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INCOMPRESSIBLE NAVIER-STOKES EQUATIONS IN
HETEROGENEOUS MEDIA

Hee CHuL Pak*

ABSTRACT. The homogenization of non-stationary Navier-Stokes
equations on anisotropic heterogeneous media is investigated. The
effective coefficients of the homogenized equations are found. It
is pointed out that the resulting homogenized limit systems are
of the same form of non-stationary Navier-Stokes equations with
suitable coefficients. Also, steady Stokes equations as cell problems
are identified.

A compactness theorem is proved in order to deal with time
dependent homogenization problems.

1. Introduction

In this paper, we address the problem of the homogenization of non-
stationary Navier-Stokes equations;

3}
pau—i—(u,V)u—l—S(u)—i—Vp:f7
divu=0

in heterogeneous media. Here u(z,t) = (u',u?,--- ,u") is the Eulerian

velocity of a fluid flow and (u, V)u, = >0 u; %uk, k=1,2,---n (the
elasticity operator £ is described in Section 2).

The homogenized problems for fluid flows governed by steady Stokes
equations and Navier-Stokes equations have been extensively studied by
many authors - for example, C. Conca, T. Levy, Sanchez-Palencia, G.
Allaire, A. Mikeli, Firdaouss-Guermond et al.
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Compared with other studies, we focus on the homogenization of non-
stationary Navier-Stokes systems with distinct coefficients on anisotropic
materials - these general situations provide a bunch of cell problems of
matrix type. We identify that the limit systems are of the same form of
non-stationary Navier-Stokes equations with effective coefficients. It is
also very interesting to get accessible cell problems - we find the classical
Stokes equations on a flat torus as the cell problems which provide the
homogenized effective elasticity tensor.

In Section 2, we construct the e-model and present terminology to
explain well-posedness and a-priori estimates. In Section 3, we briefly
review the two-scale convergence, and introduce the two-scale limit of
the stain operator, and prove a compactness theorem which is useful to
deal with time dependent problems. In the last section, the homogenized
equations for the e-model of non-stationary Navier-Stokes equations are
investigated .

2. The e-model

We consider a structure consisting of fissures and matrices periodi-
cally distributed in a domain € in R™ with period €Y, where ¢ > 0 and
Y = [0,1]™ is the unit cube. Let Y be given in complementary parts,
Y1 and Y5, which represent the fissure and matrix, respectively. Denote
by xm(y) the characteristic function of Y;, for m = 1,2, extended Y-
periodically to all of R™. Thus, x1(y) + x2(y) = 1. We shall assume
that the set {y € R™: x1(y) = 1} is connected and smooth.

The domain (2 is thus divided into the two subdomains, €2 and €25,
representing the fissure and matriz, respectively, and given by

an:{xEQ:Xm<§>:1}, m=1,2.

Let I'fy = 097 N Q5 N Q be the part of the interface of Q2 with 25 that
is interior to €2, and let I'1s = 0Y1 N Y2 N'Y be the corresponding part
in the cell Y. Likewise, let I'so = Yo N JY and denote by I'§, its periodic
extension which forms the interface with those parts of the matrix €25
which lie within neighboring €Y- cells. These are the local blocks and we
denote them by Y.

We construct a system consisting of a non-stationary incompressible
Navier-Stokes system in 2 coupled across the interface I'{5 to another
non-stationary Navier-Stokes system in 5. The structure of fissured
medium produces very high frequency spatial variations of pressures
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in the matrix and fissures, and so leads to corresponding variations of
velocity fields.

In order to describe these, the fluid presswes in QF are denoted
by pt,(x,t) at the position z € Q°,, m = 1,2 at time t. We let

Uy, = (Uml, Um2, - , Umn) be the veloczty field at x € Q5,, m = 1,2
and time ¢, and eg(u) = 1 <82k w+ 5 uk> be the (linearized) strain

tensor, which measures the local deformation of velocity. The stress o(u)
is a necessarily symmetric tensor that represents the internal forces on
surface elements resulting from such deformations, and we assume that
the material is governed by the generalized Hooke’s law

n
m) = Z aiiek (W), m=1,2.
k=1

The positive definite symmetric elasticity tensor a;;; provides a model
for general anisotropic materials. We assume that aj%,(z,y) (m = 1,2)
are bounded continuous functions such that

(1) Z MNig Mkl < Z Ukl € y MNig Mkl < Z Mig Mkls

0,4,k 0=1 0,9,k 0=1 i,5,k,0=1

where (7;;) is an arbitrary symmetric matrix, € Q and ¢,¢c2 >
0. The boundary conditions will involve with the surface density of
n

forces or traction Z 0;j nj determined by the unit normal vector n =

j=1
(n1,n2,...,ny,) on any boundary or interface. The normal will be di-
rected out of Q5. The elastic structure is described by bilinear forms

n

er(u,v) = Z / a?}kl( ,g)skl(u)sij(v)dx,

igkl=1"
m = 1,2, on the space
V={veH' ()":v=00onTy}, TIoycCoQ

of admissible velocity fields of fluid. The local description is obtained by
means of Green’s theorem

e (0, V)= 9655( u(z))-v(z)dr+(- ”Z:I/ ij (u(s))njvi(s)dS,
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where the formal operator is given by
£ (u); = ZZ@ aly(x 5kl() 1<i<n, m=1,2,
7=1k,l=1
whenever u,v € V and &,,(u) € [L%(Q5,)]".

Now, we are in the position to present the e-model originated from
the high frequency spatial variations of pressures and velocity fields in
the matrix and fissures. The e-model for diffusion on a Navier-Stokes
fissured medium is as follows:

3}
(11a)  pr o+ (o V)i + &5 (ud) + Vi = £ in 05,
(1.1.b) divuj =0,

(122)  u=u =g

(1.2.b) ZUU uj)n ZJU us)nj, 1<i<n,
Jj=1

(1.2.c) (ul ®uj)-n=(u3®u3)-n  onI',,

9]
(1.3.a) P2 8tu2 + (u3, V)us + &5 (uj) + Vps =15 in Q5,

(1.1.b) div uj = 0.

REMARK 2.1. (i) The global pressure on §) is given as
() =x1 () pi) + e (3) pla),
and the global stress is given as
05w = x1 () oly(u) +x2 (2) o (wa).

(ii) We need to supplement (1.1) with boundary conditions on 0f2. Only
those prescribed for pj and u® will survive the limit process as € — 0.
(iii) The equations (1.2) are just of the continuity of velocity fields,
pressure, stress and inertia.

(iv) The components of (1.3.a) are given by

0 0
P14; ot us; + ZUQJ a Z a Qijjkl ( )gkl( 2) + 8]52 = fi,

k=1

i=1,2,--- ,n and (1.1.a) is similar.
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(v) We can allow the quasi-static cases p, = 0 which are examples
of degenerate evolution equations. Also we could modify the model to
include a scaling by any positive power of € for p,,, and then these
would be lost in the limit. In this discussion we permit only an elliptic
condition on py,:

0 <3 < pml(), x €,
for some constant cs.

A wvariational (weak) formulation of Navier-Stokes equations (1.1) ~ (1.3)
is to find

wS, € L2([0, T HY(25,)™) () Co (0, T L2 (Q5,)"),  m=1,2
with p§ = p5 and uf = uj on I'j, such that
2

Z [/ pmgufn Vi + (u,, VU5, - vipde + €, (um,Vm)]
s Ot

m=1
2

(2) =3 [ v

m=1 ™
and

2
(3) Z [/ (div uj,) emdz| =0
m=1 m

for all divergence free vector fields v,, € C1([0,T]; HY(Q5,)"), m = 1,2
with vi = vy on IS, and all ¢, € CL([0,T]; H}(Q%,)), m = Wlth

©1 = 2 on I'fy.
The space C, ([0, T]; L*(2,)™) is a subspace of L>([0, T]; L*(Q5,)™) con-
sisting of functlons which are weakly continuous: st u(t,x) - h(z)dz is

a continuous function, for all h € L2(Q%,)".

In the following discussion, the function space V4, is defined by
Viiw ={v eV :divv=0}.
THEOREM 2.2. For each € > 0 and T > 0, there is a solution
u® € L*((0, T); Vaiw) [ ) C ([0, T L*()")

of the variational formulation (2) and (3) for every given f = fy + divF
with

fo e L'(0. T L)), F e L0, T L% (Q)")
and divergence free initial vector field u®(0) = u§ € V gy
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Proof. The proof is originally discussed by J. Leray and there are
several approaches to the existence of solutions, for example, see [3], [4],
[6], [7], [12], [13]. All of these sources have used mainly the Galerkin
approximation. ]

We substitute vi = uj, vo = uj into (2) to get

5 [LIF w0 + [ tonteh ]

m=1
2

1
< ZLII Ol + [ umdxdT]

m=1
2

1 t
2[2” P 0 O 05, ||fm||L2m;n>n|umumwdm{.

m=1

IN

(4)

Applying Korn’s inequality([9]) we see that
HuiHLQ([O,T];L%Qi)”) and Hu§HL2([o,T];L2(Qg)n)
are bounded. These facts, in turn, imply that
l[exi(ui) ’|L2([07T];L2(Qi)n2)7 ||ek‘l(u§)||L2([07T];L2(Qg)n2)7

uillzeeo,rpsz22)mys 10l oo jo,77:22(25)m)
are bounded.

3. Two-Scale Convergence

We briefly review the two-scale convergence, and introduce the two-
scale limit for the stain operator and prove a compactness theorem which
is useful to deal with time dependent problems.

DEFINITION 3.1. A sequence of functions {uc} in L*(2) is said to
two-scale converge to a limit ug(x,y) € L?(Q2 x Y) (we denote it by
ue 2 uo(z,y)) if for any test function (z,y) in C§°(Q2; C{°(Y)), we
have

/Q ue(z)(a, D) — /Q /Y wo(@, ) 0(@, y)dyde  as e — 0.

This definition makes sense due to Nguetseng’s compactness theorem,
whose proof can be found in Allaire [1].
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REMARK 3.1. 1. (Nguetseng) Any bounded sequence {u.} in L?()
has two-scale convergent subsequence.
2. Let {u.} be a bounded sequence in H'(2). Then there are uy €
HY(Q) and U(z,y) € L2(Q;Hﬁl(Y)) such that, up to a subsequence,
{uc} two-scale converges to ug(x) and {Vu.} two-scale converges to
Vug(z) + VyU(z,y).
3. Suppose a sequence of vector fields {u.} and {div u.} are bounded
in L?(Q)" and L?(Q), respectively. Then there are ug € H'(Q)" and
U(z,y) € LQ(Q;HJ(Y))” such that, up to a subsequence, {u.} two-
scale converges to ug and {div u.} two-scale converges to div ugy +
divy U(z,y).

We present two-scale strain behavior of bounded vector fields for
which its strain is bounded. We denote the strain operator by e(u), that

is, the i-j component e(u);; of e(u) is e(u);; = €;;(u) = % (g;? + g‘;i),
J 3
and also e(u), = (f (au, + %‘;))

PROPOSITION 3.1. Suppose that a sequence of vector fields {u.} is
bounded in L*(Q)" and the sequence of matrices {e(u.)} is bounded in
L?(Q)™*", respectively. Then there is a subsequence {uc,} of {u.} such
that {u.,} two-scale converges to u and e(uc;) two-scale converges to
e(up) + e, (U), for some u(x) € L*(Q)" and U € L*(¢; Hﬁl(Y))”

Proof. Tt can be proved by Korn’s inequality and Remark 3.1-2. (For
a complete discussion about Korn’s inequality, we refer [9]). O

In order to deal with the homogenized property for parabolic equations,
we prove the following compactness theorem which generalizes the com-
pactness theorem for elliptic problems described in Remark 3.1.

THEOREM 3.2. Let 0 < T' < oo. Suppose that {u.} is a bounded
sequence of forms in L?([0,T); L?())). Then there are a subsequence
{ue,} of {ue} and Uy(t,x,y) € L*[0,T); LXQ x Y)) such that for any

bit.zy) € L2 ([0, 7); O (% O (Y)))

T
lim/ /uej (t,z) Y < ) dxdt // Uo(t,z,y) ¥(t,z,y)dxdydt.
£—=0Jo Ja Qx

Proof. We have a given bounded sequence {u.} in L?([0,T); L3(9)).
There is a positive constant C’ such that [|uc||r2(j0,r);2(0)) < C. Then

let Fo( fo Jo ue(t, ) (t,x, Z)dzdt and D = L2(Q; Cy(Y)). We
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notice that

) |< /OT Jue®lqey ¥ (82 7|

T 2 72 T 1
/ (rnaxnw,x,y) ||L2(m) dt =c{ | e u%dt}
0 yey 0

for every W € L2 ([0,T); D). This leads to F. € (L2([0,T);D))/. So a
subsequence {F¢,} is weak*-convergent to some Uy € (L2([O,T);D))/.
Therefore from the fact that for ¥ € L?([0,T); D),

v <t, x, x)
€j
together with Lebesgue Dominated Convergence Theorem, we have
| Up(¥) |= lim | F (W) |
Ej—>0
T x
<timswp [110(0) 120 Mt )
EjHO 0 Ej
1
dt

T T 2 2 T %
/ lim sup ‘\I/ (t, x, > = CV | (t) H%ﬁ(QxY) dt] .
0 &—0 €5/ L2 () 0

Since L?([0, T); D) is dense in L2([0,T); L2(2xY)) = L2([0,T) x Q2 xY),
it follows that Uy is in L2([0,T) x 2 x Y). By Riesz Representation
Theorem, we have

dt
L2(Q)

<C

<[¥@®) llp, tel0T)
L2(Q)

dt
L2()

<C

1
2

T
Up(T) = [/O ORT0 . dt] . TeL2(0,T)x Q2 xY)

for some Uy € L? ([0, T); L2(Q x Y)) Therefore we get

T
lim / / i (¢, x)qf<t,x, x) drdt = lim F.(T) = Up(T)
Ej—>0 0 [¢) Ej €j—>0

T
_ / / / Uo(t, x, y)U(t, . y)dudydt.
0 YJQ

4. Homogenized Navier-Stokes system

We will consider the limit equations for Navier-Stokes system.
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Let us denote the scaled characteristic functions by

X
X?n = Xm (f

>, m=1,2.
€

Firstly, Remark 3.1, Proposition 3.1 and a priori estimates yield the
existence of subsequences (it is also denoted by u®) which two-scale
converge to some

uc L0, T]; H(Q)"), U e L*([0,T]; L*(Q, H(Y)™)
as follows:
w(t,z) = ult,z),  en(u®) = ey(u) + ey (U, y)),

wherein e, (U) = %(%—i—%). Secondly, by virtue of Korn’s inequality,
we get that

[uil Lo (0,751 (25 ) ([0S | Lo (0,771 (05)7)
are bounded, so then Rellich Theorem yields u®(t) converges strongly

u(t) in L2(Q)", for each t € [0,T]. Thirdly, the divergence free condition
of velocity fields uj, yields;

(5) div u(z) + div, U(z,y) =0

on (Remark 3.1-3). We take the weak limit on the condition (3) to get
div u = 0. Therefore, from (5), we have div, U(z,y) = 0.

The e-equation (2) can be displayed as;

[ @ {ta) fuita) vie) + i), Do) Vi) f o

+ [ @) fuie) vie) + @i, D) Vi) | do
e, ) + 5w, vE)

(6) = [ @@ Vi@ + [ @) - vids
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for all divergence free fields v, € C1([0,T]; HY(Q5,)"), m = 1,2 with
vi =vyon I'f, and vi(T) = vo(T) = 0. We rewrite (6) as;

T T

| [ @ witto) - Gvitadede+ [ e, vio)
T

—i—/o /Qxi(x) {uj(t,x) @ ui(t,x)} - Vvi(t,x)dxdt

T T

+/0 /ng(ac)pg(:z:) us5(t, x) -gtvg(t,m)dmdt—l—/o e5(ug, v§)dt
T

(7) —i—/o /ng(x) {ui(t,z) @ ui(t,z)} - Vvi(t, z)dzdt

:/ p1(x) ui(0,z) - vi(0, :U)dx—l—/ p2(x) u5(0,z) - v5(0, z)dzdt

//Xl )i (t,x) - vltxd:cdt+//)<2 Vo (t, x) - v5(t, z)dxdt.

Applying any divergence free test field v € H'(Q)" in the place of vy
and vo, we have the (weak) limit of e-equation (7);

/OT/Q {P(@ i;::(tx) v(t,z)+{u(t,z) @u(t,z)} - Vv(t,a:)} dadt

T T
(8) —i—/o e(u(t)—i—U(t),v(t))dt:/O /Qf(t,x)-v(t,x)d:vdt

with the effective coefficients given by
9)  pla) = Vil (@) + Valpa(a),  £(2) = Vil (2) + [Valfa(a)

and the homogenized elasticity bilinear form is defined by;

e(u+U,v) Z // aijrl(z,y {Ekl +ekl (z,9) }5” )dxdy,

4,7,k I=1

where the corresponding effective elasticity tensor is

aiji (%, y) = X1 () aju (@, y)+x2(y)ad (@, ).

In order to investigate the cell problem of the limit system, we apply
divergence free test fields €V (z,£), where V(z,y) € C§°( Cye(y)")
in the place of v, on (6) to have its two-scale limit;

a0 3 [ [t ) en(ute) < (UG )l (V (o) dyda =

7.]kl_
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Indeed, we can note the two-scale limit of the nonlinear term as follows;

/E(ui($), Viui(z) - eV (a:, g) d$+/6(u§(x), V)us(z) - eV (ZE, g) dx

_ 22: /Q (05, (@) @ g, (@)} {=VaV (o, f) +9,V (=, %) }do
m=1 m

2, div, {u(z) @ u(z)} - V (z,y) dedy = 0.
QXY

By density, (10) holds for all divergence free fields V € L?(€; Hﬁ1 (Y)™).
Therefore, the corresponding strong formulation of (10) is;

Z Z ‘ azjkl x,y) [Skl(u) +€Z1(U(x,y))] + (,;Ziq:&

31k11

1 <i < n, for some scalar function g(x). This leads to the
Cell Problem. Find X(y) € H}(Y)"™, II(y) € H}(Y)™ such that

n
B)
= 20 gy @) [0 + (X))
jki=1 7
)
(12) 4+ TIs=0, 1<irs<n, x€
n 0y;
iXﬁ;:o, 1<rs<n,
OYm
\ m=1

where we set

55 — 1 when r =k and s =1
10 otherwise.

The above cell problem is nonhomogeneous Stokes equations. In fact,
the equation (12) can be rewritten as; for each 1 <r,s <n

) "0 ,
- Z aukl )5Z1(X7‘3)+7Hrs = Z a5 aijrs(za ')a 1<i<n.
dyi = 9y

7.k, l= l

We notice that X,.; and Il,; are symmetric; that is,
er = Xsm Hrs = Hsrv
for all r, s. Now, we let

U= Z X, sers(u) and ¢= Z IT,se,5(u)

r,s=1 r,s=1
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to find U, ¢ that satisfy the cell equation (11). The following observa-
tion:

e(fu+U,v) = Z /Y/Q a;ijrl(z,y) {skl(u)+ ezl(U(x, y))} gij(v)dzdy

1,7,k,l=1

- Z 0 ZLaiJTS(xvy) {5fé+5%s(xkl)} dy ¢ eri(u) g45(v)de.

1,7,k,l= r,s=1

allows us to define the homogenized effective elasticity tensor

(13) bijri() = ) /Yaz‘jrs(fl?,y) [5f§ + 5%S(Xkl)} dy,

r,s=1

and the homogenized effective elasticity operator £

(14) E(u)z = — Z Z 8]' bl-jkl(a;) skl(u), 1 S 7 S n,

j=1 k=1
whenever u € V. Therefore, the strong formulation of (8) is
0
PaU +(u,V)u+£&(u)+ Vp =f1,
for some potential function p(t, x).

We summarize the homogenizing process as follows;

THEOREM 4.1. The homogenizing process for the Navier-Stokes sys-
tems (1.1) ~ (1.3) gives rise to the same type of Navier-Stokes systems
displayed as

0
Po + (u,V)u+&(u)+ Vp =",
divu =0,
with the effective coefficients (9), (13) and (14). It also produces the cell

problems (12) which are the classical Stokes equations of matrix-type on
torus.
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