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CONTROLLABILITY FOR SEMILINEAR STOCHASTIC
FUNCTIONAL DIFFERENTIAL EQUATIONS WITH
DELAYS IN HILBERT SPACES

DAEWOOK KiM* AND JIN-MUN JEONG**

ABSTRACT. In this paper, we investigate necessary and sufficient
conditions for the approximate controllability for semilinear sto-
chastic functional differential equations with delays in Hilbert spaces
without the strict range condition on the controller even though the
equations contain unbounded principal operators, delay terms and
local Lipschitz continuity of the nonlinear term.

1. Introduction

In this paper, we study the approximate controllability for the fol-
lowing stochastic functional differential equations with delays in Hilbert
spaces:

(1.1)
dr(t) = [Ax(t) + [°, a(s)Aiz(t + s)ds + Bu(t)]dt + f(t, z;)dw, t >0,
z(0) = ¢° € L2(Q, H), x(s) = ¢'(s),s € [~h,0],

where h > 0, a(+) is Holder continuous, w(t) stands for K-valued Brow-
nian motion or Winner process with a finite trace nuclear covariance
operator @), and g, f, are given functions satisfying some assumptions.
Moreover, A : D(A) C H — H is unbounded and A; is a closed linear
operator with domain containing that of A. Let U be a Banach space
and the controller B be a linear bounded operator from U to H.
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This kind of stochastic differential equations arises in many practi-
cal mathematical models, such as, option pricing, population dynamics,
physical, biological and engineering problems, etc. (see [4, 6]). Many
authors have studied for the theory of stochastic differential equations
in a variety of ways in [1, 2] and reference therein. Recently, the ex-
istence results impulsive stochastic neutral differential equations have
been studied by [7, 10], and impulsive neutral stochastic differential in-
clusions with nonlocal initial conditions by Lin and Hu [10, 12].

Most literature works have been devoted the approximate control-
lability for semilinear control systems with strict assumptions on the
control action operator B. Moreover, in the previous works, the con-
cept of fundamental solution (or Green function) is not used, so that the
calculations to obtain the regularity and controllability conditions are
complicated.

In this paper we investigate necessary and sufficient conditions for the
approximate controllability for (1.1) without the strict range condition
on B and the uniform boundedness in [16] even though the system (1.1)
contains unbounded principal operators, delay terms and local Lipschitz
continuity of the nonlinear term. For the basis of our study, we construct
the fundamental solution for the linear systems(see [8, 13])and establish
variations of constant formula of solutions for stochastic equation (1.1).

2. Preliminaries and lemmas

2.1. Retarded linear equations

The inner product and norm in H are denoted by (-, -) and |-|, respec-
tively. V is another Hilbert space densely and continuously embedded

in H. The notations || - || and || - ||« denote the norms of V and V* as
usual, respectively. For brevity we may regard that
(2.1) lulle < ful <], weV.

Let A be the operator associated with the sesquilinear form satisfying
(2.2) Re (Au,u) > col|ul|?, u e V.

Then A is a bounded linear operator from V to V* according to the Lax-
Milgram theorem, and A generates an analytic semigroup S(t) = ¢4 in
both H and V* as in Theorem 3.6.1 of [14]. Moreover, we have the
following sequence

(2.3) D(A)CcV CHCV*C DA,



Controllability for semilinear stochastic equations 357

where each space is dense in the next one and continuous injection.

LEMMA 2.1. With the notation (2.3), we have
ViV 00 =H, (D(A),H)ip02="V,

where (V, V™) /9,9 denotes the real interpolation space between V' and
V*(Section 1.3.3 of [15]).

First, we consider the following linear retarded functional differential
equation with forcing term k:

z' (t) = f (s)A1z(t + s)ds + k(t), t>0,
24 { RS o e

In order to construct the fundamental solution, we need to impose the
following condition:

Assumption (A). The function a(-) is assumed to be real valued
and Hoélder continuous of order p in the interval [—h, 0]:

(2.5) la(s)| < Ho, la(s) —a(r)]| < Ho(s—71)", —h<71,5<0
for a constant H.

Let W(-) be the fundamental solution of the linear equation (2.4) in
the sense of Nakaglri [11], which is the operator valued function satisfy-
ing
(2.6)

W(t) =8t)+ [1St—s){[° a(r) AW (s + 7)dr}ds, t>0,
w(0) =1, W(s)—O, —h§s<0,

where S(-) is the semigroup generated by A. For each t > 0, we introduce
the operator valued function Uy(-) defined by

= /S W(t—s+o)a(oc)Ardo: V =V, se[-h,0].
—h
Then (2.4) is represented
0 t
x(t) = 0 +(s)p! (s)ds — 8)k(s)ds.
O =W+ [ U)o ()i + [ W= k()

From Proposition 4.1 of [8] or Theorem 1 of [13], it follows the following
results.
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LEMMA 2.2. Under Assumption (A), the fundamental solution W (t)
to (2.4) exists uniquely and is bounded. Applying Proposition 4.1 of [8]
to the equation (2.4), there exists a constant Cy > 0 such that

(2.7) W (&) = W)l ey < Colt — 1),
(2.8) W () = W)l evevy < Colt =)t —h)™"

forh<t<tl,and/£<p.

Let T' > 0 be arbitrary fixed. Associated with Uy(-), we consider the
operator U : L?(—h,0; V) — L?(0,T;V) defined by

0
(2.9) U (t) = / Ui(s)p*(s)ds, t € (0,T]

—h
for ¢! € L?(—h,0;V). We can see that I is into and bounded for each
T > O(see [11]).

LEMMA 2.3. Under Assumption (A) and k < p, the operator U de-
fined by (2.9) is Holder continuous of order (k+1)/2 in (h,c0) in operator
norm of L(H,V), i.e., for any T > h there exists a constant Cp such
that

(2.10) U (E) — USH) (D] < Crlf — 1|+

Proof. Using (V,V*);/29 = H and the well known interpolation in-
equality we get from (2.7) and (2.8)

(2.11) W (&) = W(D)lzqvem < Colt' = 1) — h)~/2,
Hence, with aid of (2.11) we have
(U (E) — U )(2)]

0 s
< Co/h/h(t — )52 (t— s 4 0 — h) T2 H|| Al e vy |61 (5)] | dords

Ry-1 ! K —K
< CoHo(1 - 5) \/EHAuﬁ(V*,V)(t — )" FD/2(¢ — )t /2\|¢1\|L2(—h,0;\/),
Noting that t — s 4+ o > h since t > h, we get (2.10). O

By virtue of Lemma 2.1, we can follow the argument of Di Blasio et
al. [3] term by term to deduce the following result.

PROPOSITION 2.4. Assume that (¢°,¢') € V x L?(—h,0;V) and k €
L?(0,T;V*) for T > 0. Then, there exists a solution = of the system
(2.4) such that

z € LX0,T; V)N Wh(0,T;V*) c C([0,T); H).
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2.2. Semilinear stochastic differential equations

In this paper (H,|-|) and (K,|- |k) denote real separable Hilbert
spaces. Consider the following retarded semilinear stochastic control
system in Hilbert space H:

(2.12)

z (t) = Ax(t —i—f pa1(s)A1x(t + s)ds + f(t, x¢)dw + Bu(t), t>0,
(0)=¢0€L2(Q,H)> x(s) = ¢'(s), s € [-h,0].

Let (©2, F, P) be a complete probability space furnished with complete
family of right continuous increasing sub o-algebras { F;, t € I'} satisfying
Fi C F.

An H valued random variables is an F -measurable function z(t) :
2 — H and the collection of random variables S = {z(t,w) : @ — H :
t €10,T], we Q} is a stochastic process. Generally, we just write x(¢)
instead of (¢, w) and z(t) : [0,7] — H in the space of S

Let {e,}>2; be a complete orthonormal basis of K, and let Q €
B(K, K) be an operator defined by Qe, = A,e, with finite Tr(Q) =
S0 1 VA = A < oo (Tr denotes the trace of the operator), where
An > 0(n = 1,2,--+), and B(K, K) denotes the space of all bounded
linea operators from K into K.

{w(t) : t > 0} be a cylindrical K-valued Wiener process with a finite
trace nuclear covariance operator @ over (2, F, P), which satisfies that

=> Vwi(t)en, t>0,
n=1

where {w;(t)}?2; be mutually independent one dimensional standard
Wiener processes over (2, F, P). Then the above K-valued stochastic
process w(t) is called a @Q-Wiener process.

We assume that F; = o{w(s) : 0 < s <t} is the o-algebra generated
by w and Fr = F. Let ¢ € B(K, H) and define

[$[8) = Tr(Quy*) Z\fcz)enﬁ

If |¢|z2 < 00, then 1 is called a Q-Hilbert-Schmidt operator. Bg(K, H)
stands for the space of all Q-Hilbert-Schmidt operators. The comple-
tion Bg (K, H) of B(K, H) with respect to the topology induced by the
norm |¢|q, where |¢|2Q = (¢, %) is a Hilbert space with the above norm
topology.
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Let V be a dense subspace of H as mentioned in Section 2.1. For
T > 0 we define

T
M*(=h,T;V) ={x: [-h,T] =V : E(/ ||z(s)||*ds) < oo}
“h

The spaces M2(—h,0;V), M?(0,T;V), and M?(0,T;V*) are also de-
fined as the same way and the basic theory of Ms can be founded in

[5].
For h > 0, we assume that ¢! : [-h,0) — V is a given initial value
satisfying

0
B([ (s s) < o

that is, o' € M2(—h,0; V). In this note, a random variable x(t) : Q — H
will be called an L2-primitive process if z € M?(—h,T; V).

DEFINITION 2.5. A stochastic process x : [—h,T] x  — H is called
a solution of (2.12) if

(i) «(t) is measurable and F;-adapted for each ¢ > 0.
(ii) «(t) € H has cddlag paths on ¢t € (0,T) such that
(2.13)

x(t) = W(t)¢0+/hUt(3)¢l(8)d8+/o W(t—s){f(s,xs)dw+ Bu(s)}ds,

(iii) =€ M?(0,T;V) i.e., E(fOT || (s)|[?ds) < oo and C([0,T]; H).

To establish our results, we introduce the following assumptions on
System (2.12). For each s € [0,T], we define =5 : [—-h,0] — H as
xzs(r) =z(s+7r), —h<r<0. We will set

I = M?*(—h,0;V).

Assumption (F). Let f : R x I — B(K,H) be a nonlinear
mapping satisfying the following: for every ¢t € [0,T], ||z||z < r, and
yllm <

(i) For any = € II, the mapping f(-,z) is strongly measurable.
(ii) There exists a function Ly : Ry — R such that

E|f(t,x) = f(ty)* < Ly(r)lle = yll7r, ¢ €[0,7].
(iii) The inequality
E|f(t, )" < Ly (r)(|fellm + 1)%
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LEMMA 2.6. Let x € M?(—h,T;V). Then the mapping s + x4
belongs to C([0,T];II), and for each 0 <t <T

(2.14)
lzellm < |l2llaenavy = 16 + llzllarzo.v);
E(|’37||%2(o,tv ) = |’37||M2 o4y [T llz20,6m < V|2 a2ty

Proof. The first paragraph is easy to verify. In fact, it is from the
following inequality;

(2.15)
0 t
el 3 = B / a(t+7)lfPdr) < B / le(r)I2dr] < el

The second paragraph is immediately obtained by definition. From the
above inequality, we have

t t s
2
[ Veslitas = [ (B[ latelPar)as < el

which completes the last paragraph. O
The following results on the solvability of equation (2.12) is from [9].

PROPOSITION 2.7. 1) Let Assumptions (A) and (F) be satisfied. As-
sume that (¢°,¢') € L?(Q, H) x IT and k € M?(0,T;V*) for T > 0.
Then, there exists a solution x of the system (2.12) such that

x € M*0,T;V)NnC([0,T); H) := Z(T).
Moreover, there is a constant C such that
(2.16) lellzry < C1(1+ E(16°1%) + 116" | + Ikl arz0,2:0+))-

2) Let Assumptions (A) and (F) be satisfied. Assume that (¢°, ¢') €
L*(Q,V) x M?(=h,0; D(A)) and k € M?(0,T;H) for T > 0. Then,
there exists a solution x of the system (2.12) such that

x € M?(0,T; D(A)NC([0,T]; V) := Zo(T).
Moreover, there is a constant C such that
(2.17)
2|l zo(r) < CL(1+ E(1¢°11%) + 116 [ ar2(—n0:0(ay) + Ellar2 0T~H))-

PROPOSITION 2.8. Suppose that k € M?(0,T; H) and y(t) fo
s)k(s)ds for 0 <t < T. Then there exists a constant Cy such that

(2.18) yllarz 0,75y < C2T ||kl 20,131
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and

(2.19) lyllarz 0,0y < C2ﬁ||k”M2(O,T;H)'
Proof. Tt is easily obtained that

(2.20) yllarz .7, < TN/ Co/2l1K a2 (0.7 -

From Lemma 2.1, (2.17), and (2.20) it holds that
yllarz0:vy < Mo/ CiT(Co/2) k|| ar2(0.7:0)-

So, if we take a constant Cs > 0 such that

02 = max{mv MO\/E(CO/Q)1/4}ﬂ

the proof is complete. O

3. Approximately reachable sets

Let U be a Banach space and the controller operator B be bounded
linear operator from another Banach space U to H. The solution z(t) =
x(t; ¢, F,u) of initial value problem (1,1) is the following form:

0 t
£(t; 6, fou) = W(t)g + / Uy(s)8 (s)ds + / Wt — ){f (s, 22)dw

—h
+ Bu(s)ds},

/ W(t—s+o)a(o)Aido.

For T >0, ¢ = (¢°,¢') € L2(Q, H) x IT and u € L?(0,T;U) we define
reachable sets as follows.

Ly(¢p) ={z € H : |2(T;¢,0,u) — 2| <e, Yuec L*0,T;U), Ye> 0},
Rr(¢)={z€ H: E|z(T;¢, f,u) — 2| <e, VYuec L*0,T;U), Ve > 0}.
Here, we know that reachable sets is independent of the initial data.
THEOREM 3.1. For any T > 0 we have
Ry (0) C Ly(0).

Proof. Let zy ¢ L7(0), where L7(0) is the reachable set of the linear
system for the initial value ¢ = (0,0). Since L7(0) is a balanced closed
convex subspace, we have azg ¢ L7(0) for every a € R, and

inf{|zg — 2| : 2 € Ly(0)} = d.
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By the formula (2.16) we have
(3.1) 2 (550, £, Wllarz0,75v) < ChllBullarz0,7:m),

where Cj is the constant in Proposition 2.7. For every u € M2(0,T;U),
we choose a constant o > 0 such that

(32)  CoTe(Q)\/TiLy(r)(ll¢' | + C1CBlull L2 ) + 1) < ad.

By using Holder inequality, we have

T

(3.3) B| T_(SW(T—s)f(s,:L‘s)dw|SCg\/gTr(Q)Lf(r)(Hxs||n+l)

< CoVaTH(Q)Ly(r)(|[¢ 111 + [|2(5 0, f,w)llar20 1) + 1)-
Hence form (3.1) and (3.2), it follows that
E|J"(T7 0, f7 U) - a20|

T ¢
ZE\/O W(T—s)Bu(s)ds—azo\—E‘/o S(t — s)f(s,2s)dw|

> ad — T Q1T () (10 1 + Ol Bullapso oy +1) > 0.
Thus, we have azg ¢ Rr(0). O

We assume the following conditions:
Assumption (B1) For 0 < 7 <t < T and u € L?(0,T;U), the
B(7,t) from L?(0,T;U) into H defined by

B(r 1)k = / Wt — $)Bu(s)ds

induces an invertible operator B(r,t) defined on L2(0,T;U)/KerB(r,t)
and there exists a positive constant Lp such that ||B(7,t)7!| < Lp, see
[12].

Assumption (B2) For every u € L2(0,T;U), there exists a constant
C'p such that
[[Bullarz0,1,my < Cllull L2010

THEOREM 3.2. Under Assumptions (A), (B1-2), (F), and T > h, we
have

L7(¢) C Rp(¢), ¢ € L*(Q, H) x II.
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Proof. Let T > h, and let v > 0 be arbitrary given. We will show
that z € Ly (¢) satisfying |z| < v belongs to Ry (¢). Let u € L2(0,T;U)
be arbitrary fixed. Then by Proposition 2.7, we have

leallzr) < C1(1+ E(6°F) + [|¢'1r + Collullp20.:8))-

where x,, is the solution of (1.1) corresponding to the control w.
For any € > 0, we can choose a constant § > 0 satisfying

(3.4)
max{d, V6 }
< min{ (20CoC (1 + E(\¢0|2)))_1’
(Col U] £(r2-noy,r2mplletm) ~ s (CoCrlle ) ™,
-1

((Co + 1)CoVTCTe(Q)\/ T Ly (r) (16|17 + |zullz¢ry + 1))

M _
(Mo + € : o) t ((Co + 1)CoCBT|ullL2(0,m,07)) }6/8’

where

(3.5) Mo =CoCrTr(Q)Ls(r){1 + E(|¢"*) + |61 + Cllullz2(o.r;m)

+ CpLp(Collzullzry +7) }
(36) M1 :C()ClCBLBTr(Q)Lf(T').

Set

0
oy alT = 650, 0) = W =06+ [ Ups(s)0 ()

T—6 T4
+ W(T =6 —s)f(s,(xy)s)dw + W(T - — s)Bu(s)ds,
0 0
where x,,(s) = x(s; ¢, f,u) and (z4,)s(7) = (s +7;¢, fyu) for 0 <t <T
and —h <7 <0. C0n81der the following problem:

s |V O=a0+ el Aw(+9)ds + Bult), §<t<T,
' y(T - 5)—961, ()—0 —h<s<0.

The solution of (3.7) with respect to the control w € L*(T — §,T;U) is
denoted by
T

(3.8) Yu(T) = W(d)z1 + o W (T — s)Bw(s)ds.
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Then since z € Ly (¢), and Lr(¢) = L(0) is independent of the time T'
and initial data ¢, there exists wy € L?(T — §,T;U) such that

(3.9) [y (T) = 2| < 5.

and so, by (3.8) and (3.9) we have

T
| [ WA(T = s)Bwi(s)ds| < [yu, (T) = z[ + 7 + [W(0)1]
T—6

€
< Collzullzery +7 + 3

Hence, from Assumptions (B1) and (B2), it follows that
€

(3.10) [[Bw1l|pr2(0,m;01) < CBLB (COH%HZ(T) ++ g)

Now we set

U if 0<s<T—4,
v(s) = .
wi(s) U T—-0<s<T.

Then v € M2(0,T;U). Observing that

0 t
ro(t: b, f.0) =W (D)0 + / Ui(s)o (s)ds + / Wt — 7){f (. (20)7)dW

+ Bu(r)dr},
from (3.9) and (3.10) we obtain that
(3.11)

E|x(T; ¢,G,v) = 2| < Elyu, (T) = 2| + BE|W(T)¢° = W()W(T — 6)¢”|

0 0
+ E| /h Ur(s)¢! (s)ds — W(é)/h Ur—s(s)¢' (s)ds|

T ) T—5
B /0 WT =) (s, ()s)dW = W) | WT =5 =) (5, () )W |
T—46 T—9
+ E| W(T — s)Bu(s)ds — W(J) W(T — & — s)Bu(s)ds|
0 0

§§+I+H+IU+IV.

From (2.16) it follows that
sup E|W ()6°] < |[W()¢"l|zr) < CL(1+ E(I6°%)),
0<t<T
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and so

(3.12)
I =E|W(T)¢" — W()W(T —6)¢°|
< =Wl EIW(T)@°| + |IW(T) = W(T = 6)|| )| W (6)6°)

<20CoCyi(1+ E(|¢°)?)) < g

With aid of Lemmas 2.2 and 2.3, and (3.4) we have

B13) 0
1T =E| /_ Ur()¢!(5)ds = W(0) / Urs(s)0 ()]

- 0
h
<5CollU| 22 (—novy I8 |l + CoCrd T2 ¢t |7 <

0
<E[I=W) [ Ur(s)6!@)as| + EIW) [ (Ur(s) = Ur-s(s))o (5]

1
By (2.16) and (3.10), we get

(3.14)
zw |arzr—sv) < N@ollaezo,rv)

€
<C{L+ E(°P) +116"ll + Collullzzo.r.mn + CoLs(Colleullzer +7+ 5) }-

Hence, with aid of Assumption (F) and (3.14) and by using Hoélder
inequality, we have

(3.15)
T

E‘ s W(T - S)f(57 (xw1)s)dw| < CO\/STI'(Q)HJU(S? (xw1)8)”M2(O,T;H)

< C()\/STI‘(Q)Lf(T)(H(xm)SHH +1)

eM
< CoVFTHQLA 16!l + sl arzo vy + 1) < V3(Mo + S51),
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where My and M; are the constants of (3.5) and (3.6), respectively.
Thus, from (2.7), (2.8), (3.3), (3.4), and (3.15) it follows that

(3.16)
T—6

T
IIT = E|W(6) W(T — 68— 5)f(s, (z4)s)dw — /0 W(T — s) f(s, (zy)s)dw|

0
T-6
<E|W() ~1) [ W(T =0 = 9)f(s. (z))ds]

T—6
1 E| /0 (W(T — 65— 5)— W(T — ) (s, (a)s)des]

T
+ E‘ W(T — s)f(s, (:cwl)s)dw}
T—6
<(Co + DOVTTHQ)L ) (191 + llaul 2y + 1) + VE(Mo + )
and
(3.17)
T-6 T-6
IV =E|W(9) W(T — 6 — s)Bu(s)ds — W (T — s)Bu(s)ds|
0 0
T—6

<E|(W(8) —1I) i W(T — 6 — s)Bu(s)ds|

T—6
+ E| /0 (W(T — 6 — s) = W(T — s)) Bu(s)ds|

<(Co + 1)C’oCB5\/THUHL2(o,T;U) < ]

Therefore, by (3.12)-(3.16), we have
|’$(T’ d)’GvU) - Z|| <€,

that is, z € Rp(¢) and the proof is complete. O
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