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SERIES RELATIONS COMING FROM CERTAIN
FUNCTIONS RELATED TO GENERALIZED
NON-HOLOMORPHIC EISENSTEIN SERIES

SUuNG GEUN LiMm

ABSTRACT. Using a modular transformation formula for a class of
functions related to generalized non-holomorphic Eisenstein series,
we find a new class of infinite series about identities, some of which
include generalized formulae of several Berndt’s results.

1. Introduction

In [4], the author proved a modular transformation formula for a class
of functions which stem from generalized non-holomorphic Eisenstein
series. Using this formula, we found a few class of new infinite series
identities [5, 6]. In fact, these works were motivated by the works of B.
C. Berndt who established many relations between various infinite series
[2, 3]. He used a transformation formula for a large class of functions
that comes from a more general class of Eisenstein series. He says the
flavor of his results is much like those infinite series identities found in
Ramanujan’s Notebooks [7]. We hereby state three identities of Berndt’s
results in [3], of which generalized formulae will be given in this paper.
For o, B > 0 with aff = 72,

Z sech? ( (2m+1 ) +8 Z sech? ( (2m + 1)5) =1
(1.2) Z sech? < (2m+1) > = %
ami;sechQ(ma - B Z csch? ( (2m + 1)5) =1- %.
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He obtained (1.1) and (1.3) by differentiation of the transformation for-
mulae for the theta-functions. We see that if « = f = 7 in (1.1), then
(1.2) follows. Berndt [3] says that several other authors have proved (1.2)
by their own methods earlier than his work. In this paper, we continue
the study made in [5, 6]. We derive a few class of infinite series identi-
ties. Some of these results give elegant types of generalization of (1.1),
(1.2) and (1.3). In particular, it is interesting to see that our generalized
formulae of (1.1) and (1.2) look quite different(Corollary 3.3, Corollary
3.4) in consideration of the fact that (1.2) easily comes from (1.1). We
derive these identities directly from only one source, our transformation
formula without differentiation of the transformation formula. It is also
noteworthy that most of our results appear to be new.

2. Notation

In this section, we introduce the necessary notation and shall state
the principal theorem which we use to obtain our results. Let Z and C
be the set of integers and the set of complex numbers, respectively. For
z € C, we choose the branch of the argument defined by —7 < arg z < 7.
Let T'(s) denote the Gamma function. For any non-negative integer n,
the rising factorial (z),, is defined by

(@) =x(x+1)---(z+n—-1) forn >0, (z)g=1.
It is easy to see that

I'(x +n)

(2.1) () = —10)

The confluent hypergeometric function of the first kind 1 Fi(a; 8; 2) is
defined by

o (Ol)n n

lFl(a;ﬁ; Z) = Z (ﬁ)nn'z

n=0
and the confluent hypergeometric function of the second kind U(a, 3, 2)
is defined to be

__ra-5 Lg-1)
Vet i) @)

The function U(«, 8, z) can be analytically continued to all values of
a, [ and z real or complex [8]. Let H = {7 € C | Im(7) > 0}, the upper

1F1(a; 85 2) + ZPIR(1+a— B2 - Bi2).
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half-plane. For real ry, and hy(k = 1,2), let 7 = (r1,72) and h = (hq, ha).
Let e(x) = >, For 7 € H and s1, sy € C with s = 51 + s, define

A(, s1,82;7, ) Z Z e(mhy + ((m +r1)7 4+ 12)(n — ha))

_ 1-s
m+r1>0n—ha>0 (’I’L h2)
xU (s2; s;4m(m + r1)(n — he)Im(7))

and

e(mhy — ((m+r1)7 4+ r2)(n+ ha))
A(T, s1,82;7, h) m§>0n+h22>0 (n+ ha)i—s
x U(s1; s;4m(m + r1)(n + he)Im(7)).
Let
H(r, 51, 50,7, h) = A(T, 81, 82; 7, h) + €™ A(T, 51, 59; —1, —h)
and
H(r, 51, 50;7m, h) = A(T, 51, 59,7, h) + €™ A(T, 51, 59; —1, —h).

Let
1

H(T,7—',81,82;’I“, h) = F(SQ)

H(T,s1,82;7,h) + H(T,s1,52;7,h).

['(s1)
For real x, o and t € C with Re t > 1, let

Yaa )= Y _e(nz)

t
n+a>0 (TL + CM)
and

U(z, o,t) = (x, o, t) + e™ap(—x, —a, t),
Uy (z,0,t) = P(x, 0t — 1) + e™p(—z, —a,t — 1).

The characteristic function of the integers is defined by A. For a real
number z, [z] denotes the greatest integer less than or equal to z and
{z} =2 — [z]. Let

at +b

ct+d
denote a modular transformation with ¢ > 0 for 7 € C. Let

R = (Ry, R2) = (ar1 + cro,bry + dra)

and
H = (Hl,HQ) = (dhl — bho, —chi + ahg).

We now can state the principal theorem.
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THEOREM 2.1. [5]. Let @ = {r € H | Re 7 > —d/c} and ¢ =
c{Ry} — d{R1}. Let s1,s9 € C with s = s1 + so and assume that s is
not an integer less than or equal to 1. Then, for 7 € @,

222 H(Vr, VT, 81,8951 k) = H(T, 7,51, 80, R, H)
Jr)\(Rl)6(*R1Hl)(2ﬂ'i)_sg_ﬂ—zs2‘y(*HQ, —Ro, S)
—A(r1)e(—r1hy)(2mi) %™ 2751 272U (he, 1g, )

_s I'(s—1)
+A(Ho)(47Tm(7))? m\p_l(ﬂl,m,s)

['(s—1) 9—1-s1—1
2272 (hy, 11, S
D(s1)T(52) 1A, )

L(T’ 7_-7 51, 823 Ra H)a

—)\(hg)(4ﬂ'lm(r))1_5
(27i)~Se~ sz
[(s1)0(s2)
where z = ¢ + d and

L(TZ;_ s1,59; R, H)
Z —Hi(j+ [Ra] — ¢) — Ha([Ro] + 1 + [(jd + 0)/c] — d))

1 e—(zv+2(1-v))(G—{RiHu/c
% / vsl_l(l _ ,U)SQ—I/ us—l
0 C e~ (zvtz(l=v))u _ ¢(cHy + dH>)
ellid+o)/ctu
X -
e* —e(—Ho)
where C is a loop beginning at 400, proceeding in the upper half-plane,

encircling the origin in the positive direction so that u = 0 is the only
zero of

dudv,

(em(v+2(1=vDu _ o(cH| + dHy))(e" — e(—Hy))

lying inside the loop, and then returning to +oo in the lower half plane.
Here, we choose the branch of u® with 0 < arg u < 2.

Let B,(z) denote the n-th Bernoulli polynomial defined by

ZB |t\ < 2m).

The n-th Bernoulli number B,,, n > 0, is defined by B, = B,(0). Put
B, (x) = B,({z}), n > 0. Let oF(«, 8;7; 2z) be a hypergeometric func-
tion defined by

2Fi(0, Bivi2) = ) Wz"

n=0

Y
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which has the following integral representation. For Re(y) > Re(a) > 0
and z € C\[1, 00)([1], p. 65),

F(V) ! a—1/1 _ p\y—a—1 — —B
F(a)f‘('y—a)/o 1211 — 1770 (1 — 24)~F dt.

REMARK 2.2. Let s = s1 + s2 be an integer. Suppose H; = Hy = 0.
By the residue theorem, we find that

2 Fi (o, B;7; 2) =

dudv

o e—(zv+z(1-v))G—{RiHu/c o{(e+jd)/c}u
/C'u e—(zv+Z(1-v))u _ q et — 1

—s54+2

. Br((j —{R ¢)B_g19_ id)/c _
~ o Z R —A Z}!2£2+2i2k1;!((0+1 )/ )(_Z>k 1

k=0
We see that if s > 2, then the above sum containing Bernoulli polyno-
mials vanishes and so mL(T,%, s1,82; R, H) can be defined for all
T e H.
Furthermore, we have

- ot [ e e GorEI— G- u/e cf(etid)/chu
A v (1 - U) /C’u e—(zv+Z(1-v))u _ | et — 1 dudv
—5+2 . D, .
o Bie((j —{R1})/c)B—so-r((0+jd)/c)  \j1
= 2m kzo k(=5 +2—k)! (=2)

! z—z \*!
X / (1 —w)s1 o2t <1 - v) dv
0 z

_ o D(002) S5 B = {RiD/AB-wu-illo + /)
I'(s) — El(—s+2—k)!

><(—z)k_1 o Fy <32, 1—Fk;s; z ; z> .

SQ)L(T, 7,81, 82; R, H) can be defined for all values

Thus we see that W

of s1 and s9 with s = s1 + s9 € Z and cgjrz) € C\[1,00). If s9 is an

non-positive integer and s > 0, then it can be defined for all 7 € H.

3. A class of infinite series identities

In this section, we obtain a class of new infinite series identities using
Theorem 2.1. The Eulerian number E(n, j) is defined to be the number
of permutations of numbers from 1 to n such that exactly j numbers are



144 Sung Geun Lim

greater than the previous elements. Note that E(n,j) = E(n,n—j—1).
For any integer n, the polylogarithm function Li,(z) is defined by

>k

Lin(=) = Y

k=1
where z € C and |z| < 1. For n > 0, we see that

n—1

Lion(z) = (1_12)%1 Z% E(n, )2
ym

From now on, we set
T—1
cr—c+1’

where c is an positive integer. For any integer k > 1, let

Vr=

THEOREM 3.1. Let a, 8 > 0 with a8 = n%. For any integers B > 0
and N > 1,

a/c)k N+[k/2;—1
)B NZ( )M > E@N+k—1LN+[k/2]-j—1)
j=0
= cosh((2m + 1)(j + uk)(a —im)/c)
. Z (2m—|— 1)~k stV (2m + 1) (a — in)/(2¢))
N+[k/2)-1
BN ( ) 2N+k_1) > E@N+k—1,N+[k/2]—j—1)
k=0 j=0
y i cosh((2m +1)(j + p) (B + im)/c) on(B,0),

(2m 4 1)~k sinh®V* ((2m + 1) (8 + im)/(2¢))
where ! means that if k is even, then the term with j = 0 is multiplied
by % and
c
— (14 (-1®), N=1,
Sn(B,c) = { 4B+ 1)( (=1)7)
0, N > 2.

Proof. For A,B,N € Z,let ss =A>1, s9=—B <0and s=2N >
2. Put (r1,7m2) = (3,0), (h1,h2) = (0,0), et —c+ 1 = Zi in Theorem
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2.1. Employing V1 = % +i2-, we see that
X0 —(2m+1)n(a—ir)/c
A _R. _ —B: : .
(Vr,A,—B;r,h) Z —on U(—B;2N;2(2m + 1)na/c)
m=0n=1
Note that = == = 0. A direct calculation with (2.1) shows that

I‘(8 ) I(=B)

b — m noj/c k
U(=B;2N;2(2m + Dna/c) = (~1)FP(A - 1)1y <i) ( 2((22N :kl)_ 1)/! !

k=0

Thus we have

5 B\ (=2a/c)
.A(VT, A, —B;?“, h) = (—1)B(A — 1)';0 <k>(2]\7+k—1)'

(3.1) x Z (2m + )" Li_ gy gy (e” BrrDiemimre),

Apply E2N +k—1,j) = E2N +k—1,2N + k — j — 2) to obtain that

— - )/ 2172]\77’6
Li - —(2m a—im)/ey
i @entr-1)(e sinh?2V R ((2m + 1) (a0 — im) /)
N+[k/2]-1
!
}: E2N+k—1,N+1k/2]—7—1)

j=0
x cosh((2m +1)(j + ) (@ — im) €)).

Using the above equation in (3.1), we find that

B
AV, A, ~Bir iy = CAZ DS <B) ( Caje)
k=0

92N-1 k)(@2N+k—1)!
N+[k/2]-1
/
x > E@N+k-1,N+[k/2]—j—1)
j=0

" cosh((2m 4+ 1)(j + px) (o — i) /)
(2m + 1)~k sinh® ¥k (2m 4+ 1) (a — i) Je)

It is easy to see that

0 —(C2m+1)n(a—im)/c

AWVT, A —B;—rh) = Z Z : n1—2N

m=0n=1
xU(=B;2N;2(2m + 1)na/c)
=A(Vr,A,—B;r,h).
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Now recalling @ = ﬁ = 0, we obtain that
2

H(VT, V77', A, —B, r, h) = mA(VT, A, —B7 T, h)
(—a/c)

_(F)E (B
~ 22N-2 §<k>(2N+k—1)!

N+[k/2]-1
x Y E@N4+k—1,N+[k/2)—j—1)
=0
cosh((@m £ 1) + (o~ im)/)
(2m + 1)~k sinh?2V TR ((2m + 1) (o — im) Je)

Note that (Ri, Re) = (3,—%), H=(0,0) and 7 =1— 1 +iZ. By the
same way to calculate A(V'r, A, —B;r,h), we find
ef(2m+1)n(67i7r)/c

‘A(TaAa *B;R7H) - Z Z nl—2N
0

1

_<i13§<A—1>! P (B\ (=B/e)
B 22N -1 Z(k>(2N+k1)!

U(—B;2N;2(2m + 1)nf/c)

k=0
N+[k/2]—1
/
x > E@N+k—1,N+[k/2]-j—1)
7=0

o cosh(@m+1)(j + uk)(B +im)/c))
(2m 4+ 1)~k sinh®¥* ((2m + 1) (8 + in) /c)

We also see that A(r,A,—B;R,H) = A(1,A,—B; —R,—H). Thus
A(Tv A) _B; Rv H)

(-D)B (B (=B/o)f
s 2 () vk oy
N+[k/2-1

x 3 E@N+k-1N+[k/2-j-1)

=0
cosh((2m + 1)(j + p)(B + im)/c))

*2m + 1) Fsmb2 T (2m 1 1)(3 + i) Jc)

2
H(r, 74, ~Bi R H) = 7—y;

The other parts of Theorem 2.1 are calculated as follows. It is easy to

see that
(ct+d) ' (T +d)" %2 = (gz) - <—gi>B = (—
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Since A(R1) = A(3) = 0 and A(r1) = A(3) = 0, the equations with
A(R1) and A(r1) vanish. Applying ﬁ = ﬁ = 0, we also see that
the equations with A(H2) and A(hg) are equal to 0. Using Remark 2.2,

we find
(2m’)_56_m52

L(r,7,s1,89,; R, H
e T(ag) o052 B H)

(PN ¢ ‘zi“ Bi((£ = 1/2)/e) B_ano-k((£ — 1/2)/c)

T2N) & & K(—2N +2 —k)!

T\ k-1
x (-4) 2Fi(—B,1— k;2N;2).
(6%

Note that, in the above equation, the sum for the Bernoulli polynomials
is valid only for N = 1. A short calculation shows that

(B (2" _ (1P
2F1(_BJ;2;2>:;)< )n—|—1 T 2B+1)

Finally, combining all the above results, we complete the proof. ]

COROLLARY 3.2. Let a, 8 > 0 with o3 = m2. For any integer N > 1,

2N1

. cosh((2m + 1)ja
QNZ YE(AN —1,2N —=1-4) ) | cosh‘lN((((thr 1)§a/)2)
m=0

2N1

L . L 2. cosh((2m +1)j8)
_3 Z ]E4N 1,2N —1 J)ZOCOSh4N((2m_|_1)ﬂ/2)7

where ! means that the term with j = 0 is multiplied by %
Proof. Let B =0 and ¢ =1 in Theorem 3.1. We have
cosh(((2m + 1)j(a £ in)) = (—1)? cosh((2m + 1)ja)

and
1 1
sinh?V (2(2m +1)(a+ m)) = (=1)" cosh?V <2(2m + 1)a> :
Replace N by 2N to obtain the desired result. O

Corollary 3.2 shows an elegant symmetric identity for « and 3. Let
N =1 in Corollary 3.2. Using
1

cosh z = 2 cosh? (E> - =,
2 2
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we find
2Z:sech2< (2m+1) ) 2Z:sech4< 2m+ 1)« >
= 32 Z sech? (;(2771—}— 1) ) ZB Z sech? ( (2m + )B)
)-

m=0 m=0
which is able to be compared with (1.1

COROLLARY 3.3. For any integer N > 1,
2N -2

N B o > cosh((2m + 1)jm)
;0( BN =3,2N =2 ])Z_:()cosh4N_2((2m+1)7r/2)

1
N N=1,
0 N > 1,
where / means that the term with 7 = 0 is multiplied by %
Proof. Let B=0,c=1and a« = = in Theorem 3.1. Apply
cosh((2m +1)j(m — in)) = (1)’ cosh((2m + 1)j7),
sinh (;(Qm +1)(7m — m)) = (—=1)™"% cosh <;(2m + 1)7r> .

Replace N by 2N — 1 and the desired result follows.

Corollary 3.3 gives a generalization of (1.2). If N =1 in Corollary 3.3,

then we have (1.2).

COROLLARY 3.4. Let o, 3 > 0 with a3 = w2. For any integer ¢ > 1,

o Z csch? ( 2m +1)(a —ir > +8 Z csch? ( (2m + 1)(6+m)) =

m=0 m=0

Proof. Let B=0, N =1 in Theorem 3.1.

Corollary 3.4 shows a generalized type of formula (1.1). If ¢ = 1 in
Corollary 3.4, then we have (1.1). Actually (1.2) simply comes from
(1.1) when o = 8 = w. By the way, generalized formulae of them, i.e.,

Corollary 3.3 and Corollary 3.4 look like quite different formulae.

Now we find another form of infinite series identity. Let ((s) be the
Riemann zeta function. Let {z}* =1—{x}. For k, u € Z and t, v € C,

Let

(o) = (—1)F/2+u sinh(t(u + )v), K odd,
T T (—1)IF/2+ cosh(tuw), k even.
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THEOREM 3.5. Let o, B > 0 with o3 = w%. For any integers B > 0
and N > 1,

N+[k/2]—1

B NZ( )%‘/C)k Z' E@2N +k—1,N +[k/2] —j — 1)
2N +k—1)! ’

=0

XZ gr(2m, j, (a — im) /c)

—k cosh®M T (m ( —im)/c)

+[k/2] 1
ZipY 0(5) 2N2f/k;_1 Z E@QN+k—-1,N+[k/2] =j-1)
y i im+ {c/z} ),4, (8 + i)/c)
o (m + {c/2} )=k cosh®FF (m + {¢/2}7)(8 + im) c)

+HEDPERT =22 (AN e/2) ()P am — (=)NBTY)C(2N) + 6n (B, ),
where | means that if k is even, then the term with j = 0 is multiplied
by %

Proof. Let sy = A>1, 39 =—-B <0 and s = 2N > 2 in Theorem
2.1. Here A, B and N are integers. Put (r1,72) = (0, %), (h1,h2) = (0,0)
and ¢t —c+ 1 = 7. Note that

1 « 1 1

=—+i— and = .
VT c + Yer O I'(s2) I'(-B)=0

The direct calculations show that

627ri((mV7'+%)n) _ 627rimn(1+i%)/c+i7rn _ (_1>n —2mn(a—in)/c

e
and
B 4mna/c)k
U(—B;2N;4mmnIm(VT)) = -1) 'kzzo< >2N+kii)
Thus
A(VT A B;r, h)
Z m‘; +1/2n )U(—B;QN;47rmnImV(7'))

B 72mn(a7i7r)/c

B da/c
- (71)B(A—1)!Z (k) (2N+k/ I Z ’“Z n1—2N—k

Ic—O m=1 n=1

B ' Z 4OL/C —@N+E-1) ( 2m(o¢7i7r)/c)
N Pt 2N +k—1) £ m~k ’
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Put w = m(a—im)L. Using E(k, j) = E(k,k — j — 1) and reversing the
summation order over j, we find that

Li—(2N+k—1)(_6_2w)

1 2N+k—2 |
- (1+ e—2w)2N+k Z E@2N +Fk— 1,j)(_€—2w)2N+k—1—]
j=0
eW(2N+k) 2N +k—2 ‘ |
= (ev + e—w)2N+k Z (_1)k+g+1E(2N + k- 1’j)€w(—4N—2kz+2+2])
j=0

(_1)k2—2N—k 2N+k—-2

- —1)H E@N + k —1, ) 2wN=k/2=5-1)
cosh2N+k (w) JZ:; (=1) ( 7
- (_1)N+k2172N7kN+[k/2;_1

E@N+k—1,N+[k/2]—1—j
P 2 k/2) = 1= )

X gr(2m, j, (a —im)/c),

where / means that if k is even, then the term with j = 0 is multiplied
by % Hence we obtain

A—-1)! 5 B 2a/c)F
A(VT A —B;r,h) = (1)B+N(22N1) Z <k:) (2]\5 _1_/],6)_ 1)!

k=0
N+[k/2]-1

x 3 E@N+k-1,N+[k/2-1-)
§=0

- mkgk(Qmaja (a — ZT[-)/C)
2 cosh T (m(a — im) Jc)
m=1
Note that A(VT, A, —B;—r,—h) = A(V1, A, —B;r,h) for (r1,re) =
(0,1) and (h1,ho) = (0,0). Then
H(VT, A —B;r,h) =2AVr, A, —B;r,h).
Recalling ﬁ = ﬁ = 0, we find that

1
H(VvT7 V’i_', A, —B; T, h) = WH(V’T, A, —B, r, h)

= = 1)!A(V7',A, —B;r,h)
(PN E B (20/0)
= (1)

22N -2 k)@2N+k—1)

k=0
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N+[k/2]-1
/
x S E@N+k—1,N+[k/2~1-j)
§=0
" i mkg];](\?lz’j’ (a— m)/c)
2= cosh (m(a —im)/c)
Next, we examine H(7,7, A, —B; R, H). Note that
c 1l—c 1
(Rl?RQ) - <27 2> ’ (HlaHQ) - (07O)a T=1-— E +Za

Replacing m by m + [-§] + 1 and using § + [-§] +1 = {§}*, we have

A(r,A,—B;R,H) = f: f: e(((m + {c/2}*)7 + (1 — ¢)/2)n)

nl—QN
< U (—B;QN;4 (m+ {g}) ”f) .
Observe that

e(((m -+ {¢/2)7)7 + (1= 0)/2)n) = (~1)7e2mHe/2A i

and
U <—B;2N;4 (m + {g}) "f)

B

_ B\ (=4(m + {¢/2}*)np/c)*
—(‘1)B(A_1)!kz_o<k> CN+k-1)

m=0n=1

Thus, applying the same method to compute A(7, A, —B;r, h), we find
A(r, A, —B; R, H)

~ -y (D) g S o 5

0
xLi_ (2N+k—1)(_6 2(m+{c/2}" )(ﬁ'ﬁ‘lﬂ')/c)

_ (A-1) ¢ (28/c)"
- P 2:;( >2N—|—kz—1)

N+[k/2 -1
Z EQ2N +k—1,N +[k/2] —1 )
]:

o (m o+ {e/21) ge(2(m + {c/2}), 4, (B + i) /)
X Z:O cosh®M 5 (2(m + {¢/2}*)(B + im) /c) .
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Employing A(r, A, =B; =R, —H) = A(7, A, =B; R, H) and 5 = 0,
we finally have

H(r,7;A,—B;R,H) = (Afl)!A(T’ A, —-B;R,H)
(~)FN K (B (28/0)"
T 92Nz (k>(2N+k—1)!

N+[k/2)-1

S E@N+k—1,N+[k/2] - 1—j)

7j=1

S (/2 ) gk (2(m + {e/2}7), 5, (B + im) /)

= cosh®V ¥ (2(m + {c/2})(B + im) /)

The term with A(R;) = A(5) is valid only when ¢ is even. For c even,
) =

U(—Hy, Ry, 2N) = 2¢(0, (c — 1)/2, 2N)

=2 Z 2N
n+(c—1)/2>0 (nt(c=1)/2)

1
— 2;0 CESY 2022 — 1)¢(2N).

Similarly we have
W(hg,r9,2N) = U(0,1/2,2N) = 2(22Y — 1)((2N).

The terms with A(Hs) and A(hg) are nullified by using ﬁ = 0. Lastly,

it is easy to see that L(7,7, A, —B; R, H) has the same evaluation in the
proof of Theorem 3.1. Using all the above results, we arrive at the
desired result. O

Let ¢ =1 in Theorem 3.5. Short calculations show that

sinh(m(2j + 1)(a — im)) = (—1)" sinh(m(25 + 1)),
cosh(2mj(a —im)) = cosh(2mja)

(3.2) cosh? ¥ (m(a — im)) = (—=1)™ cosh®V ¥ (may)

and

cosh((2m 4 1)j(B +im)) = (—1)? cosh((2m + 1)j3),
sinh((2m +1)(j + 1/2)(B +im)) = (— 1)m+]zcosh((2m+l)(3+1/2) B),
(3.3) cosh® ™ ((m 4 1/2)(8 +im)) = (=1)N ki sinh®N R ((m +1/2)8).

Now we obtain identities with only real values.
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COROLLARY 3.6. Let a, 8 > 0 with a3 = w2. For any integers B > 0
and N > 1 with B= N (mod 2),

N+[k/2]-1
/

Oék
NZ( >2N42rk)) S B@N k- LN+ [k/2—j—1)

=0
9k 2m.7a )
XZ m=Fk cosh?V T (ma)
R
N
= —_ EQN+k—1,N+[k/2]—j—-1
p kz—o(k> 2N +k —1)! 2_: + +k/2] =5 -1)

cosh((2m + 1)(j + p)B)

x
(2m + 1)~ sinh®V ¥ ((2m + 1)8/2)

V127 ()N(aN).
Proof. Put ¢ =1 in Theorem 3.5. Employing (3.2), (3.3), we have

9k (2m, j, o — i) _ gx(2m, j, @)
cosh® ¥ (m(a —im))  cosh®¥ ¥ (ma)
and
ge(2(m +{1/2}"), 5, f+im) _neosh(@m+1)(j + ux)B)
cosh? T ((m + {1/2}*)(B + im)) sinh?M R ((m 4+ 1/2)6)
Use the above calculations to obtain the desired result. O

COROLLARY 3.7. Let a, 8 > 0 with o3 = w2. For any integer N > 1,
-1

N L N—1_j) 3 cosh@mja)
@ ;) 1YE@N —1,N -1 )mz::l cosh®™ (ma)

N-1 00 ;
N B L cosh((2m + 1)j5)
=5 jzo E@N—-LN—-1-j) Z::o sinh?V ((2m +1)3/2)

+(=8) N (2N — 1)1(22V 7 — 27 1Y((2N) + e,

where ! means that the term with j = 0 is multiplied by % and

5. N=1,
6 s
Y7o, N>2

Proof. Put B =0 and ¢ = 1 in Theorem 3.5 and apply (3.2), (3.3).
O

Corollary 3.7 is a generalization of (1.3). If N = 1 in Corollary 3.7, then
we find (1.3).
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COROLLARY 3.8. Let o, 3 > 0 with a3 = 2. For any integer B > 0,

[k/2]

az< >( )" Z (ki + 1, [k/2] — )i 95(2m . )

- k+2
£= m~k cosh™* (ma)

B¢ 2 _\BY
5 Z sech®(ma) + (—1) 1
[k/2]

B
B ! )
— Z( > k+1‘jz::0 E(k+1,[k/2] - §)

> cosh((2m +1)(j + px)B)
x 2 2m+1 ksmhk+2((2m+ 1)3/2)

:1
B

B < 2
+2mz::ocsch < 2m+1)ﬁ>+ B+1)

where I means that if k is even, then the term with j = 0 is multiplied
by %
Proof. Put N =1 and ¢ =1 in Theorem 3.5 and use (3.2), (3.3). O

We also see that Corollary 3.8 includes (1.3). We may obtain more new
types of infinite series identities using Theorem 2.1 as B. C. Berndt has
done in [2, 3].
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