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DISCRETE VOLTERRA EQUATIONS IN WEIGHTED
SPACES

YooN HoE Goo * AND DoNG MAN IM**

ABSTRACT. We prove the Medina’s results about the existence and
uniqueness of solutions of discrete Volterra equations of convolu-
tion type in weighted spaces, by using the well-known Contraction
Mapping Principle.

1. Introduction

Discrete Volterra equations have been studied as the discrete analogue
of Volterra integrodifferential equations. Volterra equation of convolu-
tion type

n

(1.1) 2(n+1) = Az(n) + Y B(n — j)z(j),
J=0

where A is a k x k real matrix and B(n) is a k x k real matrix defined
on Zy ={0,1,2,---}, appeared in [1] and [3].
In this paper we deal with the discrete convolution equation

n—1
(1.2) z(n) =g(n)+ Y _ a(n —i)f(i, z(i).

i=ng

This equation is a special case of the retarded equation whose delay is
infinite

n—1
(1.3) z(n) = g(n) + Z fnyi, x(i))

1=—00
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in [4]. Medina [4] studied the existence and uniqueness of solutions of

n—1
(1.4) 2(n) = g(n) + 3 F(nira(i)), mo €7
1=ng
in the weighted spaces.
Let w : N(ng) — (0,00), N(ng) = {no,no +1,---}, no € Z, be a
weight function. Define the weighted space
S(N(no),w) = {z : N(no) = R | [z],, = Sup )w_l(n)lw(n)l < 00}
neN(ng

Then S(N(ng),w) becomes a Banach space with the norm |- |,.

We prove in detail the results about the existence and uniqueness of
solutions of (1.2) appeared in [4] without proof, by using the well-known
Contraction Mapping Principle.

2. Main Results

For the discrete Volterra equation

n—1
(2.1) z(n) =g(n)+ Y _ f(n,i,2(i)), no€Z, n€N(np),

i=ng
where g : N(ng) — Rand f : N(ng) x N(ng) x R — R, Medina [4] showed
the existence and uniqueness in the following :

THEOREM 2.1. [4, Theorem 4] For Eqn (2.1), assume that
(i) there exists a function L such that, for ny < i <n andn € N(ng),

|f(n,z,ac) - f(n7l,y)| < L(?’L,Z)‘.ﬁ - y’? T,y € S(N(no),w),

(ii) SUPpen(n) Z?:_r}() w=(n)f(n,1, 0)‘ < 00,

(iii)) 0 < A = Zfino suppsilw t(n)w(i)L(n,i)] < 1,
(iv) g € S(N(ng),w).

Then Eqn (2.1) has a unique solution.

We consider the discrete convolution equation

n—1
(2.2) z(n) = g(n) + ) _ a(n —i)f(n,z(i)), n € N(n),

1=ng
where g : N(ng) — R, a : N(ng) — R and f : N(ng) x N(ng) — R. As an
application of Theorem 2.1, we obtain the following :
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THEOREM 2.2. For Eqn (2.2), we assume that
(i) there exists A : N(ng) — R, such that

[f () = f(, )| < M@z —yl, 2,y € S(Z,w),

(if) supez { 2000 @~ (W)la(n — 0)[1£(3,0) |} < M < ox,
(iii) 0 < A =32 A(i)supp>iw™ ! (n)w(i)]a(n —i)| < 1,
(iv) g € S(Z,w).

Then there exists a unique solution of Eqn (2.2).

Proof. Define T': S(Z,w) — S(Z,w) by

n—1
Tx(n) =g(n) + Y _ a(n—i)f(i,z(i), neZ

i=ng

We claim that 7' maps S(Z,w) into itself. Since g € S(Z,w), it suffices
to show that

n—1
1> aln — i) f(i,2(4)) | < o

g a(n — 1) f(i,z(i))| = iligwfl(n) nzl a(n — i) f(i,z(i))
< il;ll?w‘l(n) f a(n — ){[f(i, () — f(i,0)] + f(z,0)}
< il;};w_l(n) n_f i)z + £(i,0)
< sup gjl w  (m)A(Dw ™ (D)a(n — i)a(i)
+ sup ng:l w™l(m)la(n — )| f(i,0)]
< ni sup{w HmA(Da(n — i)zl } + M
< Zﬁco!: + M
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This implies that 7" maps S(Z,w) into itself. Now, we show that T is a
contraction. For z,y € S(Z,w), we have

Wl (n)|z(n) — y(n)| = Z w™ (n)a(n, )L (@, 2 (@) = f(n, i y(@))]].

i=ng
Thus we obtain
n—1
T2z —Tyle < > supw ' (n)w(@)A(@)w (@)aln — i)|x(i) - y(i)]
i=no n>t
< Alz —ylw.

From (iii), T is a contraction. Therefore, by the well-known Contraction
Mapping Principle, there exists a unique fixed point = € S(Z,w) of T,
and it is a unique solution of Eqn (2.2). This completes the proof. [

THEOREM 2.3. Let the same assumptions as in Theorem 2.2. In addi-
tion, we assume that the weight function w is monotone nondecreasing.
Then Eqn (2.2) has a unique solution in S(Z,w) whenever

(2.3) Z A7) sup |a(n —1i)| < 1.

i=no n>i

Proof. Since w is monotone nondecreasing, we have j((i)) < 1 when
i < n. Then the condition (iii) in Theorem 2.2 becomes

Z)\(i)sup w(i) la(n — 1) Z)\ )sup |a(n — )]

i=ng n>1 W(n) i=ng n>i
< 1.
Hence, by Theorem 2.2, Eqn (2.2) has a unique solution. O

REMARK 2.4. The condition (2.3) in Theorem 2.3 can be simplified
as

n—1
supZ)\ )| f(i,0)] < oo and Z)\

n>zi no 1=ng

when |a| is monotone increasing.
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