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THE ARTINIAN COMPLETE INTERSECTION
QUOTIENT AND THE STRONG LEFSCHETZ
PROPERTY

YONG-SU SHIN*

ABSTRACT. It has been little known when an Artinian (point) quo-
tient has the strong Lefschetz property. In this paper, we find the
Artinian complete intersection quotient having the SLP. More pre-
cisely, we prove that if X is a complete intersection in P? of type
(2,2) and Y is a finite set of points in P? such that XUY is a basic
configuration of type (2,a) with a > 3 or (3,a) with a = 3,4,5,6,
then R/(Ix + Iy) has the SLP. We also show that if X is a complete
intersection in P? of type (3,2) and Y is a finite set of points in P?
such that XUY is a basic configuration of type (3, 3) or (3,4), then
R/(Ix + Iy) has the SLP.

1. Introduction

Let R =k[z1,...,x,] be an n-variable polynomial ring over a field k
of characteristic 0. A standard graded k-algebra A = R/I = ®;>0A; has
the weak Lefschetz property (WLP) if there is a linear form ¢ such that
the multiplication x¢ : A; — A;+1 has maximal rank for every ¢ > 0,
and A has the strong Lefschetz property (SLP) if x¢¢ : A; — A;q has
maximal rank for every ¢ > 0 and d > 1. In this case, £ is called a strong
Lefschetz element of A. If d = 1, then /£ is a weak Lefschetz element of
A.

The WLP and SLP are closely connected to several topics in algebraic
geometry, commutative algebra, combinatorics, and representation the-
ory ([7, 8,9, 10, 11, 12, 15]). In [7], Harima et al. gives an overview of
the Lefschetz properties from a different prospective focusing on repre-
sentation theory, and provides a wonderfully comprehensive exploration
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of the Lefschetz properties using the Jordan type. Here the Jordan type
of £ € m is the partition giving the Jordan blocks of the multiplication
map xX{ : M — M, where M is a module of A, and m is a unique
maximal homogeneous ideal of R (see [7, 11]).

Recently in 2018, Iarrobino, Marques, and McDaniel [9] explored a
general invariant of an Artinian Gorenstein algebra A or A-module M,
which is the set of Jordan types of elements of the maximal ideal m of A.
In [1], the authors showed that if X and Y are linear star configurations
in P? (see [13, 14] for the definition of a star configuration), then the
Artinian quotient R/(Ix + Iy) has the WLP. Indeed, this is true in P”
in general. Moreover, in [11], the authors proved that if X is a specific
k-configuration in P? (see [2] for the definition of a k-configuration) and
Y is a finite set of points in P? such that X UY is a basic configuration
in P2, then the Artinian quotient R/(Ix + Iy) has the SLP.

In this paper, we focus on the following question.

QUESTION 1.1. Let X be a complete intersection in P? contained in
a basic configuration Z (see Definition 2.2) and let Y:=7Z — X.

(a) Does the Artinian quotient R/(Ix + Iy) have the WLP?
(b) Does the Artinian quotient R/(Ix + Iy) have the SLP?

For Question 1.1 (a), “most” Artinian Gorenstein rings have the WLP
(see [4, 16]). However, it is not much known if Question 1.1 (b) is true.

In Section 2, we introduce two basic results to show if the Artinian
quotient R/(Ix + Iy) has the SLP. The first one is a Waring decomposi-
tion, and the second one is the Jordan type argument. In Section 3, we
prove that if X is a complete intersection in P2 of type (2,2) or (2,3),
then some of the Artinian quotient R/(Ix + Iy) has the SLP (see Theo-
rems 3.1, 3.2). In particular, we give a complete answer to Question 1.1
(b) when X is a complete intersection in P? of type (2,2) and Z is a basic
configuration in P? of type (2,a) with a > 3 (see Proposition 3.3). Our
results are far away to the full answer to Question 1.1, and so we might
try more to obtain the general answer to this question.

We linked full calculations for this paper to Arxiv to make this paper
shortened (see complete intersection quotient-fulltext.pdf).

2. A Waring decomposition and the Jordan type

REMARK 2.1 ([11, Remark 2.1]). Let k be a field of characteristic zero
and let F' € k[zo, x1,...,2,] = R=D,;5¢ R (n > 1) be a homogeneous
polynomial (form) of degree d, i.e., F' € Ry4. It is well known that in this
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case each R; has a basis consisting of i-th powers of linear forms. Thus
we may write

r
F:ZaiLg, a; €k, L; € Ry.
=1

If k is algebraically closed (which we now assume for the rest of the
paper) then each a; = Bfl for some 5; € k and so we can write

=1 =1

We call a description of F' as in equation (2.1), a Waring decomposition
of F'. The least integer r such that F' has a Waring decomposition with
exactly » summands is called the Waring rank (or simply the rank) of
F.

DEFINITION 2.2 ([6, Definition 3.1]). A finite set X of points in P? is
called a basic configuration of type (d,e) if there exist distinct element
bj,c;j in k such that

Ix = <ﬁ(:c - bjz),jljl(x - cjz)>.

J=1

We now introduce two important tools to verify if an Artinain ring

has the WLP or SLP.

LEMMA 2.3 ([7]). Assume A is graded and Hy is unimodal. Then

(a) A has the WLP if and only if the number of parts of Jya =
max{H4(i)}. (The Sperner number of A);

(b) ¢ is a strong Lefschetz element of A if and only if Jy a4 = H}
the conjugate of Hy (exchange rows and columns in the Ferrers
diagram of Hy).

PROPOSITION 2.4 ([3, Proposition 5.15]). Let X be a finite set of
points in P™ and let A be an Artinian quotient of the coordinate ring of
X. Assume that Hy (i) = Hx(i) for all 0 < i < 0(X) — 1. Then A has
the WLP.

3. The strong Lefschetz property

In this section, we shall introduce the Artinian complete intersection
quotient having the SLP.
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Let R = k[z,y, z]. First, note that L; is the line defined by a linear
form L; = x — (i — 1)z and M; is the line defined by a linear form
M; =y —(j— 1)z for i and j, and that p;; is a point defined by two
linear forms L; and M;.

THEOREM 3.1. Let X be a complete intersection in P? of type (2,2)
contained in a basic configuration Z in P? of type (2,a) with a > 3.
Define Y :=7Z — X, (X is a set of solid 4-points in Figure 1).

° ° o -+ o 1ls
° ° o -+ o 14
M; My Mz --- M,
FIGURE 1.

Then the Artinian complete intersection quotient A := R/(Ix + Iy)
has the SLP.

Proof. Since all cases can be proved by an analogous argument, we
shall introduce a proof for a > 5 only here. We linked the full cal-
culations for this proof to Arxiv (see complete intersection quotient-

fulltext.pdf).
Suppose a > 5. Then by [5, Theorem 2.1] the Hilbert function of A
is
(a—3)-rd
Hy : 1 34 -~ 4 3 10.
By [6, Lemma 3.4],
Ix + Iy = (L1Lo, My My, M3 - - - M,).
By a Waring decomposition, for a general linear form /¢,
1 ¢ [Ix + Iyla—a.
Thus the Jordan type Jy 4 is of the form
Joa=(a,...).

Without loss of generality, we may assume that a linear form ¢ van-
ishes on a point g1 1, but £ does not vanish on any other points @; ; for
(i,7) # (1,1). Assume that

(OtLl —|—ﬁM2 +7€)£a—3 = F1L1L2+F2M1M2+5M3 cee Ma € [Ix—i-ly}a,g,

for some F; € R,_4, and § € k. Since a form FyLiLo + FoMiMsy +
O0M3 - -- M, has to vanish on the point 11, we see that 6 = 0, and so

(aLy + BMs + y0)*3 = F1 Ly Ly + Fy My Ms.
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By the analogous argument as before, one can easily find that o = 8 =
v =0, i.e., the 3-forms
L1£a73’ M2£a73’€a72

are linearly independent. It follows that for a general linear form ¢ the
Jordan type Jy 4 is of the form

Joa=(a,a—2,a—2,...).

Notice that by [3, Proposition 5.15] the Artinian ring A has the WLP,
and so by Lemma 2.3 (a) the number of partitions of the Jordan type
Jg, 4 is the same as the Sperner number. Thus

Joa=HY = (a,a—2,a—2,a—4),

as we desired. Therefore, by Lemma 2.3 (b), the Artinian ring A has
the SLP. 0

THEOREM 3.2. Let X be a complete intersection in P? of type (2,2)
contained in a basic configuration Z in P? of type (3,a) witha = 3, 4,5, 6.
Define Y :=7Z — X, (X is a set of solid 4-points in Figure 2).

o o [¢] e} ]Lg

° ° o o Ly

° ° o -+ o 14

M; My Mz --- M,
FIGURE 2.

Then the Artinian complete intersection quotient A := R/(Ix + Iy)
has the SLP.

Proof. Since all cases can be proved by a similar argument, we shall
introduce a brief proof for a = 6 only here. We linked the full calculations
for this proof to Arxiv (see complete intersection quotient-fulltext.pdf).

Consider a = 6. Note that by [5, Theorem 2.1] the Hilbert function
of Ais

Hy : 1 3 44 4 3 10

By [6, Lemma 3.4],

IX = (LlLQ,MlMQ), and
Iy = (LiLoL3, MMy --- Mg, L3 M3MyMsMs).

Hence the ideal Ix 4+ Iy has 3-minimal generators, i.e.,

Ix + Iy = (LiLo, My My, LsM3MyMsMs).
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By a Waring decomposition, for a general linear form ¢, the Jordan type
Jg, 4 is of the form

Joa= (7,...).
Without loss of generality, we may assume that a linear form ¢ := z.
Now assume that
(3.1)

(ax + By + v2)2t = F1L1 Ly + Fy My My + §Ls M3 MyMs Mg € [Ix + Iy]s
for some «, 3,7, € k and Fi, Fy € Rs. Let
Fr = Z ai,j,kmiyjzk and Fy, = Z bi,j,k:ciyjzk.
it+j+k=3 i+j+k=3

Since a form (ax + By + v2)z* vanishes on any point (x,%,0), we can
rewrite equation (3.1) as

L o .
E ai,j,oxﬁ y + g b¢7j70:nly]+ + dzxy” = 0.
i+j=3 i+j=3
This implies that
as0,0 = a21,0 = bo3o =
a1,2,0 + b3,0,0

ao,3,0 +b2,1,0
bipo+0 =

and

cocooo

For our convenience, set

az0,1 =a, ai20=>b, a1 =c aip2=d,
ap3o =€, ap21=f, ap12=4g, ao03 =",
b2o1 =1, bipo=17J, bi11=Fk, bio2=1,
bopo1 =m, boi2=mn, booz=p, Iie,

Fi = ar?z + bxy? + cxyz + dvz? + ey’ + fy?z + gyz? + h2d,

Fy = —ba3 —ex?y+iz?z + joy? + kayz + lx2? + my?z + nyz? + p23.
Thus

(ax+ By +72)z* = aztz+ (b+c)adyz+ (—b+e+ f +i)ay’z

+(—e + 135 + k)zydz + (27 + m)y'z

+(—a+ d)z3y? + (—c+ g — i)z’y2?

+(=f =Tl — k+ Day?2? + (=28 — m +n)y>z2
+(—d+ h)2?2% + (—g + 1545 — )zy2>

+(1425 — n + p)y?z3 — hazt — 120522* — 308jyz*
—pyz* + 2405 2°.
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This indicates that a = d = h = 0, and so we have

(ax + By +v2)2t = (b+c)xdyz+ (=b+e+ f+i)r2y?2

(—e+ 135 + k)ayz + (25 +m)y'z
(—c+g—)2?yz® + (= f = T1j — k + Day®2?
(=28 —m +n)y22? + (—g + 1545 — )wy2>
(1425 — n + p)y?z3 — 120j22*

+(—3085 — p)yz* + 2405 2°.

We obtain the homogeneous linear system,

b+c = 0, =b+e+f+i = 0, —e+13j+k =
2j+m = 0, —c+g—i = 0, —f—-Tlj—k+1 =
—28j—m+n = 0, —g+154j—-1 = 0, 1425 —n+p =
Thus we have that j = p = 0 (see complete intersection quotient-
fulltext.pdf for the calculation with details), and so
a = —1205 = 0,
6 = =308 —p = 0, and
Ny = 240§ = 0.

This implies that the 3-forms {zz*, y2z*, 25} are linearly independent, and

thus, for a general linear form ¢, the 3-forms {z¢*, y¢*, 2¢*} are linearly
independent. Moreover, by Proposition 2.4, A has the WLP, and hence
by Lemma 2.3 (a) the Jordan type Jy 4 is

Joa=(7,5,5,3) = H).
Theorefore, by Lemma 2.3 (b), the Artinian ring A has the SLP. This
completes the proof. O

PROPOSITION 3.3. Let R = klz,y, z]. Let X be a complete intersec-
tion in P? of type (3,2) contained in a basic configuration Z in P? of
type (3,a) with a = 3,4. Define Y := Z — X, (X is a set of solid 6-points
in Figure 3).

. . o L3 ° ° o o ILj
° ° o I ° ° o o ILso
° ° o 14 ° ° o o Iy
M; My, Mg M; My, Mg My
FIGURE 3.

Then the Artinian complete intersection quotient A := R/(Ix + Iy)
has the SLP.
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Proof. We shall show for a = 4 only here (see complete intersection
quotient-fulltext.pdf for the case a = 3).
Let a = 4. By [5, Theorem 2.1] the Hilbert function of R/(Ix + Iy)
is
HR/(IX-i-Iy) 1 3 4 3 1 0.

By a Waring decomposition, for a general linear form ¢, we have

€4 ¢ [IX + Iy]4.
So the Jordan type Jy 4 is of the form
Joa= (5,...).

Note that
Ix + Iy = (L1 L3 L3, My My, M3 My).

Without loss of generality, we may assume that a linear form ¢ := Lj.
Now assume that

(ax + By +~2)L? = a1 L1 Ly L3 + Fy My My + Fa M3 M,y € [Ix + Iy)s

for some «, 8,7,01 € k, and F; € Ry. Since a form (ax + By + vyz)L?
vanishes on two points g1 1 and g1 2, the form F>M3zM, vanishes on the
two points. Hence, by Bezout’s theorem,

Fy, = as3lq, for some, a3z €k.
Thus
(ox + By + v2)L? = a1 L1LyL3 + Fy My My 4 a3 Ly M3 My.
Since F} = agLq for some ag € k, we get that
(ax + By +v2)L1 = ayLoLg + agMy My + ag M3 My.
Recall that

Li=x, Lo=x—2 Ls=x—2z,
M=y, My=y—2z Ms=y—2z My=y—3z.
Since L1 = x vanishes on the 3-points (0,0, 1), (0,1,0), and (0,1,1), one
can easily calculate that
a1 = Qg = Q3 = 0,
and thus
as well. This implies that the 3-forms zL% yL?, and zL? are linearly

independent, and thus, for a general linear form ¢, the Jordan type Jy 4
is of the form
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Joa = (5,3,3,1) = Hj,

as we wished. Therefore, by Lemma 2.3, the Artinian ring A has the
SLP. O
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