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A SHARP RESULT FOR A NONLINEAR
LAPLACIAN DIFFERENTIAL EQUATION

KYEONG-PYO CHOI* AND Q-HEUNG CHOT**

ABSTRACT. We investigate relations between multiplicity of solutions and
source terms in a elliptic equation. We have a concerne with a sharp result
for multiplicity of a nonlinear Laplacian differential equation.

1. Introduction
A semilinear elliptic boundary value problem under the Dirichlet bound-

ary condition

Au+but —au™ =t1¢y +taps in Q.

1.1
(L) u=0 on N

Here, the second order elliptic differential operator

1<i,j<n

is a mapping from L2(2) into itself with compact inverse, with eigenvalues
—\i, each repeated as often as multiplicity, where a;; = a;;€ C>(Q).

Q be a bounded set in R™(n > 1) with smooth boundary 992. We denote
¢n to be the eigenfuction corresponding to A\,(n = 1,2,---) and the eigen-
fuction such that ¢; > 0 in 2 and fQ 2 = 1. We will also let ¢; denote the
eigeneunctions corresponding to A; normalized by inner product

1 if i=j,
o) = [oo={y }ioT

and the set {¢,| n =1,2,---} is an orthogonal set in Hilbert space H.
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We suppose that a < A, A2 < b < A3. we have a concern with the
multiplicity of solutions of (1.1) when h = t1¢1 + t2¢ is generated by two

eigenfunctions ¢; and ¢5. Then equation (1.1) is equivalent to
(1.2) Au+but —au” =h in H.

Hence we will study the equation (1.2). We use the contraction mapping
principle to reduce the problem from an infinite dimensional space in H to
a finite dimensional one.

Let V' be the two dimensional subspace of H spanned by {¢1, 92} and W
be the orthogonal complement of V in H. Let P be an orthogonal projection

H onto V. Then every element u € H is expressed as
u=v—+w,
where v = Pu,w = (I — P)u. Hence equation (1.2) is equavelent to a system

(1.3) Aw+ (I — P)(b(v +w)t —a(v+w) ) =0

(1.4) Av+Pb(v+w)t —a(v+w)7) = t1¢1 + tads.

Here we look on (1.3) and (1.4) as a system of two equation in the two
unknows v and w.

We know in [2] that for fized v € V' (1.8) has a unique solution w = 6(v).
Furthermore, 0(v) is Lipschitz continuous(with respect to the L?*-norm) in
terms of v.

Hence, the study of the multipicity of solution of (1.2) is reduced to the

study of the multipicity of solutions of an equivalent problem
(1.5) Av+ P(b(v +0(0)t —a(v+0(v)) ") = ti¢1 + tachs

defined on the two dimensional subspace V' spanned by {¢1, ¢2}.
While one feels intuively that (1.5) ought to be easier to solve than (1.2),
there is the disadvantage of an implicitly defined term 6(v) in the equation.

However, in our case, it turns out that we know 6(v) for some special v's.
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If v>0o0rwv <0, then §(v) = 0. For example, let us take v > 0 and
6(v) = 0. Then equation (1.3) reduces to

A0+ (I — P)(bvt —av™) =0,

which is satisfied because vt = v,v™ = 0 and (I — P)v = 0, since v € V.
Since the subspace V' is spanned by {¢1, ¢2} and ¢4 is a positive eigenfuction,

there exists a cone C; defined by
Cy={v=ci¢1 +cad2 | c1 >20,]ca| < qer}

for some ¢ > 0 so that v > 0 for all v € C; and a cone C3 defined by
Cs={v=cig1+c2¢2 | c1 <0, |ea| <gleal}

so that v < 0 for all v € C3.
Thus, even if we do not know 6(v) for all v € V', we know 6(v) = 0 for

v € C1 UC3. Now we define a map I : V — V given by
(1.6) I(v) = Av+ P(b(v +0(v))" — a(v+6(v)) "), veV.

IT of (1.6) is continuous on V, and we can see that for v € V/

(1.7) II(cv) = cII(v) (¢ >0).

We investigate the image of the cones C1, C's under 1. First, we consider

the image of cone Cy. If v = ¢1¢1 + ca¢2 > 0, we have
II(v) = Av+ P(b(v +0(v))" —a(v+0(v))")
= —c1M101 — 222 + b(c1¢1 + cadh2)
=c1(b—A)p1 + c2(b — A2) .

Thus the image of the rays c¢1¢1 £ qc1d2(c; > 0) can be caculated and they

are

(18) Cl(b - )\1)¢1 + qcl(b - )\g)gf)g (Cl Z O)
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Therefore if a < A1, A2 < b < Agz, then II maps C] onto the cone

b—\
dy >0, |ds] SQ<b_)\j>d1}-

Second, we consider the image of the cone Cj3. If

D, = {d1¢1 + dao

v=—c1¢1 + a2 <0 (c1 > 0,]c2] < ger),

we have

I(v) = Av+ P(b(v +0(v))" —a(v+0(v)”)
= Av + P(av)
= c1(A1 — a)d1 — c2(A2 — a)¢a.
Thus the image of the rays —ci¢1 £ qe1¢2(c; > 0) can be caculated and
they are

(19) C1 ()\1 — a)¢1 + qcy ()\2 — CL)(Z§2 (Cl 2 0)

Therefore, if a < A1, A2 < b < A3, then I maps C3 onto the cone

Ao —a
Dsz{d1¢1+d2¢2 ‘ d1207|d2|SQ<)\j_a> d1}~

2. The existence of solutions

We note that D; C D3 since a < A1, A2 < b < A3. We investigate the
images of the cones Cs,Cy under II. we suppose that a < A, A2 < b <
A3, h =111 + tapo. Now we set

Cr={v=rcip1 +ca2 | c2>0,c0 > qlcil},

Cyo={v=c1¢1 +ca2 | c2 <0,|c2| > gleal},

Then the union of C1,Cs, and C3,Cy are the space V.

We note that D; C D3 since a < A1, A2 < b < A3. We investigate the
images of the cones Cs, Cy under I1.

To investigate the images of the cones Cs,Cy, we need the following

lemma.
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Lemma 2.1. There exists d > 0 so that

(II(v), 1) > d|ca| for all v=cip1+ cagpa € V.

Proof. Let g(u) = bu™ — au™ and let v = c1¢1 + ca¢2. Let u = c1d71 +
Coo + 9(61, 02). Then

I (c1¢1 + cag2) = A(c11 + cadpa) + P(g(c1én + caga + 0(c1,c2))).
So we have

(II(v), ¢1) = ((A+ A1) (c11 + c22), d1) + (g(u) — Aru, ¢1).

The first term is zero because (A 4+ A\1)¢1 = 0 and A is a self-adjoint. The

second term satisfies
g(u) — Mu=but —au™ — A\ (ut —u")
= (b= A)u" + (M —a)u” > 7lul,
where v = min{b — A1, \y — a} > 0. Therefore
(11060 2 7 [ Julon.

Now there exists d > 0 so that y¢; > d|¢2| and therefore

3 [ o= a [ 1o zd\/u@

Lemma 2.1 means that the image of II is contained in the right half-plane.
That is, II(Cy) and II(C4) are the cones in the right half-plane. The image

= d|62|. O

of 5 is the cone containing
Ay — A2 —b
Dy ={dign +dady | di >0,—¢( 2" )i <dy < g 2= )au |,
)\1 —a )\1 —-b

and the image of Cy under II is the containing

Ao —b Ao —a
D4={d1¢1+d2¢2 dlZO,—Q<)\2 b>d1§d2SQ<)\2 )dl}.

1— 1—a
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We consider the restriction IT|¢c, (1 < i < 4) of II to the cone C;. Let
;=11

Ci» i.e.,
I, : C; — V.

We consider the segments so and s4 as follows

Ao — Ao — b
82:{¢1+d2¢2 ‘_q<)\i—z>§d2§q<)\j—b)}’
)\Q_b )\2—(1
— — < < .
54 {¢1+d2¢2‘ Q<)\1_b>_d2_Q</\1_a>}

We investigate the inverse image IT; *(s2), IT; * (s4). We note that IT;(C;)(i =
2,4) contains D,;.

By (1.7) and Lemma 2.1, we can see the following lemma.

Lemma 2.2. Let 0;(i = 2,4) be any simple path in D; with end points on
0D;, where each ray (starting from the origin) in D; intersect only one point
of o;. Then the inverse image Hi_l(ai) of o; is a simple path in C; with end
points on 0C;, where any ray in C;, starting from the origin, intersects only

one point of this path.

With Lemma 2.1 and Lemma 2.2, we have the following theorem.
Theorem 2.3. (a) The restriction II; : C; — D;(i = 1,3) is bijective.

(b) Il : C; — D,;(j = 2,4) is surjective. Therefore, II maps V onto Ds.
Proof. First, we shall show that IT; : C; — D is bijective. By (1.8), the

restriction I7; maps C7 onto D;. We consider the segment

51 = {¢1 + dagp2 ‘ |da| < Q<2:ij)}

Then the inverse image IT; *(s) is a segment

S = {b—l)\l((bl + coh2) ‘ o] < Q}~

By Lemma 2.2, II; : C; — D, is bijective. Second, in the same way we
can show that IT5 : Cs — Ds is bijective. (b) By (1.9) and Lemma 2.2, the
restriction I1; : C; — D;(j = 2,4) is surjective. O
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We note that all cones D>, D3, D4 contain the cone D;i. Also Ds, Do
contain the cone Do\ Dy, and D3, D4 contain the cone D4\D;.

Hence we have the following theorem.

Theorem 2.3 Suppose a < A1, Ao < b < A3. Let h = t1¢1 +tapo. Then we
have the following.

(a) If h € IntDy, then equation (1.1) has at least four solutions.

(b) If h € OD1, then equation (1.1) has at least three solutions.

(c) If h € Int(D3\D1), then equation (1.1) has at least two solutions.

(d) If h € ODs3, then equation (1.1) has at least one solution.

(e) If h does not belong to the cone D3, then equation (1.1) has no solu-

tion.

3. A sharp result for multiplicity

We shall investigate a sharp result for the multiplicity of equation (1.1)
when the source term h belong to the interior IntD; of the cone D¢, and A
is the Laplacian operator L.

Let A be a second order linear elliptic differential operator. Given a

function n € L>(Q2), let us consider the linear eigenvalue problem
—Au=2Xnu in £,
(3.1)
u=0 on Of.
An eigenvalue of (3.1) is a A such that (3.1) has a solution u # 0. Any ¢ # 0

satisfying (3.1) is an eigenfunction associated to the eigenvalue \.

Lemma 3.1.(Comparison Property)[1]. If n < & in Q, then A\p(n) > A\ (€);
if n < & in a subset of positive measure, then \i(n) > Ag(§). In particular,
if 1 < Ak, then Ag(n) > 1; if n > Mg, then \g(n) < 1.

Given u, we denote by C(u) the characteristic function of the positive set

of u, that is,
1, if wu(x) >0

ctl(e) = {

0, if wu(x) <0.
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We set a(u) = bC(u) + aC(—u) when the measure of {z|u(z) = 0} is zero.

Definition[6]. We say that u is a nondegenerate solution of equation (1.1)

if the problem
—Av=a(u)v in £,
v=0 on 0N

has only the trivial solution v = 0.

We have a concern only when A is the Laplacian operator L. We denote
by K the operator (—L)~! from H~1(Q) into E and we consider it as a
compact operator on H in a view of Sobolev’s imbeding theorems.

Given o € L3 () one can consider the eigenvalue problem

—Lv=vav in £,

3.2
(3:2) v=0 on OJf.

It is well known([6]) that if & > 0 in a set of positive measure, then the
positive number v for which (3.2) has a nontrivial solution that is a term of a
sequence v1 (a), v2(a), -+ ,vj(a),- - diverging to 4+o00. Since each eigenvalue
v; has finite multiplicity, we can repeat it in the sequence as many times as
its multiplicity.

We consider the nonlinear Lapacian differential equation

(3.3) Lu+but —au” =h(z) in H

Lemma 3.2. Assume a < A1 and b < X\, for a given integer k > 2. Let
h(z) = ¢1 + tapa € IntDy. Then if u is a solution of (3.3) which changes
sign in ), we have

vi(a(u)) <1 <wvg_1(a(u)).

Proof. Equation (3.3) has the positive solution u, = (b— A1) "¢y + ta(b—
o) " Lés and a negative solution u, = (a—A1) " té1+ta(a—N2) "Ly Writing

(3.3) for u and u, and substracting we get:

(3.4) —L(up —u) = bup, —u™) +au".
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Let us use the notation

b(up —u™) + au”

Up — U

o =

We have the inequalities:
(3.5) a<oa(u) <a<b.

By (3.4), vj(&) = 1 for some j and by (3.5) j € {1,2,--- ,k — 1}. We have
similar computations with w,, and find a function & such that v;(&) = 1 for
some j' € {1,2,--- ,k—1} and

(3.6) a<d&<alu) <b,

where each inequality holds on a subset of positive measure in €2. By Lemma

3.1, we have

1L =v(a) <vp1(q) < vg-1(a(u)),

which proves the lemma. O

Theorem 3.3. Let a < A1, Ao < b < A3 and let h € IntD+. Then equation
(3.3) has exactly four nondegenerate solutions.

Proof. The staetment follows from Lemma 3.2 which ensures that any
solution which changes sign is nondegenerate and has local degree —1. Since
we know that the solutions of constant sign only are u, and u, and they

have local degree 1, by using the equality:
drs(u— K(but —au™),B(0,r),~K¢;1) =0

which is proved in [6] for large positive r. By the homotopy invariance prop-

erty of degree, if h € IntDq, then
drs(u— K(but —au™), B(0,r),—Kh) =0

for large positive r. This completes the proof. O
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