} converges to a;
(3) a is a point of dispersion of O = U (ay, by).

Define F': [a,b] — R by F(z) =0 for all z € [a,b] — O and
. of T —ap
F(x) = sin (bn — anw)
for © € (an,byn). Then it is easy to show that the function F is dif-
ferentiable on (a,b] and approximately differentiable at a, but F' is not
continuous at a. Hence F” = F,, almost everywhere on [a, b], but Fy, is
not Denjoy integrable on [a, b], since F' is not continuous on [a, b].

To show that [y, is ap-Denjoy integrable on [a, b], it is sufficient to
show that F'is an AL function on [a,b]. Let E be a measurable set in
[a, b] of measure zero and let € > 0. For each positive integer n, choose
an open set O, such that E N [an, b,] € O, and |Oy| < (by—ay)e/m2" L.

For each x € F, define

[a7 b] - Szozl(ambn) if z= a;

(bnt1, an) if bpy1 <z <ap, n=1,2,---;
%= (z — p(z,05), 2 + p(z,05)) if an <z <bp, n=1,2,--;

(b1,b] if by <x <b.

Then S = {S; : x € E} is a choice on E. Let P be a finite collection of
non-overlapping tagged intervals that is E-subordinate to S. Then we
have

P IF(ed) = > [Fled)+Y > [F(ed)
n=1z€(bp+1,an) n=1z€[an,bn]

o0

o0 d— o0
<> > 2;;(_%? gzlbniﬂan!onr <Y ==

n=1 $€[Cbn,bn] n=1

Hence, F' is an AL function on [a, b].

THEOREM 2.6. Let f : [a,b] — R be ap-Denjoy integrable on [a, D]
and let F(x) = (AD) [ f for each x € [a,b]. Then

(a) the function F is approximately differentiable almost everywhere
on [a,b] and F,, = f almost everywhere on [a,b] ; and

(b) the functions F' and f are measurable.
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Proof. (a) follows from the definition of the ap-Denjoy integral. Since
F is approximately continuous almost everywhere on [a, b], F' is measur-
able by [[4], Theorem 14.7]. It follows from [[4], Theorem 14.12] that f
is measurable. [

THEOREM 2.7. Let f : [a,b] — R and let ¢ € (a,b).

(a) If f is ap-Denjoy integrable on [a,b], then f is ap-Denjoy inte-
grable on every subinterval of |a, b].

(b) If f is ap-Denjoy integrable on each of the intervals [a, ¢| and |c, b],
then f is ap-Denjoy integrable on |a,b] and

AD/f AD/f+AD/f

Proof. (a) Let [c, d] be any subinterval of [a, b]. Let F(x) = (AD) [ f.
Since F' is an AL function on [a,b] and Fy, = f almost everywhere on
[a,b], F'is an AL function on [c,d] and Fy, = f almost everywhere on
[c,d]. Hence, f is ap-Denjoy integrable on [c, d].

(b) Since f is ap-Denjoy integrable on each of intervals [a, ¢] and [c, b],
there exist AL functions F' and G such that F;p = f almost everywhere
on [a,c] and Gy, = f almost everywhere on [c, b] respectively. Define
H :[a,b] — R by

Hia) — F(z), if z€Ja,d
@)=\ P +Ga), i z € (c,b].

Then H is an AL function on [a,b] and H,, = f almost everywhere on
[a,b]. Hence f is ap-Denjoy integrable on [a,b] and H (b) = F(c) + G(b),

) [ f = (aD) / "+ (AD) / s

We can easily get the following theorem.

O

THEOREM 2.8. Suppose that f and g are ap-Denjoy integrable on
[a,b]. Then

(a) kf is ap-Denjoy integrable on [a,b] and (AD) fab kf =k(AD) fab f
for each k € R

(b) f + g is ap-Denjoy integrable on [a,b] and (AD) f;(f +g) =
(AD) [P f+(AD) [*g

(c) if f < g almost everywhere on [a,b], then (AD) f; [ < (AD) f;g

(d) if f = g almost everywhere on [a,b], then (AD fb = (AD) f;g.
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We can easily get the following theorem.

THEOREM 2.9. Let f : [a,b] — R be ap-Denjoy integrable on |a, b].

(a) If f is bounded on [a, b], then f is Lebesgue integrable on |a, b].

(b) If f is nonnegative on [a, b], then f is Lebesgue integrable on [a, b].

(c) If f is ap-Denjoy integrable on every measurable subset of [a, b],
then f is Lebesgue integrable on |a, b].

The ap-Denjoy integral is a nonabsolute integral.

REMARK 2.10. Let f be ap-Denjoy integrable on [a, b], but not Lebesgue
integrable on [a,b]. Then |f| is not ap-Denjoy integrable. If |f| is ap-
Denjoy integrable on [a, b], then |f| is Lebesgue integrable on [a, b] since
| | is nonnegative on [a,b]. It follows that f is also Lebesgue integrable
on [a,b).

THEOREM 2.11. A function f : [a,b] — R is ap-Denjoy integrable on
[a,b] if and only if there exists an ACG function F on [a,b] such that
F,, = f almost everywhere on [a, ].

Proof. Suppose that there exists an ACGg function F' on [a, b] such
that Fy, = f almost everywhere on [a,b]. Then F'is an AL function by
Lemma 2.2. Hence, f is ap-Denjoy integrable on [a, b].

Conversely, suppose that f is ap-Denjoy integrable on [a,b] and let
F(z) = (AD) [ f for each = € [a,b]. Then F is an AL function such
that I, = f almost everywhere on [a,b]. Let £ = {x € [a,b] : F,,(v) #
f(z)}. Then u(E) = 0. Since F' is an AL function, F is AC;s on E. For
each positive integer n, let

E,={x€a,b] —E|n—1<|f(x)] <n}.

Note that each E,, is measurable. Fix n and let € > 0. Since I is
approximately differentiable for each z € F,,, there exists a measurable
set A, containing x as a point of density and a positive number 6, such
that

y—2x
ie.,
[F(y) — F(z) — f(2)(y — z)| <ely — ],
ifye A, N (z — 0z, x 4+ 6,). For each x € E,,, let

Se=A; N (x— by, 2+ 0z).
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Then S = {S, : z € E,} is a choice on E,. Suppose that P is a finite
collection of non-overlapping tagged intervals that is E,-subordinate to
S and satisfies u(P) < £. Then since |F(P) — f(P)| < eu(P), we have

[E(P)| < |[F(P) = f(P) + [f(P)]
< eu(P) + np(P)
<(b—a+1)e.

Hence, F' is ACs on E,. Since [a,b] = [US2,E,]UE, F is ACG5 on
[a,b]. O

THEOREM 2.12. Let f : [a,b] — R be ap-Denjoy integrable on [a, b]
and let F(x) = (AD) [ f for each x € [a,b]. Then F is approximately
continuous on [a, b].

Proof. From the definition of the ap-Denjoy integral, F' is approxi-
mately differentiable almost everywhere on [a,b]. Let E be the set of all
non-differentiable points in [a, b]. Then E is a measurable set of measure
zero. Since F' is approximately continuous on [a,b] — E, it is sufficient
to show that F' is approximately continuous on E. Let ¢ € F and let
e > 0. Since F'is an AL function, there exists a choice S = {S; : z € E'}
such that |(P)XF(I)| < ¢ for every finite collection P of non-overlapping
tagged intervals that is E-subordinate to S. If x € S. N (¢ —n,¢c+ )
for some 1 > 0, then the tagged interval (c,[c,z]) (or (c,|x,c])) is E-
subordinate to S. Hence, |F(x) — F(c)| = |F([c,z])| < e. This shows
that F'is approximately continuous on F. [
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