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ON GENERALIZED RIGHT f-DERIVATIONS OF
I'FINCLINE ALGEBRAS

Kyung Ho Kim

ABSTRACT. In this paper, we introduce the concept of a generalized
right f-derivation associated with a derivation d and a function f
in I'-incline algebras and give some properties of I'-incline algebras.
Also, the concept of d-ideal is introduced in a I'-incline algebra with
respect to right f-derivations.

1. Introduction

Incline algebra is a generalization of both Boolean and fuzzy algebra
and it is a special type of semiring. It has both a semiring structure and
a poset structure. It can also be used to represent automata and other
mathematical systems, to study inequalities for non-negative matrices
of polynomials. Z. Q. Cao, K. H. Kim and F. W. Roush [4] introduced
the notion of incline algebras in their book and later it was developed by
some authors [1, 2, 3, 5]. Ahn et al [1] introduced the notion of quotient
incline and obtained the structure of incline algebras. N. O. Alshehri
[3] introduced the notion of derivation in incline algebra. Kim[5, 6]
studied right derivation and generalized derivation of incline algebras
and obtained some results. M. K. Rao etc introduced the concept of
generalized right derivation of I'-incline and obtain some results. In this
paper, we introduce the concept of a generalized right f-derivation in
I-incline algebras and give some properties of I'-incline algebras. Also,
the concept of d-ideal is introduced in a I'-incline algebra with respect
to right f-derivations.
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2. Preliminaries

An incline algebra is a set K with two binary operations denoted by
“4+7 and “*” satisfying the following axioms, for all z,y, z € K,

(K1) z+y=y+ux,

(K2) 2+ (y+2)=(z+y) + 2z,
(K3) zx (y*x2) = (xxy) * 2,

(K4) zx(y+2) = (zxy) + (2 x 2),
(K5) (y+2)xx=(yxx)+ (2% 1),
(K6) v +x ==z,

(K7) 2+ (zxy) =z,

(K8) y+ (zxy) =y,

for all z,y,z € K.

DEFINITION 2.1. Let (K,+) and (I',+) be commutative semigroups.
If there exists a mapping K xI' x K — K((x,a,y) = xay) such that it
satisfies the following axioms, for all z,y € K and o, 8 € T,
(K9) za(y+ 2) = zay + zaz
) (x+y)az = zaz + yaz
) z(a+ By = zay + By
K12) za(yBz) = (zay)Bz
)rx+zr==x
) x+ray=2x
K15) y+zay =y
Then K is called a I'-incline algebra(see[7]).

EXAMPLE 2.2. Let K = [0,1] and I' = N. Define + by z +y =
max{z,y} and ternary operation is defined as xay = min{x, «, y} for all
xz,y € K and o € I'. Then K is a I'-incline algebra(see [7]).

Note that x <y < x+y =y for all x,y € K. It is easy to see that “ <7
is a partial order on K and that for any x,y € K, the element = + y is
the least upper bound of {z,y}. We say that < is induced by operation
+.

In a I'-incline algebra K, the following properties hold.

(K16) zay < x and yaxr <z for all z,y € K and o € T

(K17) y < z implies zay < zaz and yox < zax, for all z,y,z € K and
ael

(K18) If z < y and a < b, then x +a < y + b, and za < yab for all
z,y,a,b € K and a € T'.
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Furthermore, a I'-incline algebra K is said to be commutative if zay =
yax for all z,y € K for all « € T'.

A T-subincline of a I'-incline algebra K is a non-empty subset I of K
which is closed under the addition and multiplication. A I'-subincline
I is called an ideal if x € I and y < x then y € I. An element “0”
in an ['-incline algebra K is a zero element if t +0 = z = 0 + x and
rzal = 0 = Oax for any x € K and a € I'. An non-zero element “1”
is called a multiplicative identity if xal = lax = x for any x € K and
a € T. A non-zero element a € K is said to be a left (resp. right)
zero divisor if there exists a non-zero b € K such hat aab = 0 (resp.
baa = 0) for all @ € T'. A zero divisor is an element of K which is both
a left zero divisor and a right zero divisor. An incline algebra K with
multiplicative identity 1 and zero element 0 is called an integral incline
if it has no zero divisors. By a homomorphism of I'-incline algebras, we
mean a mapping f from a I'-incline algebra K into a I'-incline algebra

L such that f(z +y) = f(x) + f(y) and f(zay) = f(z)af(y) for all
z,y € K for all « € T

DEFINITION 2.3. Let K be a I'-incline algebra. An element a € K is
said to be idempotent of K if there exists a € I' such that a = aaa.

Let K be a I'-incline algebra. If every element of K is idempotent,
then K is said to be idempotent I'-incline algebra. A T'-incline algebra
K with unity 1 and zero element 0 is called an integral I'-incline if it
has no zero divisors.

DEFINITION 2.4. Let K be a I'-incline algebra. By a right derivation
of K, we mean a self map d of K satisfying the identities

d(z +y) = d(z) + d(y) and d(zay) = (d(z)ay) + (d(y)ax)
for all z,y € K and a € T

3. Generalized right f-derivations of I'-incline algebras

In what follows, let K denote a I'-incline algebra with a zero-element
unless otherwise specified.

DEFINITION 3.1. Let K be a I'-incline algebra. A mapping D : K —
K is called a generalized right f-derivation of K if there exists a right
derivation d and a function f of K such that

D(z +y) = D(x) + D(y) and D(zay) = (D(z)af(y)) + (d(y)of(x))
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for all z,y € K and a € T'.

EXAMPLE 3.2. Let K = {0,a,b,1} be a set in which “4+” and “a” is
defined by

+]0 a b 1 alo a b 1
010 a b 1 00 0 0 O
ala a b 1 al0 a a a
b|b b b 1 b0 a b b
11 1 1 1 110 a b 1

Then it is easy to check that (K, +, «) is a I'-incline algebra. Define
amapd: K — K by

d(z) = a ?fx:a,b,l
0 ifz=0

and define a function f: K — K by

a ifx=0b
b ifx=a
T@ =31 dre—1
0 ifz=0.

Also, define a map D : K — K by
a ifr=a,b
D(z)=11 ifz=1
0 ifz=0.

Then we can see that D is a generalized right f-derivation associated
with a derivation d and a function f of K.

PRroOPOSITION 3.3. Let K be a I'-incline algebra and let D be a gen-
eralized f derivation associated with a derivation d and a function f of
K. Then the following conditions hold for all x,y € K and a € T'.

(1) If K is idempotent, then d(x) < D(z) < x for all z € K

(2) D(zay) < D(z) + d(y)

(3) If x < y and f is an order preserving mapping, then D(zxay) <
fy).

Proof. (1) Let D be a generalized right f derivation associated with
a derivation d and a function f of K. If K is idempotent, then we get
D(z) = D(zaz) = (D(z)azx) + (d(z)az) < d(z)af(r) < d(z) for all
z,y € K and o € T. (2) Let z,y € K and o € T'. Then we have
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D(z)a(y) < D(z) and d(y)of (x) < d(y). Hence D(zay) = D(z)af(y)+

d(y)af(z) < D(z)+d(y). So, we find D(zay) < D(z)+d(y). Also, since

D(z) = D(zax) = D(x)ax + d(z)ax, we get from (K15) and (K16),
D(z) +z = ((D(z)azx) + (d(z)ar)) +

= (D(z)ax) + (x + d(x)ox)
ar)+x =z + (D(x)ax)

I
8

which implies D(z) < z for all x € K and ae € I'. (3) Let « < y and let
f be an order preserving mapping. Then we by using (K16) and (K18),

we have d(y)af(x) < d(y)af(y) < f(y). Similarly, we get D(z)af(y) <

f(y). Then we obtain D(zay) = (D(z)af(y)) + (d(y)af(z)) < f(y) +
f(y) = f(y) for all @ € T". Hence we have D(zay) < f(y).

O]

PROPOSITION 3.4. Let D be a generalized right f-derivation associ-
ated with a derivation d and a function f of K. If f(0) = 0, then we
have D(0) = 0.

Proof. Let D be a generalized right f-derivation associated with a
derivation d and a function f of K Then we have for all o € T,

D(0) = D(0a0) = D(0)af(0) + d(0)af(0)
= D(0)a0 + d(0)a0 =040
=0.
O

PRrROPOSITION 3.5. Let D be a generalized right f-derivation associ-

ated with a derivation d and a function f of K. If K is idempotent, then
D(z) < f(z) for allx € K.

Proof. Let D be a generalized right f-derivation associated with a
derivation d and a function f of K. If K is idempotent, then

D(z) = D(zax) = D(x)af(x) + d(z)af(x)
< f(@) + f(z) = f(z)
from (K9) for all x € K and a € T. O
ProproSITION 3.6. Let K be an incline algebra and let D be a gen-
eralized right f-derivation associated with a derivation d and a func-

tion f of K. Then for all x,y € K and o € T, D(zay) < D(x) and
D(zay) < D(y).
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Proof. Let x,y € K and o € ', Then by using (K14), we obtain
D(z) = D(x + zay) = D(x) + D(zay).
Hence we get D(zay) < D(z). Also, D(y) = D(y + (zay)) = D(y) +
D(zay), and so D(zay) < D(y). O

ProrosITION 3.7. Let K be an incline algebra. A mapping D : K —
K is isotone if x <y implies D(x) < D(y) for all x,y € K.

PrOPOSITION 3.8. Let D be a generalized right f-derivation associ-
ated with a derivation d and a function f of K. Then D is isotone.

Proof. Let x,y € K be such that x < y. Then x + y = y. Hence we
have D(y) = D(z+y) = D(x)+ D(y), which implies D(x) < D(y). This
completes the proof. ]

PROPOSITION 3.9. Let K is an I'-incline algebra. Then a sum of two
generalized f-right derivations associated with a function f of K is again
a generalized right f-derivation associated with a function f of K.

Proof. Let Dy and Dy be two generalized right f-derivations asso-
ciated with derivations d; and da, respectively. Then we have for all
a,be K and a €T,

(D1 + D3)(aab) = Di(aab) + Da(aabd)
= Di(a)of (b) + di(b)rf (a) + Da(a)of (b
Di(a)of (b) + Da(a)af(b) + di(b)af(a
= (D1 + Ds)(a)arf(b) + (di + d2)(b)af (a).
Clearly, (D1 + D2)(a+b) = (D1 + Ds)(a) 4 (D1 4 D3)(b) for all a,b € K
and « € I'. This completes the proof. ]

ProrosiTiION 3.10. Let K be an integral I'-incline and let D be
a generalized right f-derivation associated with a derivation d and a
function f of K. If f(1) = 1 and a € K, then aacD(z) = 0 implies a = 0
ord=0 foralla € K and a € T.

Proof. Let aaD(x) = 0 for all z € K and o € I'. Putting « on zay,
for all y € K, we get
0 = aaD(z) = aaD(zay)
= aa[(D(z)af(y)) + (d(y)af(z))]
= (aa(D(z)af(y)) + (aald(y)af(z)))
= aa(d(y)of(z)).
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In this equation, by taking x = 1, we have aad(y) = 0 for any y € K.
Since K is an integral I'-incline algebra, we have a = 0 or d = 0.
O

THEOREM 3.11. Let I be a nonzero ideal of integral I'-incline K
and let D be a nonzero generalized right f-derivation associated with a
nonzero derivation d and a function f of K. Then D is nonzero on I.

Proof. Suppose that D is a nonzero generalized right f-derivation of
K associated with a nonzero derivation d and a function f of K but
D is zero generalized right f-derivation on I. Let « € I. Then we have
D(z) = 0. Let y € K. Then by (K16), we get xay < x for all a € T.
Since I is an ideal of K, we have zay € L. Hence D(zay) = 0, which
implies

0= D(zay) = (D(z)af(y)) + (d(y)of(z)) = d(y)of ().

By hypothesis, K has no zero divisors. Hence f(z) = 0 for all z € [
or d(y) = 0 for all y € K. Since f is a nonzero function of K, we get
d(y) = 0 for all y € K. This contradicts with our assumption that is d
is a nonzero derivation on K. Hence D is nonzero on I.

O]

THEOREM 3.12. Let I be a nonzero ideal of integral I'-incline K
and let D be a nonzero generalized right f-derivation associated with a
nonzero derivation d and a function f of K. Then D is nonzero on I. If
aaD(x) =0 for a € K and o € I, then a = 0.

Proof. By Theorem 3.11, we know that there exists m € I such that
D(m) # 0. Let I be a Let aaD(I) = 0 a € K and a € I'. Then for
m,n € I we can write

0 = aaD(man)
= aa(D(m)af(n) +d(n)af(m))
= aaD(m)af(n) + aad(n)of(m)
= aad(n)af(m).
Since K is an integral ['-incline algebra and let d is a nonzero right

f-derivation of K and f is a nonzero function on I, we get a = 0.
O

THEOREM 3.13. Let K be a I'-incline with a multiplicative identity
element and let D be a generalized right f-derivation associated with a
derivation d and a function f of K. If f(1) = 1, then we have D(z) =
D(N)af(x))+d(z) for all x € K.
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Proof. Since D(x) = D(lax) = (D(1)af(z)) + (d(z)af(1l) for all
x € K and by using f(1) =1, we have D(x) = (D(1)af(x)) + d(z).
O

DEFINITION 3.14. Let K be a I'-incline algebra and let d be a non-
trivial generalized right f-derivation associated with a derivation d and

a function f of K. An ideal I of K is called a d-ideal if d(I) = I.

Since d(0) = 0, it can be easily observed that the zero ideal {0} is a
d-ideal of K. If d is onto, then d(K) = K, which implies K is a d-ideal
of K.

EXAMPLE 3.15. In Example 3.2, let I = {0,a}. Then I is an ideal of
K. It can be verified that d(I) = I. Therefore, I is a d-ideal of K.

LEMMA 3.16. Let d be a generalized right f-derivation associated
with a derivation d and a function f of K and let I,J be any two d-
ideals of K. Then we have I C J implies d(I) C d(J).

Proof. Let I C J and = € d(I). Then we have x = d(y) for some
y € I C J. Hence we get z = d(y) € d(J). Therefore, d(I) C d(J). O

ProrosiTION 3.17. Let K be a I'-incline algebra. Then, a sum of
any two d-ideals is also a d-ideal of K.

Proof. Let I and J be d-ideals of K. Then [ + J = d(I) + d(J)
d(I +J). Hence I + J is a d-ideal of K.

o

Let d be a generalized right f-derivation associated with a derivation
d and a function f of K. Define a set Kerd by

Kerd :={z € K | d(z) =0}
for all z € K.

ProprosITION 3.18. Let d be a generalized right f-derivation associ-

ated with a derivation d and a function f of K. Then Kerd is a subincline
of K.

Proof. Let x,y € Kerd. Then d(z) =0,d(y) =0
d(zay) = (d(x)af(y) + (dy)af(z))

= (0af (y)) + (0crf ()
=0+0=0,

and
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and
d(z +y) = d(z) + d(y)
=0+0=0.
Therefore, zay, x +y € Kerd. This completes the proof. O]

ProprosITION 3.19. Let d be a generalized right f-derivation associ-
ated with a derivation d and a function f of an integral I"-incline algebra
K. If f is an one to one function, then Kerd is an ideal of K.

Proof. By Proposition 3.18, Kerd is a subincline of K. Now let z € K
and y € Kerd such that © <y. Then d(y) = 0 and
0=d(y) = d(y + zay) = d(y) + d(zay) = 0 + d(zay),
which d(zay) = 0. Hence we have
0 = d(zay) = (d(x)af(y) + (dy)af(z)) = dz)of(y).
Since K has no zero divisors, either d(x) = 0 or f(y) = 0. If d(z) = 0,

then x € Kerd. If f(y) =0, then y =0 and so z <y = 0, i.e., x = 0,
which implies x € Kerd. O

Let d be a generalized right f-derivation associated with a derivation
d and a function f of K. Define a set Fixy(K) by

Fizg(K) :={z € K | d(x) = f(z)}
for all z € K.

ProrosiTION 3.20. Let K be a commutative I'-incline algebra and
let d be a generalized right f-derivation associated with a derivation d

and a function f of K. Then Fizy(K) is a subincline of K.

Proof. Let z,y € Firy(K). Then we have d(z) = f(x) and d(y) =
£(3), and so

d(zay) = d(z)af(y) + dy)of(z) = f(@)af(y) + fy)of (@)
= f(@)af(y) + f(x)af(y) = f(@)af(y) = flzay).
Now
d(z +y) =d(z) +d(y) = f(z) + fly) = flz +y),

which implies z + y, zay € Fixg(K). This completes the proof. O

DEFINITION 3.21. Let K be an I'-incline algebra. An element a € K
is said to be additively left cancellative if for all a,b € K, a+b=a+c =

b= c. An element a € K is said to be additively right cancellative if for
alla,b € K, b+a = c+a = b= c. It is said to be additively cancellative if
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it is both left and right cancellative. If every element of K is additively
left cancellative, it is said to be additively left cancellative. If every
element of K is additively right cancellative, it is said to be additively
right cancellative.

DEFINITION 3.22. A subincline I of an I'-incline algebra K is called
a k-idealif t +y €1 and y € I, then z € [.

EXAMPLE 3.23. In Example 3.2, I = {0,a,b} is an k-ideal of K.

THEOREM 3.24. Let K be a commutative I'-incline algebra and ad-
ditively right cancellative. If d is a generalized right f-derivation asso-
ciated with a derivation d and a function f of K, then Fizy(K) is a
k-ideal of K.

Proof. By Proposition 3.20, Fizy(K) is a subincline of K. Let = +
y,y € Fizg(K). Then d(y) = f(y) and f(x + y) = d(x + y). Hence
F() + F) = d(z +y) = d(@) +d(y) = d(z) + [(y), which implies
x € Fizy(K). Hence Fizy(K) is a k-ideal of K. O

PropPOSITION 3.25. Let K be an I'-incline algebra and let d be a gen-

eralized right f-derivation associated with a derivation d and a function
f of K. Then Kerd is a k-ideal of K.

Proof. From Proposition 3.18, Kerd is a subincline of K. Let x +y €
K and y € Kerd. Then we have d(z +y) = 0 and d(y) = 0, and so

0= d(w +y) = d(z) + d(y) = d(x) + 0 = d(z).
This implies « € Kerd. O
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