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GALOIS POLYNOMIALS

JI-EUN LEE* AND KI-SUK LEE**

ABSTRACT. We associate a positive integer n and a subgroup H
of the group G(n) with a polynomial J, g (x), which is called the
Galois polynomial. It turns out that J, m(z) is a polynomial with
integer coefficients for any n and H. In this paper, we provide
an equivalent condition for a subgroup H to provide the Galois
polynomial which is irreducible over Q.

1. Introduction

Let n be a positive integer and ¢, be the n-th primitive root of unity,
that is ¢, = e’n'. Tt is well known that the n-th Cyclotomic polynomial
®,,(z) is equal to

e, (2) = [[ (=-¢0),
keG(n)
where G(n) is the multiplicative group of invertible integers modulo n.

Suppose H be a subgroup of G = G(n) and G/H = {h1H,hoH,--- ,hjH}
be its corresponding quotient group. For each k =1,--- [, define a; =
Y oheH ¢k We now consider the monic polynomial having a1, - - - , a
as its roots, denoted by Jp, g(x). Then the polynomial

Ina(x)=(z—a)(z—a2) - (z—aq)

is called Galois polynomial.

In this paper, the irreducibility of Galois polynomials is studied. If
n is square-free, J,, g(z) is irreducible over Q for any subgroup H([1],
Theorem3.6). However, it is not always true if n has a squared factor.
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Here, we modify Evans’ criterion([5]) and prove the condition of H to
get an irreducible Galois polynomial when n is general.

2. Irreducibility of Galois polynomials

Throughout the paper, r is the product of the distinct prime factors
of n, or twice that, according as 8 { n or 8 | n. Let H be a subgroup
of G(n) and define n = Y,y on(¢). Write n = p® - m where p is the
largest prime factor of n > 1 with p{tm, a > 1.

In this section, we study the irreducibility of J,, g (z) when n is gen-
eral. If n is not square-free, the condition of H to get an irreducible
Galois polynomial is not simple. We will show that if no nontrivial el-
ement of H = 1 (mod r), the Galois polynomial J, () is irreducible.
First, we prove the following Lemma which will be used proving main
Theorem.

LEMMA 2.1. Suppose that k € Z with p { k and that p®||(z — 1)
where B > 1, but B > 1 when p = 2. Then p**B||(z**" — 1) for each
integer A > 0.

Proof. We can write z = mp® 4 1 with p { m and prove the Lemma
by induction on A.

When A =0,
b —1=(mpP +1)F —1
= (mp®)" + 1k Cr(mp®)* G (mp®) +1 -1
= mpP{(mp”)* ! + - + 1 Croa(mp®) + kCi 1}
= mpP{(mp?)F 1t + - + 1 Cr_a(mp®) + k}.

Since p1 k, pP | (2% —1) and pBF1 ¢ (2F — 1), that is p? || (2% —1).
When A =1,
2 — 1= (mpP + 1)k —1
(mp®)® + kp(mp®)P = 4 kp(mp®) +1 -1
{(mp®)*? + kp(mp®)P 71 - 4, Ca(mp®)? + kmp™ 1}

Since p 1 km, pBP+! || kmpB+t. Therefore pB+! || (P — 1),
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Now, assume that Lemma is true for A, we will show that it is true for
A+1

gh P 1 = (Rt 1) (@ D) g gkt oy ket )

As we assumed, pAt8 || (:ckpA — 1), we will check if p || (:ckpA(pfl) +
ke (0—2) 4+t 2k? +1).

2"t = (14 mpP)" = 4 kptmp® + 1.
Therefore,
-1
pFrt =1 ket (—2) oy ket L k((p2)p)mpA+B +p
p—1p -
=p(---+ k((Z))mpA+B L.
So we get pAtBTL || (aF2" T — 1),
O
LEMMA 2.2. Let x € Z, x = 1 (mod r) and x # 1 (mod n). Then
for some d > 0 and some prime t such that t* | n, 2% =1 (mod %) and

% £ 1 (mod n).

Proof. We proceed by induction on the number of distinct prime fac-
tors of n. Since t?|n is a condition, we may assume n = p®, a > 2 for the
first step of induction. Then = p®~!+1 and d = 1 will work. Now, we
assume that n = p® - m with (p,m) = 1 and consider two cases; when
p®| (z—1)and p* t (z —1).

Case 1: p*| (x —1)
Since z = 1(mod rg) and x # 1(mod m), the induction hy-
pothesis yields some d > 0 and some prime t such that t2|m,
2 = 1(mod m/t), and 2¢ # 1(mod m). Thus 2% = 1(mod %) and
x? # 1(mod n).

Case 2: p*{(x—1)
Since x = 1(mod ), we have pZ||(z — 1). where o > B > 1
and B > 1 when p = 2. Since p is the largest prime factor of n,
pté(m). Define d = ¢(m)p?, where A = a — B — 1. Note that
A >0. By Lemma 2.1, p*~1 || (24 —1). Also 2 = 1(mod m) since
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¢(m)|d. Therefore z¢ = 1(mod %) and z¢ # 1(mod n) holds with
t = p. Finally note that p?|n since a > B > 1.

O

LEMMA 2.3. If no nontrivial element of H is = 1(mod r) and H =
G(n), then n = +1.

Proof. If no nontrivial element of H is = 1(mod r) and H = G(n), n
is square free. The Ramanujan’s sum ) .~ (7 equals p(n), where p is
the Mobius function. Since n is square free, pu(n) = +1,son=+1. 0O

THEOREM 2.4. Suppose that no nontrivial element of H is = 1(mod ).
Then n # o.(n) for allc € G — H.

Proof. We proceed by induction on the number of distinct prime fac-
tors of n. For the first step, let p be any prime number. If n = p, we get
n # oc(n) since Galois polynomial J,, g () is always irreducible since all
roots of J,, g(x) are distinct([1], Theorem2.5). If n = p*, with k > 2,
we get 1 # o¢(n)([4], Theorem3.7).

Now, we consider when n has more than one prime factor. We may
write n = p® - m, where (p,m) = 1. Let the subgroup I C H defined by

I={zxeH:xz=1 (mod p®)}.

Reduction (mod m) maps I isomorphically onto a subgroup J C Gp,.

Write i
H=|Jal,
=1

a disjoint union of cosets with x1 = 1. Then
k

k
R := opmqpe (n) = Z C#LC;ZL“ = Zazi{Cp"‘ ZUI(CWZ)} = Zgwi (5<p°‘) )
=1

heH zel i=1

where n= ZheH O'h(Cn) and § = Z;pe] Ux(Cm)
Since 6 = > 7 02(¢m) = ey 02(¢m), and m has one less distinct

prime factors than n, by induction hypothesis, 7,(d) # d for all w €
G — J.
For 1 <i < k, write

T; = ps; + i, cxp = ps;, + i (0 <ri,ri <p).
We proceed to show that

ri, -+ ,r are distinct and r’l, . ,rfﬁ are distinct.
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If z; = z; (mod p) with i # j, then z := xm}l =1 (mod p). Since the

cosets are different, = # 1 (mod p®). Thus
pP||(z — 1) with 1 < B < a.
By Lemma 2.1,

%=1 (mod p%).

Since z#(") = 1 (mod r) and 9") € H, 29(") = 1 (mod n). Therefore
29" = 1(mod p®). Since the exponents p®~F and ¢(r) are relatively
prime, x = 1 (mod p®). This is a contradiction. So, similarly we can
prove that ri,---,r} are different. If cx; = cxj(mod p), then z; =
xj(mod p).

We will prove that n # o.(n) if ¢ € G — H. Suppose that n = o.(n).
We want to show that ¢ € H. If n = o.(n), then R is o.(R).

XTq CJJ
E O‘xl &: _O'C E acxl ’.

k k
> (Cion (9) Gi = D (Grrtoen, (6)) G
i=1 i=1
Since gpa,gpa,--- ,Cga comprise a part of a basis for Q({,) over

Q(¢h), i =71 =1 for some 7, and
521011( ) = Cpsio'cxi((s)'
Note that x1 = 1, 71 = 1, and s; = 0. Then we get § = p ad(é), where
d:= cx; = ps; + 1.

So, 7a(6) = (pa 6.
Assume for the purpose of contradiction that d # 1 (mod p*). Then
pP||(1 — d) for some B with 1 < B < a, and B > 1 when p = 2. Define

dq = d?™P" where A=a — B — 1.
By Lemma 2.1,
(2.1) P (da— 1),
Since d?™) = 1 (mod m), m divides d4 — 1. Consequently mp®~!||(ds —
1). Applying o4 successively to o4(d) = C;a_ 45, we get 044 (0) = 5(;; da,
Therefore, 6 = 5(;;“, and §(1 — C;;d“) = 0. This implies that

1 —dsa = 0 (mod p*), which contradicts to (2.1). So we have that
d =1 (mod p%).



176 Ji-Eun Lee and Ki-Suk Lee

Reduction (mod m) maps d to an element y € Gy,. Since y =
d (mod m) and § € Q((n), we get

7y(0) = 04(9)-

Also, d = 1 (mod p®) implies that o4() = C;;dd is equal to 0. Therefore
740 = 0 and m has one less prime factors than n, we get by induction
assumption, y € J. Since I and .J are isomorphic, there exists h € [
such that h = y (mod m). This implies that d = h (mod m). Also
have h = 1 (mod p®) because h € I. Since d = h = 1 (mod p®) and
d = h (mod m), we get d = h (mod n). Therefore d = h in G,, and
d is in H, since h is in I. Finally we get ¢ € H, because d = cx; and
x; € H. OJ

THEOREM 2.5. No nontrivial element of H is =1 (mod r) if and only
ifn # 0.

Proof.
= If G = H, then n # 0 by Lemma2.3. If G # H, then n # 0 by
Theorem?2.4.

< If there exists a nontrivial element of H which is = 1 (mod r),
then by Lemma?2.2, there exist integers d, ¢t with ¢ prime such that
t? | n, 24 = 1(mod %) and 2% # 1(mod n). Define K = {h €
H|h =1 (mod %)}. And express n by using the cosets of K in H.
Then we can show that n = 0.

O
THEOREM 2.6. If n # 0, then n has degree e = |G\ H| over Q.

Proof. Suppose that n # 0. By Theorem2.5, no nontrivial elements
of H is =1 (mod r). Then by Theorem2.4, n # o.(n) for c € H. Thus n
is fixed by exactly |H| automorphisms o, in Gal(Q({)) so n has degree
e over Q. O

Note: This means that Galois polynomial is irreducible if and only
if n # 0, or equivalently if and only if no nontrivial element of H is
=1 (mod ).
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