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ABSTRACT. L. H. Encinas, A. J. Menezes, and J. M. Masque in [2]
proposed a classification of isomorphism classes of hyperelliptic curve
of genus 2 over finite fields with characteristic different from 2 and
5. Y. Choie and D. Yun in [1] obtained for the number of isomorphic
classes of hyperelliptic curves of genus 2 over F; using direct counting
method. In this paper we will classify the isomorphism classes of
hyperelliptic curves of genus 2 over Fsn for odd n, represented by an
equation of the form y? + asy = x° + agx + a1o(as # 0).

1. Introduction

In 1989, N. Koblitz generalized the concept of elliptic curve[3].
In [2], L. H Encinas, A. J. Menezes, and J. M. Masque proposed a
classification of isomorphism classes of genus 2 hyperelliptic curve over
finite fields with characteristic different from 2 and 5. Y. Choie and
D. Yun in [1] obtained some bounds for the number of isomorphic
classes of hyperelliptic curves of genus 2 over Fj,. Also, they obtained
for the number of isomorphic classes of hyperelliptic curves of genus
2 over Fy using direct counting method.

In this paper we will classify the isomorphism classes of hyperel-
liptic curves of genus 2 over a finite field Fo» with characteristic 2 for

odd n, represented by an equation of the form

v + asy = 2° + agx + aio(as # 0).
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In Chapter 2, we introduce some definitions and some properties
which will be used in this paper. In Chapter 3, we prove our main
theorems for isomorphism classes of hyperelliptic curves of genus 2

over Fyn.

2. Preliminaries
Let Fy» be an extension field of the Galois field Fj, with ¢ elements.
Then the map Trg, : Fyn — F,; defined by

Trr,(a) = a+af +a +---+aqn_1(oz € Fyn)

is called a trace function and the image Trp, (o) of « is called the
trace of a. In other words, the trace of a over Fj is the sum of the
conjugates of a with respect to F,. In particular, we simply write
Tr for Trg,. For o, 8 € Fyn and c € F,, the trace function have the
following properties:

(1) Trp,(a+ B) =Trp,(a) + Trr,(B) -
(2) Trp,(ca) = cT'rg, (o).
(3) T'rp,(c) = nc.
(4) Trp,(a) =Trg, ().

It is well known that Tr(a) = 0 if and only if a = 32 + 3 for some
B € Fan[3]. Also, a trinomial of the form z? + ax + 3 = 0 has a root
in Fy» if and only if Tr(a™28) = 0[3].

Now, we consider the roots of 22" +az +b = 0 (a,b € Fan) as

follows.

Proposition 2.1 Let Z(L) and Z(P) be the sets of all roots of 2" +
x=0and 22" + 2 = b (b € Fyn), respectively. Then Z(L) = Fya,
where Fya C Fyn and d = (n,m). The equation 22" +2z+4b =0 has a
root o for some xg in Fon if and only if Trp, (b) = Zf:_ol p2" = 0,
where k = %. Moreover, If 22" +z+b =0 has a root zo in Fyn, then
Z(P)=x0+ Z(L).
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Proof. The proof follows from [7].
Hence we have the following proposition from Proposition 2.1.
Proposition 2.2 Let
2 far+b=0 (2.1)

be an equation over Fyn, where a # 0. Then :

(1) If n is odd, then (2.1) has 2 roots if and only if T, ( 1\5/I’T) =0

(2) If n is even, then (2.1) has ¢ roots if and only if ¥/a € Fa» and
Trr,( 1\5/T) 0, where ¢ = 2(4™),
Proof. (1) Suppose that n is odd. Then (4,n) = 1 and by Proposition
2.1 Z(L) = F5. Since n is odd, ged(2™—1,3) = 1 and ged(2" —1,5) =
1. Note Fon» — {0} is a finite cyclic group of order 2™ — 1, which is
relatively prime to 15. Hence we have {s'%|s € Fyn} = Fb» and so
Wa € Fan for every a € Fyn. Then the equation (2.1) would be

0 4+ 2 + = 0.

b
15/a16
Thus (1) holds by Propositon 2.1.

(2) Assume that n is even and Y/a € Fyn. Then the equation (2.1)
would be

0 4+ 2 + = 0.

b
15/a16
Hence by Proposition 2.1, 216 + = + 1\5/T = 0 has ¢ roots in Fpn if
and only if Trp, ( 1\5/T) = 0 where ¢ = 2(41)  Thus (2) holds.

The following concepts are very useful to find the trace of an ele-

ment.

Definition 2.3 Two ordered bases {a1, a9, - ,a, } and {51, B2, -,
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Bn} of Fyn over Fy are said to be dual if Tr(a; ;) = d;j, where
{ 0 fori#j
dij = .
1 fori=y

When we represent x by a basis and y by its dual basis for any
x,y € Fon, it follows from the above definition that Tr(zy) = x -y
Throughout this paper, whenever we use the notation x -y for
x,y € Fyn, we assume x, y are represented by a basis and its dual

basis, respectively.

Let C be the equation over Fyn given by y? + H(x)y = F(z) where
H(z) and F(z) are polynomials over Fy»n. A point (x,y) on C is
said to be singular if x and y are in the algebraic closure of Fo» which
satisfies the equations H(x) = 0 and H'(x)y+ F'(x) = 0, where H' (x)

and F’(z) are the formal derivative of H(x) and F(x), respectively.

Definition 2.4 A hyperelliptic curve C of genus g over Fon (g > 1)

is an equation of the form
C:y? + H(z)y = F(a)

which has no singular points on C, where H(x) is a polynomial of

degree at most g and F'(z) is a monic polynomial of degree 2g + 1.

A point (z,y) € Fan X Fon on the curve C is said to be an Fon-
rational point on C. Then the set of all Fs.-rational points on C,
denoted by C(Fsn), is defined by

C(Fan) = {(z,y) € Fan x Fanl|y* + H(z)y = F(x)} U{ O}

where O is the ideal point which makes C(F3») an additive group[6].

The proof of following properties is trivial.



ISOMORPHISM CLASSES OF HYPERELLIPTIC CURVES OF GENUS 5

Now, we briefly explain projective varieties and Weierstrass equa-
tions. Their concepts are taken from [6]. Two hyperelliptic curves are
said to be isomorphic over Fb» if they are isomorphic as projective
varieties over Fyn. Briefly, two projective varieties V; and V5 over Fon
are isomorphic over Fon if there exist morphisms ¢ : Vi — V5 and
Y Vo — Vi (¢, ¢ are defined over Fyn) such that ¢ ot and ¥ o ¢
are the identity maps on V; and Vs, respectively. Let H(z) and F(z)

are polynomials over Fy». An equation H over Fj» of the form
H:y? + H(x)y = F(z)

is said to be a Weierstrass equation of genus g over Fy» if deg(H (x)) <
g, deg(F(z)) = 2¢g+1, F(x) is monic and there are no singular points.
Two Weierstrass equations H and H' are said to be equivalent over
Fyn if there exist o and 3 in Fy» with a # 0, and a polynomial T'(z)
over Fyn with deg(T'(x)) < g, such that the change of coordinates

(z,y) — (@®z + B,y + T(z))

transforms equation H to equation H'.

Let’s denote by H, and M, the set of all hyperelliptic curves of
genus g over Fh» and the set of all Weierstrass equations of genus g
over Fyn, respectively. The following proposition explains the rela-
tion between isomorphism classes of hyperelliptic curves in H, and

equivalence classes of Weierstrass equations in M.

Proposition 2.5 There is a 1-1 correspondence between isomorphism
classes of hyperelliptic curves in H, and equivalence classes of Weier-
strass equations in M.

Proof. The proof follows from [2].
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Now, assume that g = 2, so F(z) = 2° + asz* + asz® + agz? +
agx + ao and H(x) = a12? + azw + a5 where a; € Fyn. Then we can

get the following.

Proposition 2.6 Let £; and F> be two hyperelliptic curves of genus
2 over Fyn given by

E1:y? + (a12® 4 asz + as)y = 2° + aoz? + asx® + agz® + agz + aig

By :y? + (@12® + dzz + ds )y = 2° + dopa” + dya® + dex” + ds + ano.

Then F; and E5 are isomorphic over Fyn, denoted by F1 = FEs, if and
only if there exist a(# 0), 3, 7, 6 and € in Fy» such that the change

of variables
(z,y) — (@®x + B,a°y + a*ya® + a0z + €) (2.2)

transforms F; to F>. In this case we have the following equations
(2.3) :

(o] = a1

a3dg = as

a’as = as + Bas + B3a1

olay = ag +va1 +9% + 3

atdy = ag + yaz + day (2.3)
abdg = ag + vas + Bag + (6 + By)az + (e + B2v)ar + 62

abag = ag + das + %as + (¢ + B0)az + f*dar + B*

atPaig = aip + Bas + B2ae + eas + a4 + Beaz + Bras

L +3%€ear + €2+ 3°

Proof The proof may be found in [2].



ISOMORPHISM CLASSES OF HYPERELLIPTIC CURVES OF GENUS 7

First of all, we explain the isomorphism classes of hyperelliptic

curves of genus 2 over Fon, represented by an equation of the form
2 _ .5 4 3 2
Y-+ asy = x° + agx” + agz” + agx” + agx + ap(as # 0)
Proposition 2.7[1] Let E; and Es be two hyperelliptic curves of
genus 2 over Fhn given by
Ei:y? + a5y = 2° + asa® + aux® + aga® + agz + aio(as #0)

Es: y2 + asy = 2° + ayz® + dgx + aro(as # 0).

Then FE; is isomorphic to Es.
Proof Suppose that E; is a hyperelliptic curve of genus 2 over Fin

given by an equation of the form
Fy: y2 + asy = 2® + asx® + agx® + agr? + asr + aio(as #0).
Then FE; is transformed into E5 given by an equation of the form
Eo - y? + dsy = 2° + duz® + dgx + ajo(ds # 0)
by the change of variables
(z,9) — (@®z + B,y + a*y2® + a0z + ¢)
where 8 =2 + ap and 6% = Bas + vas + as.

From Proposition 2.7, every hyperelliptic curve of genus 2 over Fsn

given by an equation of the form

y? + asy = 2° + asz? + auxr® + agr? + agz + aio(as # 0)
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can be reduced an equation of the form
E:y? +asy = 2° + ayx® + agx + aip(as #0).

Also, suppose that E; and E5 are isomorphic hyperelliptic curves of

genus 2 over Fyn given by
By :y? +asy = 2° + agx® + agz + aro(as # 0).

By y? 4+ asy = 2° + aua® + agz + aro(as # 0).

Then F; is transformed into E5 by the change of variables (2.3). That
is, there exist a(# 0), 3, v,  and € in Fyn such that

( a5cf5 = as
a4cf4:a4
0=~%+0

0 = vas + Bay + 62
0 = aag + as + das + %as + B
L 0 =aaig+ aig + Bag + eas + BPay + €2 + 3.

3. A classification of isomorphism classes of hyperelliptic
curves of genus 2 over Fs»

Now, we characterize the isomorphism classes of hyperelliptic curves
of genus 2 over Fs» for odd n, represented by an equation of the form
y? + asy = 2° + agr + aip(as # 0). Observe that if (n,d) = 1, then
22’1 4+ g = 0 has a root in Fyn for any a € Fyn since (n,d) = 1
implies (2" — 1,29 — 1) = 1.

Theorem 3.1 Let n be an odd integer. Then a hyperelliptic curve of

genus 2 over Fyn, represented by an equation of the form

v+ asy = 2° + agx + ao(as #0)
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is isomorphic to exactly one of following three curves :
(1) y* +y = a°.
(2) > +y=2a°+2.
By +y=a+x+1.

Proof Let E’ be the curve given by the equation

E . y2 +as'y = z° 4+ ag'z + a1o/(a5/ #0).

Note that {a®|a € Fan} = Fan since (2" —1,5) = 1. Hence r = {/af €

Fon, and so the admissible change of variables

2

(2,y) = (r’z,7%y)

transforms E’ to a curve given by
E:y?* +y=2°+agr + ayp (3.1)

Hence E’ = E and there are 2™ such curves. If E is the curve defined
by

E :y* +y=2°+ dgz + aio.
Then E = E if and only if there exist a(# 0), § and € in Fyn such

that
a® =1

616+ 5+ alag +as =0
€2 + e+ 0% + agd* + aro + ago = 0.
Since ged(2" —1,5) =1, we get a = 1 . Hence E = E if and only if
there exist § and € in Fs» such that
0+ +as+ag=0
2 20 4 - (%)
€ +e+ 0" +agd* + aig +ap =0.
(1) Suppose that E; = E, where F is the curve defined by

Ei:y?> +y=2°.
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Then ag = 1 and a19 = 0 in (x) imply
6%+ 0 +az =0 (3.2)

e +e+ 0 +a0=0. (3.3)

Note that Tr(dg) = Tr(6'% + §) = Tr(6'%) + Tr(5) = 0. Hence by
Proposition 2.2, (3.2) has exactly two roots ; and §; +1 in Fyn. Note
that Tr((61 + 1)%° + a10) = Tr(61° + 1 + a10) = Tr(63° + a10) + 1 #
Tr(62° + a1o).

Hence (3.2) has exactly one root which is either ; or §; + 1 and
in that case (3.2) has two roots with respect to e. Thus a system of
(3.2) and (3.3) has two roots. Since there are 22" admissible changes

22n—1

of variables, there are curves isomorphic to Ej.

(2) Suppose that Fy = E, where E5 is the curve defined by
Ey:y> +y=2"+uz.
Then ag = land a9 = 0 in (%) imply
§0+5+azs+1=0 (3.4)

e +e+020+6* +a=0. (3.5)

Note that Tr(dg) = Tr(61% + 6 + 1) = Tr(6*%) + Tr(6) + Tr(1) = 1
since Tr(1) = 1.

Hence Tr(ag + 1) = 0. By Proposition 2.2, (3.4) has exactly two
roots 9 and o +1 in Fyn. Note that Tr((52 +1)%° + (02 +1)* +ay0) =
Tr(63° + 65 + aip). Hence a system of (3.4) and (3.5) has 4 roots in

22n

F5n. Since there are admissible changes of variables, there are

227=2 curves isomorphic to Fs.

(3) Suppose that F3 = E, where Ej3 is the curve defined by

Es:y?+y=2"+z+1
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Then ag = 1 and a19 = 1 in (*) imply
S04+ 5+az+1=0 (3.6)

E+et+0 +0* +aip+1=0. (3.7)

Hence as in (2), Tr(ag + 1) = 0. By Proposition 2.2, (3.6) has exactly
two roots 63 and d3 + 1 in Fyn. As in (2), there are 2272 curves
isomorphic to Fs.

Now, we show no pairs of (1), (2) and (3) are isomorphic.

If B4 = F5, then there exist § and € in Fy» satisfying both §6 +
§+1=0and e+ e+ +6*=0. Since Tr(1) =1,66+5+1=0
has no roots. Hence it is a contradiction. Thus F; 2 Fs. If E1 =2 Fs,
then there exist § and € in Fy» satisfying both §'¢ +6 +1 = 0 and
€24€4+0204+5*+1 = 0. Similarly By 2 Es. If E; = Es, then there exist
§ and € in Fyn satisfying both 61 +6 = 0 and €2 +e+20+544+1 = 0.
But a system of 51 4+ 6 = 0 and €2 + € + §2° 4+ 6* +1 = 0 has no roots
since Tr(62° + 6* + 1) = 0. Hence Ey % E3. So, there are 22" curves
isomorphic to either (1), (2) or (3). Also, there are 22" curves of the
form (3.1). Therefore the curve E’ must be isomorphic to exactly one
among (1), (2) and (3).
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