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CHEMICAL HYPERSTRUCTURES FOR OZONE
DEPLETION

SANG-CHO CHUNG*

ABSTRACT. In this paper, we study the mathematical hyperstructures of
ozone(O3) depletion by Freon gas.

1. Introduction

In 1934, F. Marty[11] introduced algebraic hyperstructures as an extension
of traditional algebra.

Half a century later, several mathematicians[6, 7] studied about algebraic
hyperstructures, and in 1994, T. Vougiouklis[18] generalized the concept of
algebraic hyperstructures and studied H,-groups. Later, in 2013 B. Davvaz|[8]
summarized the basic algebraic hyperstructures.

Until recently, many researchers[2, 3, 4, 5, 10, 9, 13, 14, 15, 16, 17| have
studied the mathematical hyperstructures of biological, chemical and physical
reactions.

Due to environmental pollution, the Earth’s Ozone destruction is underway.
In this paper, we give the mathematical hyperstructures of chemical reactions
for a set of ozone(O3) depletion by Freon gas.

2. Hyperalgebraic structures

Let H be a non-empty set and a function - : H x H — p*(H) be a
hyperoperation, where ©*(H) is the set of all non-empty subset of H. The
couple (H,-) is called a hypergroupoid. For the subset A, B of H, we define
A- B = Ugcapepa - b, and for a singleton {a} we denote {a}- B =a- B and
B-{a}=B"-a.
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DEFINITION 2.1. The hypergroupoid (H,-) is called a semihypergroup if
z-(y-z)=(x-y)- 2z, foral x,y,z € H.

In this case, the hyperoperation (-) is called associate.
The hypergroupoid (H,-) is called an H,-semigroup if

z-(y-2)N(z-y) -z#0, for all z,y,z € H.

In this case, the hyperoperation (-) is called weak associate.
The hypergroupoid (H,-) is called a quasihypergroup if

r-H=H -x=H, forallz € H.
The hyperoperation (-) is called commutative if
r-y=y-x, forall z,y € H.

The hypergroupoid (H,-) is called a hypergroup if it is a semihypergroup
and a quasihypergroup. If a non-empty subset B of H is a hypergroup, then
(B,-) is called a subhypergroup of H.

The hypergroupoid (H,-) is called an H,-group if it is an H,-semigroup
and a quasihypergroup. If a non-empty subset B of H is an H,-group, then
(B, ) is called a H,-subgroup of H.

The hypergroupoid (H,-) is called a commutative hypergroup if it is a hy-
pergroup with a commutative hyperoperation (-).

The hypergroupoid (H,-) is called a commutative H,-group if it is an H,-
group with a commutative hyperoperation (-).

Let (Hyp,-) and (Ha,*) be two Hy-groups. A map f: Hy — Hy is called
an H,-homomorphism or weak homomorphism if

fla-y) 0 f(@)« fy) #0, for all z,y € H.
f is called an inclusion homomorphism if
f(z-y) C f(z)* f(y), for all z,y € Hy.
Finally, f is called a strong homomorphism if
f(z-y) = f(z)* f(y), for all z,y € Hy.

If f is onto, one to one and strong homomorphism, then it is called an isomor-
phism. In this case, H; and Hs are called isomorphic and we write H; = Ho.
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3. Chemical reactions in ozone depletion

The destruction of ozone is due to the freon gas used as the refrigerant in the
refrigerator and the halon gas used as the extinguisher in the fire extinguishers.

There are many kinds of freon gas(CFCs). For example, CFCl3, CF>Cls,
CQFgClg, CQF4CZQ, CQF5CZ, CHFQCZ, CQHFgClQ, CQHF4CZ, CQHgFClQ and
CoHs F>Cl are freon gases.

When the freon gas reaches the stratosphere, it is decomposed by ultraviolet
rays to form chlorine atoms.

CF,Cl,+UV-C — CF,Cl, 1+ClI

In this paper, we study some algebraic hyperstructures for ozone depletion
by freon gas C'F'Cl3. In ozone decomposition, the chemical reactions take the
following 3 steps[1, 12, 19]:

(1) CFCl3 — CFCly+Cl
2) Cl+05 —s CIO+0s
(3) ClO+03 — Cl+420,

The above chemical reaction shows the loss of ozone. Other freon gases also
show similar reactions.

We give a hyperoperation table for the set {CFCls, CFCly,Cl,ClO, 05,03}
of the chemical elements obtained from the above chemical reactions.

DEFINITION 3.1. Let G be the set {CFCl3, CFCls, Cl,ClO, 02,03} of the
chemical elements and a hyperoperation &1 on G is defined as follows:

P1:GxG— p"(G)

where ©*(G) is the set of all non-empty subset of G. For all z,y € G, z @1 y
is defined as the union of all the possible chemical reactions that appear in
the above primary reactions (1) ~ (3). If x @; y does not appear in the above
reactions (1) ~ (3), then we define as follows:

(4) &1y =A{z,y}

Then we can define @1y for elements 2,y € {CFCl3, CFCls, Cl,ClO, 05,03}
as follows.
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First for the x = CFCl3,
CFCls &1 CFCl3 = CFCl3®, CFCl3 = {CFCl,Cl} by (1).
CFCl3 & CFCly = CFCly®, CFCl3 = {CFCl3,CFCly} by (4).

CFCls &, Cl — Cl @, CFCly = {CFCl3,Cl} by (4).
CFCl3@, ClIO = ClO&, CFCly = {CFCls,ClO} by (4).
CFCl3 @ O = 0, @, CFCls = {CFCl3, 05} by (4).
CFCl3 @ Os = O3 @, CFCls = {CFCl3, 03} by (4).

Next for the x = CFCls,
CFCly @1 CFCly = CFCly & CFCly = {CFCly} by (4).

CFCly 31 Cl =Cla CFCly = {CFCZQ,CZ} by (4)

CFCly @1 ClO = ClO 3, CFCly = {CFCZQ,CZO} by (4)

CFCly @1 09 =09 ®1 CFCly = {CFCZQ,OQ} by (4)

CFCly @1 O3 = 03 ®1 CFCly = {CFCZQ,Og} by (4)
For the z = CI,

Cle1Cl =CleCl ={Cl} by (4).
Cl® ClO =Clo@; Cl = {Cl,CIO} by (4).
Cl®10y =033 Cl = {Cl,05} by (4).
Cl®103 =033 Cl = {ClO,05} by (2).
For the z = ClO,
ClO @1 ClO = ClO @, ClO = {CIO} by (4).
ClO® 0y = 0@ ClO = {ClO,0s) by (4).
ClO® 03 =038, Cl0 = {CLOs} by (3).
For the z = O»,
0281 02 = O02®1 02 = {02} by (4).
O2 @103 = 03®1 02 ={02,03}) by (4).
For the z = O3,
O3 @103 = O03®1 03 = {03} by (4).

We have a hyperoperation table for the set {CFCl3, CFCls,Cl,ClO, 02,03}
in the primary reactions (1) ~ (4).
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[ @ [ CFCi| CFChL| cCI_| ClO | O O3 |
CFCl. | CFCla | CFCly | CFCly | CFCly | CFCly | CFCly
3 i CFCly | Ol ClO Oy Os
CFCls CFCly, | CFCl, | CFCly | CFCly
CECL A cpey, | CFC | 4 cio | o, O3
c | ¢Fcls | crel |, Cl Cl Clo
Cl Cl Clo 0, 0,
CFCls | CFCly | CI Clo Cl
Co 1 cio " Lo o €O o, 0,
o CFCls | CFCly | CI Clo o Os
2 02 02 02 02 2 03
o CFCl; | CFCly, | CIO Cl 0, o
3 03 03 02 02 03 3

TABLE 1. Hyperoperation table for the operation &4

From the Table 1, if we change the name from CFCl3, CFClsy, CI, CIO,
07 and O3 to a, b, ¢, d, e and f, respectively, then the following Theorem 3.2

holds.

THEOREM 3.2. Let G = {a,b,c,d,e, f} be the set of the chemical elements
obtained from the chemical reactions in ozone depletion and @1 be the hyper-
operation on G. Consider the following hyperoperation table:

|

D

L

b

c_|

d\e

|/

{bc}

{a,b}

{a.c}

{a,d} | {a,e}

{a./}

{a,b}

{b}

{b,c}

{b,d} | {be}

{b.f}

{a,c}

{b,c}

{c}

{e,d} | {c,e}

{d.e}

{a,d}

{b,d}

{cd}

{d} | {de}

{ce}

DX O [

{a,e}

{be}

{c.e}

{de} | {e}

{e.f}

f | fa.f}

{b.f}

{d.e}

{eet [{ef}

{}

TABLE 2. Hyperoperation table for the operation @

Then we have the following.
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(1) The hyperstructures ({b’ C}a @1)7 ({b’ d}a EBl)a ({ba 6}, @1)7 ({ba f}v 691)7
({Cv d}7 691) ’ ({C, 6}, @1)7 ({dv 6}, @1)7 ({6, f}7 @1) are commutative sub-
hypergroups of G and isomorphic. The isomorphic hyperoperation table
is the following:

ElIEE
z | {z} | {zy}
y | {zy} | {v}

(2) The hyperstructure ({a, b, c}, ®1) is a commutative H,-subgroups of G.
The hyperoperation table is the following:

(] a [ b [ ¢ |
a || {byc} | {a,b} | {a,c}
b || {a,b} | {b} |{b,c}
{a,c} [ {b,c} | {c}

The hyperstructures ({b, ¢, d}, ®1), ({b,c,e}, ®1), ({b,d, e}, ®1), ({b,e, f},

@1) and ({c,d,e},®1) are commutative subhypergroups of G and iso-
morphic. The isomorphic hyperoperation table is the following:

(]l = | y | =z |
z | {z} [{zy} | {z.2}
y | {zy} | {y} | {y.2}
z | {zz} | {y,2} | {7}

(3) The hyperstructures ({a,b,c,d},®1) and ({a,b,c,e}, @) are commuta-
tive Hy-subgroups of G and isomorphic. The isomorphic hyperoperation
table is the following:

(]l = [ vy [ 2 | w |
z | {y,z} | {zy) | {z2} | {zw})
y |z} | {y} | {v.z) | {yw}
z | {z2} [ {y2} | {2} | {zw}
w | {zw} | {yw} | {zw} | {w}

The hyperstructure ({b,c,d, e}, ®1) is a commutative subhypergroup
of G. The hyperoperation table is the following:
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@1l b [ ¢ [ d | e |
b || {b} | {bc} | {bd} | {be}
d

{b.c} | {ep | {ed} | {ce}
{bd} | {c,d} | {d} |{d.e}
{be} [ {ce} | {de} | {e}

The hyperstructure ({c,d, e, f},®1) is a commutative H,-subsemigroup
of G. The hyperoperation table is the following:

(Dl ¢ [ d [ e [ f ]
¢ || {c¢t |{ed} | {ce} | {de}
d || {c,d} | {d} | {d.e} | {ce}
e || {ce} | {de} | {e} |{ef}
[ Ade} [ {ee) [{ef} | 1/}

(4) The hyperstructure ({a,b,c,d, e}, ®1) is a commutative H,-subgroup of
G. The hyperoperation table is the following:

|

D

[ o [ b | ¢ | d ]| e |
{b,c} | {a,b} | {a,c} | {a,d} | {a,e}
{ab} | {b} |{bc} | {bd} | {be}
{ac} | {be} | {c} [{cd} | {ce}
{a,d} | {bd} | {cd} | {d} |{de}
{ae} [ {be} | {ce} | {de} | {e}

OIS

The hyperstructure ({b, c,d, e, f},®1) is a commutative H,-subsemigroup
of G. The hyperoperation table is the following:

1| b [ e [ d ] e [ F ]
{0} | {bc} | {b.d} | {be} | {b.f}
{bc} | {c} |{cd} | {ce} | {de}
{bd} | {cd} | {d} |{de} | {ce}
{be} | {ce} [{de} | {e} |{ef}
(0.} [{dse} [ {ce} [{e.f} | {f}

~lolala|=|P

(5) The hyperstructure (G, ®1) is a commutative H,-semigroup.
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Proof. In order to show that hyperoperation @, satisfies weak associative
law, we must identify the following properties: for all elements z’,v/, 2/, we
show that o’ @1 (v ®1 2') N (2 1Y) @1 2" # 0.

(1) It is obvious.

(2) In the case ({a,b,c},®1), we have the following: for 2’,v/, 2" € {a,b, c}

der (e d)n@eny) e se {2y, 2} ¢
{ @ (Y r12)N (@ ®1y) @12 50, otherwise.

Thus the hypergroupoid ({a,b,c},®1) is an H,-semigroup. However, the
hyperoperation @, is not associative; for example, since a®; (a®1b) = {a, b, c}
and (a ®1 a) @1 b = {b, c}, we have

a®1 (a®1b) # (a @1 a)db

Therefore ({a,b,c}, ®1) is not a hypergroup, but it is a commutative quasihy-
pergroup. Hence ({a,b,c},®1) is a commutative H,-subgroup of G.

In the cases ({b7 G d}v @1)7 ({b’ G, 6}, @1)7 ({ba d, 6}a EBl)a ({bv ¢, f}7 @1) and
({c,d,e},®1), they all have the same type of hyperoperation tables with
{z,y, 2z} and are therefore isomorphic. On the other hand, we have the follow-
ing: for 2/, vy, 2 € {x,y, 2}

ey erd) =@ ery) e ={2y, 2}

Thus the hypergroupoid ({z,vy, z},®1) is a semihypergroup. Obviously it
is a commutative quasihypergroup. Hence ({z,y,z}, ®1) is a commutative
subhypergroup of G.

(3) In the cases ({a,b,c,d},®1) and ({a,b,c, e}, B1), since they have the
same type of hyperoperation tables with {x,y, z, w}, they are isomorphic. On
the other hand, we have the following: for 2’,v/, 2" € {z,y, z, w}

o1y e Z)n@ ery)e 2 2z, {2y, 2} oz
2o (Y er12)N (@ @1y) @12 dw, if {2y, 2} 3 w;
@ (Yo )N (@ @ y) @12 2y, otherwise.

Thus the hypergroupoid ({z,y,z,w}, ®1) is an H,-semigroup. But the
hyperoperation @7 is not associative; for example, since z®1 (z®1y) = {z,y, z}
and (z @1 2) ®1y = {y, 2}, we have

T®1 (zD1y) # (v D17) D1 Y.

Therefore ({x,y, z, w}, ®1) is not a hypergroup. Obviously it is a commutative
quasihypergroup. Hence ({z,y, z,w}, ®1) is a commutative H,-subgroup of G.
In the case ({b, ¢, d, e}, ®1), we have the following: for z’, ¢/, 2" € {b,c,d, e}

l'/ @1 (y/ @1 Z/) — (1_/ @1 y/) EBI ZI — {x,,y/,zl}
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Thus the hypergroupoid ({b, c,d, e}, ®1) is a semihypergroup. Obviously it
is a commutative quasihypergroup. Hence ({b,c,d, e}, 1) is a commutative
subhypergroup of G.

In the case ({c,d, e, f},®1), we have the following: for 2/, ¢/, 2, r € {¢,d, e, f}

@y e d)n@ evy) e ={ry, {2y} ={rk
{ e (Y er12)N (2 ®1y) @12 5 core, otherwise.

Thus the hypergroupoid ({c,d, e, f},®1) is an H,-semigroup. But the hy-
peroperation @, is not associative; for example, since ¢ @1 (¢ @1 f) = {¢,d, e}
and (¢ ®1¢) @1 f = {d, e}, we have

c® (c@r1 f)# (cPic) @ f.

Therefore ({c,d, e, f},@1) is not a hypergroup. Moreover, since c@1{c,d, e, f} =
{c,d,e} #{c,d,e, f}, it is not a quasihypergroup. Hence ({c,d,e, f},®1) is a
commutative H,-subsemigroup of G.
(4) In the case ({a,b,c,d,e},®1), we have the following: for /',y 2" €
{a,b,c,d, e}
o1y e Z)N@ ery)e 2 v, i {d,y, 2} 3¢
e (Yo d)n@ ery) @2 ad, if {o,y, 2} 5d;
o1y e Z)N(@ ery)e 2 ve, i {d,y, 2} e
' @1 (Y ©12)N (2 ©1y) D12 >0, otherwise.
Thus the hypergroupoid ({a,b,c,d,e},®1) is an H,-semigroup. But the
hyperoperation @; is not associative; for example, since a®1 (a®1b) = {a, b, c}
and (a @1 a) 1 b = {b, c}, we have

a®; (a®1b) # (adya) Dy b.

Therefore ({a,b,c,d, e}, ®1) is not a hypergroup. Obviously it is a commuta-
tive quasihypergroup. Hence ({a,b,c,d, e}, ®1) is a commutative H,-subgroup
of G.

In the case ({b,c,d,e, f},®1), we have the following: for ',y 2/ ,r €

{b,c,d,e, f}
Yo @ )N B y) @17 = (), I ey, 7} = ()
@ (Y 1) (2 Dry) D12 D, if {2/,9/,2'} > b;
T (Y )N (2 Dr1y) D12 De, if {2/,9/,2'} > ¢
o (e )N (@ e y) @12 ={cd}, {2y, 2} ={c d};
o (e 2)N (1Y) B2 De, otherwise.

Thus the hypergroupoid ({b,c,d,e, f},@1) is an H,-semigroup. But the
hyperoperation @1 is not associative; for example, since b®1 (c®1 f) = {b,d, e}
and (b®1¢) @1 f = {b,d,e, f}, we have

bd1 (c®1 f) # (bD1c) @ f.
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Therefore ({b,c,d, e, f},®1) is not a hypergroup. Moreover, since ¢®1{b, ¢, d, e, f} =
{b,c,d,e} # {b,c,d, e, f}, it is not a quasihypergroup. Hence ({b,c,d, e, f},®1)
is a commutative H,-subsemigroup of G.
(5) We show the followmg for /.y, 2 € G
e e d)N@ey) e sao0rd, it {2y} q
' ®1 (Y ®12)N (2 @13/)6912 > b, if {/,y/,2'} 5 b;
(Ver12)N@ e1y)e12 2core, if{2,y,2'} 3¢
x’ &1 (y’@lz’)ﬂ( ’@13/)6912 >dore, if{a,y, 7'} >d;
e 2Z)n@ ery) e 2 de, if {2/,y,2'} 2 ¢
ey e d)n@ ery) e seor f, if {2y, 2} 5 f.
Thus the hypergroupoid (G, ®1) is an H,-semigroup. But the hyperoper-
ation @ is not associative; for example, since a ®1 (a ®1 b) = {a,b,c} and
(a @1 a) ®1 b= {b,c}, we have

a®; (a®1b) # (adya) Dy b.

Therefore (G, @1) is not a hypergroup. Moreover, since ¢®1G = {a,b,c,d, e} #
G, it is not a quasihypergroup. Hence (G, ®1) is a commutative H,-subsemigroup
of G.

O]

The operation 4 is the definition of the reaction for each chemical element,
but the following operation @2 is the definition of the reaction in the chemical
element set.

DEFINITION 3.3. Let G be the set {CFCl3, CFCly, Cl,ClO, 02,03} of the
chemical elements and a hyperoperation @2 on G is defined as follows:

D2: G X G — p"(G)

where ©*(G) is the set of all non-empty subset of G. For all z,y € G, x @2y
is defined as follows:

(z@r12)U(z@1y)U(yd1y)
For example, in the case CFCl3 &y CFCls,
CFCl3 @2 CFCly
= (CFCl3 ® CFCl3) U(CFCl3 ® CFCly) U(CFCly & CFCly)
= {CFCly,Cl} U{CFCl3,CFCly} U{CFCly}
= {CFCl3,CFCly, Cl}

Then we can define x®9y for elements 2,y € {CFCl3, CFCls, Cl,ClO, 05,03}
as follows.
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First for the x = CFCl3,
CFCl3 ®2 CFCl3 = CFCl3®2 CFCls = {CFCly,Cl}.
CFCl3 3 CFCly = CFCly®9 CFCl3 = {CFCl3,CFCly,Cl}.

CFCl3 @, Cl = Ol @y CFCly = {CFCl3,CFCly, Cl}.
CFCly @2 ClO = ClO @y CFCly = {CFCls, CFCly, Cl,ClO}.
CFCl3 @ Oy — Oy @y OFCly = {CFCl3,CFCly,Cl, 05}
CFCl3 @2 Os = 03 @ CFCls = {CFCl3,CFCly, Cl,03).

Next for the x = CFCls,
CFCly @2 CFCly = CFCly &y CFCly = {CFCly}.

CFCly 35 Cl =Clay CFCly = {CFCZQ,CZ}.

CFCly s ClO = ClO @9 CFCly = {CFCly, ClO}.

CFCly ®9 09 = 0y Gy CFCly = {CFCZQ,OQ}.

CFCly &5 O3 = 03 P9 CFCly = {CFCZQ,Og}.
For the z = (I,

CleCl =ClaCl = {Cl}.
Cl®y ClO = ClO®, Cl = {Cl,CIO}.
Cl®a0y =02®2Cl ={Cl,03}.
Cl®a03 =03d2Cl ={Cl,ClO,02,03}.
For the z = ClO,
ClO @2 ClO = ClO @2 ClIO = {ClO}.
ClO®202 = 02®2ClIO = {ClO,03}.
ClO®203 =03®2ClO ={CIl,ClO,02,03}.
For the z = O»,
O2 ®2 02 = 023202 = {02}.
Oy ®2 03 = 033202 = {02,03}.
For the z = O3,
O3 @203 = 03®203 = {03}.

We have a hyperoperation @9 table for the set {CFCls, CFCly,Cl,ClO, 09,03}
by definition 3.3.
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[ @ [ CFCl[ CFCl,| ¢l [ cClo | Oy | Os
cpen | CFCls | CFCly | CFCly | CFCly | CFCly
CFCls o 2| CFCly| CFCly| CFCly| CFCly| CFCl,
Cl Cl Cl1,Cl10| Cl,05 | Cl,04
CFCls
CFCly | CcFCl, | CFCI, glF Cl gfg)% gf% gf%
Cl
CFCls Cl
cl | crci, glF Cla | ¢ g; o gz Cl0
Cl 2 027 03
CFCls Cl
cio | crei, gﬁ)% g; o | cwo gzo Clo
Cl,ClO 2 02,03
CECly | opcy, | ci Cl0 O,
02 CFCZQ 02 02 02 02 03
Cl, 09
CFCls Cl Cl
05 | cren| SFCR o | co | % Os
Cl, 04 3 02,03 | 02,03 s

THEOREM 3.4. Let G = {a,b,c,d,e, f} be the set of the chemical elements
obtained from the chemical reactions in ozone depletion and @ be the hyper-

TABLE 3. Hyperoperation table for the operation @9

operation on G. Consider the following hyperoperation table:

(@2 o [ 0 c d e | f ]
a {b,e} |{ab,c}| {abyec} |{ab,ecd} |{ab,ce} | {abec,f}
b | Tabel | 10) | (bl | (bdl | {bet | 1ofh
c {a,b,c} | {b,c} {c} {c,d} {c,e} |{cde,f}
d || {a,b,c,d} | {b,d} {c,d} {d} {d,e} |{cde,f}
e [ Haboet | {bet | {oet | {del | feF | Lo}
F i aber) | ) [ {edef) | odefi | {off | )

TABLE 4. Hyperoperation table for the operation @9
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Then we have the following.

(1> The hyperStrUCtureS ({b7 C}7 @2)7 ({b7 d}7 @2)7 ({b7 6}7 692)7 ({b7 f}? @2)7
({c,d}, ®2) , ({c, e}, ®2), ({d, e}, ®2), ({e, [}, D2) are commutative sub-
hypergroups of G and isomorphic. The isomorphic hyperoperation table
is the following:

(@] « [ y |
z | {z} | {zy}
y | {zy} | {v}

(2) The hyperstructure ({a,b,c}, ®2) is commutative H,-subsemigroups of
G. The hyperoperation table is the following:

(@] o | b | ¢ |
o [ ) [{abd [ 1aba
b || {a,b,c} | {b} {b, ¢}
{abch| {b.c} | {c}

The hyperstructures ({b, ¢, d}, ®2), ({b, ¢, e}, ®2), ({b,d, e}, ®2), ({b, e, f},
@9) and ({c,d, e}, B2) are commutative H,-subsemigroups of G and iso-
morphic. The isomorphic hyperoperation table is the following:

(@] = [ vy | = |
z | {z} [ {zy} | {22}
y | {zy} | {y} | {y.2}
z || {2} [{y,2} | {2}

(3) The hyperstructures ({a,b,c,d}, ®2) and ({a,b, c,e}, ®2) are commuta-
tive H,-subsemigroups of G and isomorphic. The isomorphic hyperop-
eration table is the following:

(@] = | vy | =z | w |
T vz} [ {zy,2} | {zy2) [ {zy,2,0})
y | {zy,2} vy} | {yz} | {yw}
z | {zyzh | {y2) | {z} {zw}
w || {zy2w} | {yw} | {zw} {w}
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The hyperstructure ({b, ¢, d, e}, ®2) is a commutative H,-subsemigroup
of G. The hyperoperation table is the following:

(@2 b [ ¢ | d | e |
b || {6} |{b.c} | {bd} | {be}
¢ || {ber | {c} |{ed} | {ce}
d [{bd} [{cd} | {d} |{de}
e | {be} | {ce} [ {de}| {e}

The hyperstructure ({c,d, e, f},®2) is a commutative H,-subsemigroup
of G. The hyperoperation table is the following:

(©2] ¢ | d [ e | f ]
¢ {c} {ed} | {ce} [ {cde,f}
d {c,d} {d} {d,e} | {c,d,e,f}
e {ce} {de} | {e} | {ef}
f {C’d7e7f} {C7d767f} {ehf} {f}

(4) The hyperstructure ({a, b, c,d, e}, ®2) is a commutative H,-subsemigroup

of GG. The hyperoperation table is the following:

(@2 a [ b | ¢ | d | e |
a {b,e} |{ab,c} | {ab,c} | {ab,c,d} | {ab,ce}
b || {abc} {b} {b,c} {b,d} {b,e}
c || {ab,c} | {b,c} {c} {c,d} {c,e}
d || {ab,cd} | {bd} | {cd} {d} {d,e}
e || {a,b,cie} | {be} | {ce} {d,e} {e}

The hyperstructure ({b, c,d, e, f}, ®2) is a commutative H,-subsemigroup
of G. The hyperoperation table is the following:

(@2l b [ ¢ [ d [ e | f |
b || {b} {b.c} {o.d} | {be} | {b,f}
¢ || {b,c} {c} {c,d} {c,e} | {c,dse,f}
d | {bd} | {cd} {d} | {d.e} | {cde f}
e |[ {be} | {ce} {de} | {e} | {ef}
f oAb f} [ {ede f} | {ede f} | {ef} ] {f}
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(5) The hyperstructure (G, ®2) is a commutative H,-semigroup.

Proof. In order to show that hyperoperation @, satisfies weak associative
law, we must identify the following properties: for all elements 2’,1/, 2/, we
show that 2’/ @2 (v @2 2') N (2’ D2 y') B2 2" # 0.

(1) It is obvious.

(2) In the case ({a, b, c}, ®2), we have the following: for 2/, y/, 2" € {a,b,c}

B (Y D22 )N (2 Day) B2 e, if {2y, 2} D¢
{ ¥ @o (Y D2 2) N (2 Day') D22’ Db, otherwise.

Thus the hypergroupoid ({a,b,c}, @2) is an H,-semigroup. However, the
hyperoperation @3 is not associative; for example, since a®s (a®2b) = {a, b, c}
and (a &2 a) G2 b = {b, c}, we have

a @y (a g b) # (a Do a) B b.

Therefore ({a,b, c}, ®2) is not a hypergroup, but it is a commutative quasihy-
pergroup. Hence ({a,b,c}, @2) is a commutative H,-subgroup of G.

In the cases ({b,c,d}, ®2), ({b,c, e}, D2), ({b,d, e}, B2), ({b,e, f}, P2) and
({c,d, e}, ®2), they all have the same type of hyperoperation tables with
{z,y, z} and are therefore isomorphic. On the other hand, we have the follow-
ing: for 2/,y, 2" € {z,y, 2}

Dy (Y ©22) = (2 @ay) @22 = {2y, 2"}

Thus the hypergroupoid ({z,vy, 2}, ®2) is a semihypergroup. Obviously it
is a commutative quasihypergroup. Hence ({z,y,z},@®2) is a commutative
subhypergroup of G.

(3) In the cases ({a,b,c,d},®2) and ({a,b,c, e}, B2), since they have the
same type of hyperoperation tables with {z,y, z, w}, they are isomorphic. On
the other hand, we have the following: for a’,y/, 2" € {z,y, z, w}

@y (Y B2 )N (2 Boy) B2 32, i {a,y,2} >z
¥ @y (Y B2 )N (2 Boy)) B2 w, if {2y, 7'} 5 w;
@y (Y B2 )N (2 B2y') B2’ Dy, otherwise.

Thus the hypergroupoid ({z,y,z,w}, ®2) is an H,-semigroup. But the
hyperoperation @9 is not associative; for example, since x@9(zD2y) = {x,y, 2}
and (x g x) Doy = {y, 2z}, we have

T @2 (r D2y) # (zD22) D2y,

Therefore ({x,y, z,w}, ®2) is not a hypergroup, but it is a commutative quasi-
hypergroup. Hence ({z,y, z,w}, ®2) is a commutative H,-subgroup of G.
In the case ({b, ¢, d, e}, ®2), we have the following: for 2/, v/, 2" € {b,¢,d, e}

l'/ @2 (y/ @2 Z/) — (x/ @2 y/) @2 ZI — {x,,y/,zl}
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Thus the hypergroupoid ({b,¢c,d,e},®2) is a semihypergroup and it is a
commutative quasihypergroup. Hence ({b,c,d, e}, @) is a commutative sub-
hypergroup of G.

In the case ({c,d,e, f},®2), we have the following: for 2,y 2/ ,r,s €
{c,d,e, f}

! S (y/ D2 Z/) - (.%'/ D2 y/) D2 2 = {Ca d,e, f}7 if {xla ylv Z/} ) {C, f}:
.’E/ D2 (y/ D2 Z/) = (.’IJ/ D2 y/) S25) zl = {Ca d7 €, f}7 if {xla ylv Z/} o {d7 f}7
¥ B (Y B22) = (2 ®ay) B2 ={2/,y,7'}, otherwise.

Thus the hypergroupoid ({b,c,d, e}, ®2) is a semihypergroup and it is a
commutative quasihypergroup. Hence ({b,c,d, e}, @2) is a commutative sub-
hypergroup of G.

(4) In the case ({a,b,c,d,e},®3), we have the following: for ',y 2 €
{a,b,c,d,e}

@ (Y @ )N (2 Bay) P22 20, it {2, y,Z'} > aorb;
@ (Y B2 )N (2 Boy) P22 3¢, if {2y, 2} ¢
@y (Y B2 )N (2 Boy) B2 2d, {2y, 2} >d;
B (Y B2Z)N (2 Bay) B2z D, if {2y, 2} >e.

Thus the hypergroupoid ({a,b,c,d, e}, ®2) is an H,-semigroup. But the
hyperoperation @3 is not associative; for example, since a®2 (a®2b) = {a, b, c}
and (a &2 a) G2 b = {b, c}, we have

a @z (a Do b) # (a d2 a) By b.

Therefore ({a, b, c,d, e}, ®2) is not a hypergroup, but it is a commutative quasi-
hypergroup. Hence ({a,b,c,d, e}, ®2) is a commutative H,-subgroup of G.
In the case ({b,¢,d, e, f},®2), we have the following: for 2/, v/, 2’ € {b,¢,d, e, f}
$/ @2 (y, @2 Z/) = (.’El @2 y/) @2 Zl = {Cv d) €, f}a
if {2',y',2"} = {c, f} or {d, f};
! D2 (y, D2 Z,) = (:E/ D2 y/) D2 2 = {C, d) €, f}a
if {xl7 y/7 Z/} = {67 d’ f}’ {67 6’ f} Or {d7 e’ f};
! D2 (y, D2 Z,) = (J;/ D2 y/) D2 7 = {b) C, da €, f}7
if {o/,y,2'} ={b,c, f} or {b,d, f};
¥ @y (Y B22) = (2 Boy) e 2 = {2y, 2"}, otherwise.
Thus the hypergroupoid ({b,c,d, e, f},@2) is a semihypergroup and it is
a commutative quasihypergroup. Hence ({b,c,d, e, f},@2) is a commutative
subhypergroup of G.

(5) We show the following: for z/,y/, 2/ ,r € G
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@y (Y B2 )N (2 Boy)®a2 20, i {2),y,2'} 2ao0rb
@y (Y B2 )N (2 Boy) B2 3¢, i {a),y,7} ¢
' B (y '@22’)0(m’€92y/)@22’9d, if {o/,y/,2'} 3 d;
2B (Y B2 )N (2 Bay) B2 De, {2y} e
B (Y B2 )N (2 Bay) B2 3 f, {2y} > f.

Thus the hypergroupoid (G, ®2) is an H,-semigroup. However, the hyper-
operation @2 is not associative; for example, since a @y (a B2 b) = {a, b, c} and
(a @2 a) ®2 b= {b,c}, we have

a®2 (a®2b) # (a D2 a) 2 b.

Therefore (G, ®2) is not a hypergroup, but it is a commutative quasihyper-
group. Hence (G, ®2) is a commutative H,-group.
O

I thank to professor Kang Moon Chun about his advice in chemistry.
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