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ON CONSTRUCTIONS OF MINIMAL SURFACES

DAE WON YOON

ABSTRACT. In the recent papers, Sénchez-Reyes [Appl. Math.
Model. 40 (2016), 1676-1682] described the method for finding
a minimal surface through a geodesic, and Li et al. [Appl. Math.
Model. 37 (2013), 6415-6424] studied the approximation of mini-
mal surfaces with a geodesic from Dirichlet function. In the present
article, we consider an isoparametric surface generated by Frenet
frame of a curve introduced by Wang et al. [Comput. Aided Des.
36 (2004), 447-459], and give the necessary and sufficient condi-
tion to satisfy both geodesic of the curve and minimality of the
surface. From this, we construct minimal surfaces in terms of con-
stant curvature and torsion of the curve. As a result, we present
a new approach for constructions of the minimal surfaces from a
prescribed closed geodesic and unclosed geodesic, and show some
new examples of minimal surfaces with a circle and a helix as a
geodesic. Our approach can be used in design of minimal surfaces
from geodesics.

1. Introduction

Geometers have been interested in studying minimal surfaces and
geodesics for a long times. A minimal surface is a surface with vanishing
mean curvature. As the mean curvature is the variation of area func-
tional of a surface, and minimal surfaces include the surfaces minimizing
the area with a fixed boundary. Because of their appealing properties,
minimal surfaces have been spiritedly studied in many research areas.
In mathematics, the surfaces have wide applications in a surface design
[4, 7,9, 10, 11]. In physics, minimal surfaces are familiar as soap films.
Besides the obvious application of a minimal surface theory to the study
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of soap films, there are a number of other physical systems in which the
theory of minimal surfaces has a sometimes surprising applicability.

On the other hand, geodesics are curves on surfaces that plays a role
analogous to straight lines in the plane. It is well known that great
circles are geodesics on a sphere, and parallels (circles) and helices are
geodesics on a circular cylinder. But ordinary helices on a helicoid are
not geodesics, and parallel curves (circles) on a surface of revolution
are not also always geodesics. Based on these facts, Tamura [12, 13]
considered a helical geodesic on a surface, and he showed that complete
surfaces of a constant mean curvature on which there exist two helical
geodesics through each point are planes, spheres or circular cylinders.
The above mentioned statement is an important role for our results in the
paper, because we suggest minimal surfaces contained circles or helices
as a geodesic. As applications for geodesics, Munchmeyer and Haw [8]
were the first to introduce the geodesic to the CAGD community. They
applied the geodesic in ship design, namely to find out the precise layout
of the seams and butts in the ship hull. Also, in [3] Haw was first defined
an operative sail shape by using patched parametric surface and gave
the method for a sail design with a geodesic.

The study of combining minimal surfaces and geodesics appear at-
tractive and are used many areas. In [7] Li, Wang and Zhu are men-
tioned that a geodesic is an important curve in a practical application,
especially in shoe design and garment design, and they gave examples
for approximation minimal surfaces with a geodesic by using Dirichlet
function. Also, in [10] Sdnchez-Reyes justified why minimal surfaces and
the problem of finding the surface with minimal area have little to do
with garment design. And he examined construction method of a mini-
mal surface from a prescribed geodesic and drew minimal surfaces with
circle or helix as a geodesic. Moreover, Sanchez-Reyes and Dorado [11]
presented a practical method to construct polynomial surfaces from a
polynomial geodesic by prescribing tangent ribbons, and Riverros and
Corro [9] classified GICM-surfaces, defined by the class of minimal sur-
faces with an isothermal coordinate and a family of geodesic coordinate
curves. Several mathematicians are studying minimal surfaces passing
through geodesics [5, 6, 7, 9, 10, 16], etc. Also, geodesics and minimal
surfaces are widely used for medical image segmentation [1, 2].

The paper is arranged as follows. In Section 2, after briefly reviewing
some fundamental concepts of a parametric surface worked by [14] we
give minimal conditions for an isoparametric minimal surface in terms
of the marching-scale functions. As a result, in Section 3 we present a
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new approach for minimal surfaces from a given curve, in particular, a
circle and a helix, and give some examples. In Section 4 we explain how
to construct minimal surfaces passing through a geodesic, and give new
examples for minimal surfaces.

2. Conditions of minimal surfaces

Let ~v be a curve parametrized by arc-length s in Euclidean 3-space
E3. Denote by {T, N, B} the Frenet frame of a curve v and &, 7 the
curvature and the torsion of v, respectively.

Consider a parametric surface generated by the curve v and its Frenet
frame as following

T(s)
y  XEOZAD D e 1) | N |,
81 < s <89, t1 <t <ty

where f(s,t),g(s,t) and h(s,t) are smooth functions.

If the parameter t is seen as the time, f(s,t),g(s,t) and h(s,t) can be
viewed as directed marching distances of a point unit at the time ¢ in the
directions T'(s), N(s) and B(s), respectively. Sometimes, f(s,t),g(s,t)
and h(s,t) are said to be the marching-scale functions in the directions
T(s), N(s) and B(s), respectively. Some known simple examples are to
be mentioned, namely

1. If we take the marching-scale functions as f(s,t) = g(s,t) =
h(s,t) = t, then the parametric surface X (s,t) is a ruled surface.

2. If v is a circle and f(s,t) = 0,9(s,t) = §(t), h(s,t) = h(t), then
the parametric surface X (s,t) is a usual surface of revolution.

3. If the marching-scale functions are given by

f(S,t) = _T(S)T,(S)a

g(s,t) = —r(s)\/1 —r'(s) cost,

h(s,t) =r(s)\/1 —1'(s)sint
with a smooth function r(s), then the surface is a canal surface.
In particular, if r is constant, the surface is a tubular surface.

In [14], authors defined an isogeodesic to construct a family of surfaces
from a given spatial geodesic curve.
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DEFINITION 2.1. A curve 7(s) on the parametric surface X (s,t) de-

fined by (2.1) is called an isoparametric curve if there exists a time ¢
such that v(s) = X (s, o).

DEFINITION 2.2. A curve 7(s) on the surface X (s,t) is said to be

isogeodesic of X (s, t) if it is both an isoparametric curve and a geodesic
on X (s,t).

For the better analysis of a parametric surface, we now consider the
marching-scale functions f(s,t), g(s,t) and h(s,t) are expressed by

(2.2) fls,t) =u(t), g(s,t) =wv(t), his,t)=w(t),
where u(t), v(t), w(t) are smooth functions.
LEMMA 2.3. ([14]) A curve v(s) on the parametric surface X(s,t)

given by (2.1) with the marching-scale functions given by (2.2) is an
isogeodesic if and only if the following conditions are satisfied

u(to) = v(to) = w(to) =0,
(2.3) w'(tg) # 0,
v'(to) = 0,
where the prime is derivative with respect to t.
DEFINITION 2.4. If X (s,t) satisfies E = G and F' = 0, then X(s,t)

is called a isothermal surface, where F/, F' and G denote the coefficients
of the first fundamental form of a surface X (s,t).

DEFINITION 2.5. If X (s,t) satisfies %27)2{ + %27)2{ = 0, then X(s,t) is
called a harmonic surface.

DEFINITION 2.6. If X(s,t) has a vanishing mean curvature, then
X (s,t) is called a minimal surface.

LEMMA 2.7. ([15]) The surface with an isothermal parameter is min-
imal if and only if it is a harmonic surface.

Now, we give the minimal conditions of the parametric surface X (s, t)
with the marching-scale functions given as (2.2). Also, the following
theorem is useful for our results.

THEOREM 2.8. Let v be a unit speed isoparametric curve on a surface
in Fuclidean 3-space. The surface parametrized by

(2.4) X (s,t) =(s) + u(t)T(s) + v(t)N(s) + w(t)B(s)
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is minimal if and only if there exist the marching-scale functions u,v
and w satisfying the following conditions:

(1= w(s)o()* + (k(s)u(t) = T(s)w(t)* + r*(s)0* (t)
—u2(t) — v (t) —w(t) = 0.

(2.5)
(2.6) ' (t)(1—r(s)o(t))+0'(t)(k(s)u(t) —T(s)w(t)) +7(s)v(t)w'(t) = 0.
(2.7) K (s)u(t) + K2 (s)u(t) — k(s)T(s)w(t) —u’(t) = 0.

(2.8) K (s)u(t) — 7' (s)w(t) + k(s) — K2(s)v(t) — T(s)v(t) + 2" (t) = 0.

(2.9) 7' (s)v(t) + k()T (s)u(t) — 72 (s)w(t) +w” (t) = 0.

Proof. From the surface equation (2.4), we have

O = (1= K)o )T (s) + (s(s)u(t) — 7(s)w ()N (5) + 7(s)o(1)B),
O ()T () + 2/ (ON () + ! (1)B(s).

It follows that the coefficients of the first fundamental form of the surface
are

(2.10)
E = (1= r(s)o(t)* + (5(s)u(t) — 7(s)w(t))* + 72(s)v*(t),
F=4{#)1-r(s)v(t) + ') (k(s)ut) — 7(s)w(t)) + 7(s)v(t)w'(t),
G = u(t) +v"2(t) + w?(t).

Also, the second derivatives of the surface X (s,t) are given by

(211)
O — W )ult) ~ ~2($)ult) + n{)r(s)®)] T(s
+ [ﬁ/(s)u(t) — 7 (8)w(t) + K(s) — /<;2(s)v(t) — TQ(S)’U(t)] N(s)
+ [T/(s)v(t) + k(s)T(s)u(t) — 7'2(3 w(t)} B(s),
82X " " 1
Bz = U (OT(s) +v"(t)N(s) +w"(t)B(s).

From an isothermal condition, equation (2.10) gives (2.5) and (2.6).
Also, a harmonic equation % + %27)2{ = 0 implies (2.7), (2.8) and (2.9)E.]
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In order to construct minimal surfaces, we have to solve the above
system of ordinary differential equations. But, it is difficult to find exact
solutions satisfying (2.5)-(2.9) for minimal surfaces. In this paper, our
goal is to find a helix as a geodesic on a minimal surface. So we consider
the partial solutions of minimality conditions of Theorem 2.8 in terms
of constant curvature x(s) and torsion 7(s).

3. Constructions of minimal surfaces generated by curves

Let v be a unit speed curve in Euclidean 3-space and X be a surface
parametrized by

(3.1) X(s,t) =~(s) +u(t)T(s) +v(t)N(s) +w(t)B(s).

Now, in order to obtain our results we split it into two cases according
to constant curvature and torsion.

3.1. ~ is a circle

Suppose that a curve v has a non-zero constant curvature x = kg and
a zero torsion. Then, from (2.7), (2.8) and (2.9) we can obtain

kot kot

u(t) = a1e™" 4 age™ ™",

1
2) oft) = 1 4 ety L
0
w(t) = c1t + c2
for constants a;, b;, ¢;, © = 1, 2.
Substituting (3.2) into (2.5) and (2.6) we have the relationship as

(3.3) 4k2(arag + biby) — 2 =0,
(3.4) a1by — asby =0,
respectively.

Since v has a non-zero constant curvature kg and a zero torsion, =y is
a circle. By a rigid motion, we consider « parametrized by

(3.5) ~(s) = (1cos(kos), 1sin(kos),0> .
ko ko
Then the Frenet frame of the circle is given by
T'(s) = (—sin(kos), cos(kos),0),
(3.6) N(s) = (—cos(kos), —sin(kos),0),
B(s) =(0,0,1).
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1. If ¢; = 0, we get w(t) = co. In this case, the isoparametric surface
X can be expressed as

(& — v(t)) cos(kos) — u(t) sin(kos))
X(s,6)= | GE = v(t)) sin(kos) +u(t) cos(kos)
C2
that is, the surface is a plane.
Now, we study non-planar minimal surface, that is, ¢; # 0.
2. If by = 0, from (3.4) one find a; = 0 or by = 0. If a; = 0, from

(3.3) ¢1 = 0, a contradiction. Thus, by = 0. From this, equation
(3.2) deduced as the form:

kot kot

u(t) = a1e™" 4 age™ """,
1
3.7 ) = —
(37) ot =1
w(t) = c1t + ca,
which implies that the surface is parametrized as

X (s,t) = (—dj cosh(kot + d2) sin(kgs), dy cosh(kot + d2) cos(kos), c1t + ¢2) ,

where dy,ds are constant. By a rigid motion, the surface is ob-
tained by rotating the curve y = d cosh(koz) in the yz-plane around
the z-axis and it is a catenoid.

On the other hand, (3.3) and (3.4) are symmetric about aj, as
and by,bs. So, in the other case, that is, a; = 0 the surface is a
catenoid.

3. If a1, az, b1, be are non-zero constant, equation (3.4) implies
az = airg, by =0birg
for non-zero constant ro. Also equation (3.3) becomes
4/-@3(7“0(1% +7ob?) — 2 =0,
it follows that the constant rg must be positive. We put
qg = roa% + Tob%

for a non-zero constant qg. Then we get

a] = q—OCOSHO, b = ﬂsin%.

V7o V7o
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From this, the marching-scale functions u,v and w are written as
u(t) = qo+/ro cos 9o(ek°t + efkot) = 2qp+/r0 cos by cosh(kot),

1 1
v(t) = goy/To sin fg(ek0t + eFoty 4 = 2qo+/To sin O cosh(kot) + T

0 0
w(t) = 2Kkpqot + c2.

If a circle v is given by (3.5), a minimal surface X (s,t) passing
through ~y(s) can be expressed as the form

X(s,t) = (pg cosh(kot) cos(s + Z),po cosh(kot) sin(s + %), 2koqot + @) ,

where py = qo+/7To cos 6y. This means that the surface is a catenoid.

Thus, we have

THEOREM 3.1. Let X be a surface parametrized by
(3.8) X(s,t) =7(s) +u(t)T(s) + v(t)N(s) + w(t)B(s).

If the surface X passing through a circle v with a non-zero constant
curvature ko is minimal, then it is either part of a plane or part of a
catenoid.

REMARK 3.2. It is well known that a minimal surface of revolution
is either part of a plane or part of a catenoid. So, the surface X(s,t)
given by (3.8) passing through a circle is a surface of revolution.

3.2. «is a helix

Suppose that a curve + has non-zero constant curvature g and tor-
sion 79. Equation (2.9) implies

(3.9) u(t) = Holm (—w"(t) + T2w(t)) .
If we substitute (3.9) in (2.7), one find

w () = (k5 + 1) () = 0,
its general solution is
(3.10) w(t) = c1e™" + coe” ™ + 3t + ¢y,

where m3 = k2472 and ¢; (i = 1, ...,4) are constant. Substituting (3.10)

into (3.9), a function wu is given by

(3.11) u(t) = _ho (clemot + cze_mot) + c;»,@t + 642.
Ko

70 ko
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Since (2.8) is the second order linear differential equation, we can solve
it, and so its general solution is

Ko

5
my

(3.12) v(t) = b1e™" + bye 0! +

If we substitute (3.10), (3.11) and (3.12) into (2.5) and (2.6), we can
check that the coefficients of e™0! and e™™0! are zero. Thus from the
constant terms of (2.5) and (2.6) we obtain

. CaMnTy — 100MagKgTyg — 4C1C2M kg — KT —
3.13 smgTy — Abibamgr(Ts — dercamini — KTy = 0,

(3.14) c37e + 2mirko(bacy — caby) = 0,
respectively. Thus, we have

THEOREM 3.3. Let X be a surface parametrized by
(3.15) X(s,t) =~(s) +u(t)T(s) +v(t)N(s) +w(t)B(s).

If the surface X passing through a helix v with a non- zero constant
curvature kg and a torsion 19 in Fuclidean 3-space is minimal, then the
marching-scale functions u,v and w are expressed as the form:

u(t) = _ho (clemot + cze*mot) + 03—t + 64*
70 Ko
(3.16) v(t) = bie™0t 4 bye Mot 4 i()27
m,
0

w(t) = 1™ 4 coe™™00 et 4 ¢y,

where m% = k2 + 7¢ and constants by, bs, ¢; (i = 1,..,4) satisfy the

following

(3.17) c3moTs — 4bibamgriTs — dercamirg — KTy = 0,
037'3 + QTrLgHo(bQCl — Cgbl) =0.

REMARK 3.4. There are infinite numbers of minimal surfaces passing
through a helix for constants by, be, ¢; (i = 1,..,4).

ExampLE 3.5. Consider a helix parametrized by

(3.18) 7(8)2(\1[coss\[sm5\[>
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Then we have the Frenet frame of the curve as

T(s) = (—7 sin s, \[coss \[)
(3.19) N(s) = (—coss,—sins,0),

) 1
B(s) = (ﬁ sin s, _ﬁ COS 8, ﬁ),

. : 1 1
and the curvature k and the torsion T are given by k = 7 and T = NoL

respectively, it follows that m% = 1. Now, to construct a minimal surface
we take

Cl = —C = —F— 0320420.
In this case, the marching-scale functions u,v and w are written as

u(t) = —

1
sinh ¢,
2v2
1 1
v(t) = =sinht + —,
1
w(t) = sinh ¢.

2v2

From this, the minimal surface X passing through the helix v can be
parametrized as

1
X(s,t) = (\gg sinh ¢sin(s + 6p), \2?: sinh ¢ cos(s + 6p), ﬁs> ,

where cos 0y = % and the surface X is a helicoid.

ExXAMPLE 3.6. Considering a helix given by (3.18) and taking
3 3
bi=by=1, cg=—+, =0, c3=—=, c4=0.
1 2 1 2 2 3 4
Then, the marching-scale functions u,v and w are
3 3
u(t) = ———=e! — =t,
1
v(t) = 2cosht + ok

3 ;3
w(t) = —=e — =

t,
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it follows that the minimal surface X passing through the helix v can
be parametrized as

—2coshtcoss + %et sin s

X(s,t)= | —2coshtsins — Jelcoss

4. Representation of minimal surfaces with a geodesic

In this section, we consider a minimal surface parametrized by
(4.1) X(s,t) =~(s) +u(t)T(s) + v(t)N(s) +w(t)B(s)

passing through a curve v, and in particular construct the minimal sur-
faces passing through a circle (closed geodesic) and a helix (unclosed
geodesic).

4.1. Minimal surfaces with a circle as a closed geodesic

Let X be a minimal surface passing through a circle v. Suppose
that a circle y(s) on a surface X(s,t) is a geodesic. Then the geodesic
condition (2.3) with the help of (3.2) implies

as = —alez"oto,
(42) bl — _Le—fﬂoto’ b2 — _Lenotov
2K 2K
C1 7é 0, Cy = —Clto.

If we substitute (4.2) into (3.4), we can obtain a; = 0 and az = 0, that

is, a function u is identically zero. Also, combining (3.3) and (4.2) one
find ¢; = £1. Thus, (3.2) reduces to

u(t) =0,

U(t) — _i (efnotoengt 4 eﬂotoe*'fot) 4 i
2/‘60 I{O’

w(t) =+t F to.

Thus, we have
THEOREM 4.1. Let X be a surface parametrized by

(4.3) X(s,t) =~(s) +u(t)T(s) + v(t)N(s) + w(t)B(s).
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If the surface X passing through a circle v with a non- zero constant
curvature kg in Euclidean 3-space is minimal and the circle vy is a geo-
desic on the minimal surface at t = ty, then the marching-scale functions
u,v and w are expressed as the form:

u(t) =0,

U(t) — _i (e—motoeﬁot 4 eﬁotoe—not) 4 i,
2/4:0 RO

w(t) = £t F to.

ExXAMPLE 4.2. Consider a circle v with radius 1. Then for tyg = 0
the minimal surface X (s,t) passing through the circle as a geodesic is
parametrized as

X(s,t) = (coshtcoss,coshtsins,t).

REMARK 4.3. (1) The surface in Example 4.2 is a catenoid. It is
well-known that a parallel ¢ = ty on the catenoid is a geodesic if and
only if Z—J; = 0 when t = tp, that is, o is a stationary point of f, where
f(t) = cosht. Thus a parallel ty = 0 is a geodesic on the catenoid.

(2) Usually, a catenoid is obtained by rotating the curve x = cosh z
in the zz-plane around the z-axis and is one of surfaces of revolution.
As a new approach of the catenoid, the surface can be explained as the
form:

X(s,t) =~(s) +v(t)N(s) +w(t)B(s),

where v is a circle with radius 1 and N, B are the principal normal vector
and the binormal vector of the circle, respectively. Here the functions v
and w are given by v(t) = —cosht + 1 and w(t) = t.

4.2. Minimal surfaces with a helix as a unclosed geodesic

If a curve « is a geodesic on the minimal surface passing through a
helix, then the geodesic condition (2.3) with the help of (4.6) implies

Ko - 70 70
(clemoto + coe moto) —c3—tyg —c4— = 0,
70 Ko Ko
_ Ko
blemoto + boe moto 4 — = 0,
m
0

4.4
(4.4) 1™ 4 eoeT ™00 4 oty + ¢y = 0,

bie™oto _ pye—moto —

c1mpe™0t — compe ™00 4 5 £ 0.
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The first and the third equations in (4.4) imply cstg + ¢4 = 0, and the
second and the forth equations give

ko _
b1: —5€ moto bg

Ko
2m% ’

gmoto

a Qm%

Since cstg + ¢4 = 0, from the third equation in (4.4) we get
cy = —e2Motoc,

Using the above data, the second equation gives

2mok3
c3 = 72 0 gmoto
70
and the first equation with the help of constants by, bo, c3 implies
2
c1 = i—T03 e~ moto,
2my
Consequently, we have the following result.

THEOREM 4.4. Let X be a surface parametrized by
(4.5) X(s,t) =~(s) +u(t)T(s) + v(t)N(s) + w(t)B(s).

If the surface X passing through a helix v with a non- zero constant
curvature kg and torsion 1y in Euclidean 3-space is minimal and the helix
v is a geodesic on the minimal surface at t = ty, then the marching-scale
functions u,v and w are expressed as the form:

(4.6)
2 2
Ko T _ T _ K0oTo ROTO
U(t) _ — Ztioge motoemot :F 703€m0t06 mot :l: 72t :F 72t0,
70 2mg 2mg mg mg
Ko _ _ Ko
U(t) — _ - (6 mgtoemot + 6motoe mot) + =,
2m m
0 0
2 2 2 2
T T K K
0 —moto ,mot 0 moto ,—mot 0 0
w(t) = F—ge MO0t F M0N0l & Tt T .
2my 2my mg mg

EXAMPLE 4.5. Consider a helix parametrized by (3.18). If the curve
is a geodesic on the minimal surface X (s,t) passing through the helix
v, then in this case, the marching-scale functions are given by

u(t) = —%(sinht — 1),

1
v(t) = —ﬁ(cosht - 1),

w(t) = %(sinht +1).
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It follows that the minimal surface X (s,t) passing through the helix as
a geodesic is parametrized as

1 1 . .
— coshtcoss + 7 sinh ¢sin s

V2
X(s,t) = % coshtsin s — % sinht cos s

1 1
%S + %t
REMARK 4.6. It is well known that a helix on a circular cylinder is
a geodesic. But a circular cylinder is not minimal. Also, a helicoid is a
minimal surface and a helix is not geodesic on a helicoid. According to
our approach, one can find a helix as a geodesic on a minimal surface.

5. Conclusions

Geodesics and minimal surfaces are very interesting topics in differ-
ential geometry and have a wide area of applications in natural sciences.
Geodesics are used in sail design, shoe design and clothing design, etc
and minimal surfaces are familiar as soap films. Also, combination of
geodesics and minimal surfaces, that is, a minimal surface through pre-
scribed geodesic is studied by Sdnchez-Reyes [10].

If we use Wang’s[14] isogeodesic parameter surface because of the
Frenet frame of a curve, we describe the minimality condition of the
isogeodesic parameter surface. As a result, we give rise to the minimal
surfaces in terms of the marching-scale functions of the surface. Finally
we construct minimal surfaces passing through closed geodesic(circle)
and unclosed geodesic(helix).
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