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ON UNIFORM CONVERGENCE THEOREMS FOR THE
INTERIOR INTEGRAL
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ABSTRACT. In this paper, we introduce interior integral and prove
uniform convergence theorems for the interior integral.

1. Introduction

Nowadays our standard integral is the Lebesgue integral that is more
powerful than the Riemann integral. But to use the Lebesgue integral
we have to study first measure theory that is not easy to understand.

The Riemann integral is easier to learn than the Lebesgue integral.
Most of mathematicians ignored the further progress of the Riemann
integral.

But two mathematicians, J. Kurzweil and R. Henstock offered an
important progress in this direction. They gave an integral that is slight
modification of the Riemann integral, i.e., a Riemann type integral([2],
3))-

But the progress is very remarkable. Their integral(called kurzweil—
Henstock integral) contains the Lebesgue integral and has good conver-
gence theorems. In recent days. Their integral is comparatively well-
known.

In this paper we introduce interior integral and prove uniform con-
vergence theorems for the interior integral.
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2. Interior integral

Assume that [a,b],[c,d] C R are bounded intervals. A set D =
{[ti—1,t;] : 1 = 1,2,...,m}, where tg = a < t; < tg < -+ < ty, = b,
is a division of [a,b] if ;™ [ti—1,t;] = [a,b].

An interior tagged interval (7, [c,d]) consists of an interval [c,d] C
[a,b] and a point 7 € (c,d). Let P = {(7},[cj,d;]) : 1 < j < m} be
a finite collection of non-overlapping interior tagged intervals in [a, b],
ie.,(ci,di) N (Cj,dj) =@ if i #j.

If UL, [cj,ds] = [a,b], then P is called an interior partition of [a, ],
and if (JiL,[cj,d;] C [a,0] then P is called an interior partial partition
of [a, b].

Let

P={(r,J;):j=1,..,k},\D={l;:i=1,..,m}
be an interior partition(or, an interior partial partition) and a division
of [a,b], respectively. Then we say that P is a refinement(or, a partial
refinement) of D if for every j = 1, ..., k there exists an ¢ = 1, ..., m such
that J; C I; and we denote P > D.

In this paper we consider the usual n-dimensional inner product space
R™.

A function f : [a,b] — R"™ is called regulated if f(s+) and f(s—)
exist for every point s in [a, b].

A function f : [a,b] — R™ is of bounded variation on [a,b] if

varg(f) =sup ¢ Y If(t) = f(ti—0)| ¢ < oo,
j=1

where the supremum is taken over all divisions D = {[t;—1,¢] : j =
1,2,...,m} of [a,b].
It is well-known fact that if var?(f) < oo then f is regulated on [a, b].
Let BV]a,b] be the collection of all R"-valued functions defined on
[a, b] of bounded variation. If we let, for f € BV[a, ],

£l Bviay = ()] +varl(f)

then (BV{a,b],| - |[Bviez) becomes a Banach space.

Let f : [a,b] — R™ and ¢ : [a,b] X [a,b] — R. We define f(]c,d)])
F(d) — f(c) and (7, [e.d)) = p(r,d) — o(r, ). For P = {(73, ) : 1
Jj < m} we define S(dp, P) = Y| ¢(74,J;). Using these notations we
introduce an integral.

IA
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DEFINITION 2.1. Assume that a functions ¢ : [a,b] X [a,0] — R
is given. We say that the interior(or Dushnik) integral f; dp(T,t) (or

shortly, f: dyp) exists if there exists a real number L which satisfies that
for every € > 0 there is a division D on [a, b] such that

’S(d907p) _L’ <€
for every interior partition P = {(7}, [tj—1,%;]) : 5 = 1,2,...,m} > D of
[a,b]. We denote L = f: dp.

Let f,g : [a,b] — R™. In case that ¢(7,t) = f(7)g(t)(this implies
the inner product of f(7) and g(t).), we denote

Lébd¢6nt)zblbf($dgw)

(or shortly, f; fdg). If f;f(s)dg(s) exists, then we say that fdg is
integrable on [a, b].

THEOREM 2.1. ([cf.4]) Assume that 1,92 : [a,b] X [a,b] — R are
integrable on [a,b]. Let k1, ko € R. Then we have

b b b
/d%whﬁ+bwhm=h/dwhﬂ+b/dmhﬂ

If for ¢ € [a,b], integrals [7 dy(7,t) and fcb dp(T,t) exist, then f(f do(T,t)
exists also and

/ab dp(T,t) = /ac do(r,t) + /Cb dp(T,1).

The following statement provides an operative tool in the theory of
the interior integral.

THEOREM 2.2. Assume that ¢ : [a,b] X [a,b] — R. If given € > 0,
there is a division D of [a,b] such that

m b
Z}me—/dﬂﬂﬂ<€
j=1 a

whenever P = {(7;,J;) : 1 < j <'m} > D is an interior partition of [a, b],
then for every interior partial partition Py = {(7;,J;) : 1 <i< M} > D
of [a,b] we have

M

mem—ﬁwmﬂ

=1

<e.
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and

o(7i, Ji) —/ do(T, t)‘ < 2e.
i=1 Ji

Proof. Let {K; : 1 < j < N} be the collection of closed intervals in

[a,b] that are contiguous to the intervals of Py. Let n > 0. Then there
are divisions D; of K; for j = 1,2,..., N such that

<n/N

Sae.P) - [ delr)

K;

whenever P; > D; is an interior partition of [a,b]. We can take P; > D,
an interior partial partition of [a,b]. Fix {Pi, Ps,...,Py}. Let P =
U;V:o P;. Then it is obvious that P > D is an interior partition of [a, b].

Then we have

ijj oty - [ agtro) ‘

N M N
| S(de, Po)+;S(d¢,Pj)—;/Ji dgo(T,t)—j;/Kj di (. 1)
N
+ §< /K 7 = (e, )
b N
< |S(de,P)— | de(r,t)|+ S(de, Pj) — dp(T,t)
' ¥ /a ' ‘ ]; @ /Kj ®
<e+n.

Since n > 0 was arbitrary, the first inequality is verified.

It remains to prove the second inequality. Let PO1 be the subset of Py
for which

(p(Ti,Ji) — /J Cl(p(T, t) Z 0

7
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and let PO2 =P — Pol. By the first inequality of this lemma, we have

M
=1

o) - [ dotr t)]

i

= S(d(}p’POl) - Z ng(T,t)
(Ti,Ji)EP& Ji

+ |S(dg, P2) — Z dp(T,t)
(rit)erg
<e4e=2e¢.

This proves the second inequality. ]

THEOREM 2.3. Assume that f,g : [a,b] — R™ are regulated and
that f; fdg exists. Then we have

s s—mn
(2.) [ rdg=tim [ fag+ Fsm)a 700
and
b
(2.2) / fdg = hm fdg+ f(s+)ATg(s),
s+n

where A”g(s) = g(s) — g(s—) and ATg(s) = g(s+) — g(s).

Proof. Let us first verify (2.1). Similarly we can obtain (2.2). Since
f: fdg exists, for every € > 0 there exists a division D of [a, s] such that

S(fdg, P) — /s fdg

whenever P > D is an interior partition of [a, s]. There exists a positive
number 7y such that (7,[s — 7, s]) is an interior partial partition> D
whenever 0 < n < 1ng9. Then by Theorem 2.3 we have

f()la(s) gl —m) - [ " pdg
5=

Consequently, we get

/: fdg — /:_n fdg — f(7)(g(s) — g(s — 77))‘

<e,

<e.

A7) (o) = ats=m) = [ fdg' .
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If we consider the fact that s —n < 7 < s, we see that the statement is
true. O

3. A uniform convergence theorem for the interior integral

It is known that for any f € BV[a, b] there exist uniquely determined
functions f¢ € BV{[a,b] and fB € BV]a,b] such that fC is continuous
on [a,b] and fB is a break function on [a, b] and f = f€+ fZ on [a, b](the
Jordan decomposition).

For a set E C [a,b],let xg : [a,b] — {0, 1} be the indicator function
on [a,b], i.e, xg(s)=1if s€ E, and xg(s) =01if s ¢ E.

If W = {wyg} is the set of discontinuities of f in [a,b], then

o0

(B1) fP) =D (A7 F(w) X, (1) + AT f(w)) Xy 01(8) 0m [a,b].

J=1

where A* f(s) = f(s+) — f(s) and A~ f(s) = f(s) — f(s—).
Moreover, if we define

n

(32) (1) = D (A7 F(w))Xpu, 1y () + AT f(w)) Xy 01(8) 0m [a,b].

j:l
Then
lim ||£F — f2|lpv = 0.
n—oo

(cf. e.g, the [5, proof of Lemma 1.4.23].)

THEOREM 3.1. Assume that f,gn,g : [a,b] — R"™ (n = 1,2...,).
Suppose that g,,g € BV |[a,b] for every n = 1,2, ... and that

lim var®(g, — g) = 0.

n—oo

If f: fdgy exists for every n = 1,2,... and f is bounded by some

positive number M on [a,b], then f: fdg exists and we have

b b
/fdg— lim/fdgn.

Proof. By the definition of the interior integral we have

b
/ fd(gn — gm)‘ < Mvart(gn — gm)-
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Thus by hypotheses the sequence { fab f dgn} is a Cauchy sequence. This

immediately implies that there is an L € R such that
b
lim fdgn = L.
n—oo a

L:/abfdg.

For a given € > 0, let ng be a positive integer such that

b

and let D. is a division of [a, b] such that

b
S(fdgng, P) / Fdgng

whenever P > D, is an interior partition of [a,b]. Hence, given an
arbitrary interior partition P > D, of [a, b], we have
b
| rdan, - L‘
a

\S(fdg,P)—L| < |S(fdg,P)—S(fdgn0,P)|
< Mvarl(g — gn,) + 26 < (M + 2)e.

b
#8000 P) = [ s
This completes the proof. O

It remains to show that

<e and varl(gn, —g) <e,

<e€

—+

THEOREM 3.2. Assume that f : [a,b] — R™ is regulated on [a,b]
and that g € BV[a,b]. Then f: fdg exists and

/abfdg — (R) /:fdgc

(3.3) o
+ Y (A7 g(w)) f(wi+) + AT g(wy) f(w;—))
j=1

where (R) represents the Riemann-Stieltjes integral and {w;} is the set
of discontinuities of g in [a,b].

Proof. The existence of the integral fab fdg and that f(f fdg¢ =
(R) f; fdg® were verified in [4].

Thus we only show that the second statement.

By the Jordan decomposition of a function of bounded variation, we
have g = g + ¢ on [a, b].
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By the definition of g, we have

/ ' fag?

_Z[A gwj/f 8)dX [, )(5) + A gwj/f dij,b]()]

Jj=1
Using Theorem 2.4 we have

b
/ F()dxpn(5) = | F($)dxur 0y (5)
:nl_i{(r)l+ ) F(8)dXw, 5(8) + f(wj—) AT X[, 5 (wj) = f(w;—).

Similarly we can obtain

b
/ F(8)dX 1 (5) = F(wj+).

Considering the fact that by Theorem 3.1 we have

b b
lim / fdg? = / Jdg”.

we obtain the required result. O

4. Uniform convergence theorems for three functions

We assume that (X.| - ||) is a Banach algebra with an identity.
Let for a division D = {J; : 1 < j <n} of [a,b]

DSVY(a, D) = sup{]| ij 1yill}
j=1

where the supremum is taken over all z;,y; € X with ||z;|| and ||y;|| < 1.
A function « : [a,b] — X is doubly of bounded semi-variation on
[a,b] if
sup DSV2(a, D) < oo
D

where the supremum is taken over all divisions D of [a,b]. We denote
DSV ([a,b], X) the set of all functions defined on [a, b] of doubly bounded

semi-variation.
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Let

LSV2(a, D) = sup{|| S zj0(J5) |1},
j=1
where the supremum is taken over all z; € X with ||z;|| < 1.
A function « : [a,b] — X is of left bounded semi-variation on [a, b]
if
sup LSV?(a, D) < oo,
D

where the supremum is taken over all divisions D of [a,b]. We denote
LSV ([a,b], X) the set of all functions defined on [a,b] of left bounded
semi-variation.

Let

n
RSV (a, D) = sup{| 3 (T 1},
j=1
where the supremum is taken over all y; € X with ||y;|| < 1.
A function « : [a,b] — X is of right bounded semi-variation on [a, b]
if
sup RSVab(a,D) < 00,
D

where the supremum is taken over all divisions D of [a,b]. We denote
RSV ([a,b], X) the set of all functions defined on [a, b] of right bounded
semi-variation.

We consider integrals for three functions f, «, g ( see, e.g.,[1]). In [1],
the authors considered the central Young integral that is also a Riemann
type integral.

DEFINITION 4.1. Assume that f,g,a : [a,b] — X. We say that

interior integral fabf(s)d[a(s)]g(s) exists if for every € > 0 there is a
division D on |[a, b] such that for

S(fdlelg, P) = > f(rj)a(Jj)g(ry)

7=1
we have
1S(fdlalg, P) — LIl <&
for every interior partition P = {(7;,J;) : j = 1,,2,--- ,m} > D of
[a,b].
We denote L = ff f(s)d[a(s)]g(s) (or shortly L = f: fdlalg) (see,
[4])-
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Lot [|fllac = suDeiey |LF()], where £ : [a.b] — X is a bounded
function on [a, b].

LEMMA 4.1. Assume that f,g,« : [a,b] — X. Suppose that fab fdlalg
exists. Then we have

] / ’ falalg

Proof. Since f; fd[a]g exists, there is a division D of [a, b] such that

‘ < 1 lloe - lglloo - DSV

whenever {(7,J;) : 1 <j <m} > D is an interior partition of [a, b].
Thus
b b m
| [ atelg| <| [ satela = 3 rispatspatny
a a j=1
+ Z f(m5)edJ5)g(7)
j=1
< e+ || flloollglloc DSV ).
Since € > 0 was arbitrary, we obtain the required result. O

THEOREM 4.2. Assume that f, g, g, : [a,b] — X. If
a € DSV([a,b], X)
and f; fdlalgy, exists for every n = 1,2, ..., and the sequence {g,} con-

verges uniformly to g on [a,b]. Then integral f: fd[alg exists and

/ " fdlaly = 1im / ’ fdlolgn.

Proof. Let € > 0 be given. Since the sequence g, converges g uni-
formly on [a,b] there is a positive integer N; such that for any n > N;
and s € [a,b] we have

l9n(s) = 9(s)llx < &/([[flloc +1)-

By Lemma 4.2, we have

/ab fdla]gn — /ab fd[a]gmH = /ab fdlal(gn —gm)H
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< lloollgn = gmllae DSV [a] < eDSV[a]

for m,n > Nj. Since X is a Banach space this inequality implies that
the limit

b
lim fdlalgn =1

n—oo a

exists. Let No be a positive number such that

b
/ fdla]gm — IH <e

for m > Nj. Let now m > N = max(Ny, N2) be fixed. Since the integral
f f fd[a]gm exists, there is a division D of [a, b] such that

k

b
wamummm—/fwwm<s

J=1

provided P = {(7;,J;) : j = 1,...,k} > D is an interior partition of [a, b].
For such a partition P we have

k
IS(fdladg, P) — Il = || f(rj)a(J;)g(r;) — T
j=1
k
< Do (FEal)g(m) = (7)) gm (7))
j=1

St | sttt |

< HfHoo g = gmlloo DSV 0] + & +e < (| flloDSV, ] +2).

This completes the proof. ]

THEOREM 4.3. Assume that f,g,a : [a,b] — X. If f, g, are reg-
ulated on [a,b] and « is doubly bounded semi-variation on [a,b], then

f; fd[a]g exist

Proof. By [4], ff fd]a] exists since a Banach algebra (X, || -||) has an
identity. It is obvious that by the definition of the interior integral,

/f cbx—/f cbx—/fd
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where ¢ € [a,b],z € X. If we consider the fact that the set of all linear
combinations of X (¢4, X[c,p) Y (T, Yy € X, c € [a, b]) forms a dense subset
of the set of all regulated functions on [a, b] for the norm || - ||~ and if we
apply the uniform convergence theorem, we get the desired result. [

THEOREM 4.4. Assume that f,g,a, ap : [a, 0] — X (n=1,2,...). If

(4.1) DSV an) < M, n=1,2,...
and
(4.2) nh_)rgox an(s)y = za(s)y
for all z,y € X with ||z|| <1 and |ly|| < 1.

Then
(4.3) DSVl < M

and the integral f; fdlalg exists, and

[ satag= [ satenls

Proof. Let D = {[tj_1,t;] : j = 1,2, ...,k} be a division of [a,b]. Then
we have

k

k
1Y ajlo(ty) — altyly| < 1Y @jlan(ty) — an(t;—)ly;

j=1 j=1
k
+|l Z(%’ [an(ty) — a(t)ly; — zjlom(ti—1) — a(ti-1)]y;)|-

By (4.1) the first summand is < M. By (4.2) for every j = 1,2,....k
there exists N; such that for all n > N we have

Jaslan(ts) — ety < 5=

where i = j,j — 1. Hence for n > max{Ny, Na, ..., N;} we have

HZ% (ti—)lyill < M +e.

This proves (4 3).
Let F,( f fd[a,]g and F(g f fd[a]g. Then, by Lemma 4.3,
we have

1Eull < 1 fllo DSV an] and [|F|| < || £lle DSV [a].
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Hence ||y < [[fllocM and [[F| < [|f oo M.
We have, for x € X and ¢ € [a,b], by the definition of the interior
integral,

b b
T [ f(s)dlan(9)xien (s} = Tm [ fs)dlan(s))xpes(s)e
b b
= 1im [ fs)dlan(s)= [ f(s)dla(s))s
b b
= [ F) @)= [ )]s

This immediately implies that
b

b
dm [ ) dan o) = [ Felat)le(s
for every step-function g on [a, b].

Let g is a regulated function on [a,b]. Since the set of all step-
functions on [a, b] is dense in the set of all regulated functions on [a, b]
for the norm || - ||, there exists g. that is a step-function on [a, b] such
that ||g — gellco < €. Hence

1F(g) — Fa(o)ll < 1F(g — g)ll + [1F(ge) — Fnlge)ll + 1 Fnlg — ge)l
<|FN - llg = gell + 1F(ge) = Fu(ge)ll + 1Fnll - lg — gell
< fllooMe + e+ || fllooMe < 2] fllooM + 1),

since we just proved that for a step-function g, we have
b

b
lim f(S)d[an(S)]g(S)Z/ f(s)d]e(s)]g(s),

—
n—oo a

there exists a sufficiently large positive integer n such that ||F(g:) —
F,(ge)|| < e. This completes the proof. O
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