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SEQUENTIAL PROPERTIES OVER ¢-COMMUTING
ARITHMETIC TABLES

EunMmr CHor*

ABSTRACT. Let C'? be the g-commuting arithmetic table of (x +
y)™ with noncommuting variables. We study sequential properties
of diagonal sums of C? with various ¢ > 0. One of our results
shows that each diagonal sum plays like Fibonacci number with
some minor conditions.

1. Introduction

An arithmetic table(abbr. AT) is a coefficient table of polynomial.
One of well known AT is the Pascal table of (x +y)?, in which the com-
mutativity xy = yx has been assumed implicitly. However in the area of
quantum theory, theoretical physicists like P. Dirac and W. Pauli [8] have
studied noncommuting variables z and y. In particular when zy = —yx,
the AT of (x + y)* (i > 0) called the Pauli Pascal table (Pauli table,
short) was presented ([4], [5]). As a generalization of noncommutativity,
x and y are called g-commuting variables if yz = qzy with ¢ € Z* ([7]).
We call the arithmetic table of (z + ) with g-commuting variables z,y

the g-commuting arithmetic table(AT) denoted by C(@) = [ez(»?j)] such

. Z . . .
that (z +y)' = > egf?:zz_ﬂyj.
=0
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Table 1. g-commuting table C(@) = [egqj)] fori,7 >0

\jlo 1 2 3 1
0|1

111

211 14¢ 1

31 14q(1+q)  (I1+q) +¢° 1

A1 1+q+P0+q)1+ql+a)+ (1 +a)+) A+ +¢*+¢°1 -
So CW is the Pascal table, C(-1) is the Pauli table, and every eg?j) in

(a) i _binomi ient |1 = Q=a)—g"=h)-(1—g'~7*1)
C'? (g > 1) is the g-binomial coefficient L} . = =)=

(2], [3]) which satisfies the recursive formula
(@ _ [i] _[i—1 ili—=1] _ (@ J () ;o
Cig = {]]q - L - IL T4 { j L =€t ey (7>1). ()

A purpose of work is to study g-commuting AT C@ for ¢ > 0. Anal-
ogous to a fact that each sum of diagonal entries of the Pascal table
CW is a Fibonacci numbers, we study the sequences of diagonal sums
of C(@. One of our result (Theorem 2.4) shows that each diagonal sum
is obtained by adding two previous terms like Fibonacci numbers, but
one of them must be weighted by 1,q,¢%,---. A feature of the work
is to use algebraic recurrence over the table, without using ¢-binomial
coefficient. Another result in the work is to give relations of diagonal
sums of C9 with different ¢s by means of Pascal table, for instance

the identity (DELQ) , Diqﬂ), Dflq+2), Diﬁ?’)) ous = 0 in Theorem 4.4 imply
DY) _ 3ple _3pesd | plat.

2. Sequential properties on C@ for ¢ > 0

We begin to look at g-commuting tables C'(9) = [e(Q)] with ¢ = 2, 3, 4.

,J
c® c® cW
T I T
11 11 11
131 14 1 15 1
1771 113 13 1 121 21 1
11535151 140130401 185357851

(@)

i’j

that can be compared to (x).

We generally assume i > j, for e;”/ = 0 if i < j. The next theorem

2
shows a recurrence of eg j)
9,

(2) _ 2iziH1o1 (2)

THEOREM 2.1. eg?j) = 2i*je§%)17j71 +e? and € ] 51 Cig1-

i—1,7
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Proof. In j = 1th column, the differences of first few consecutive
entries are 1,2,4,8,---, and egi — efi = 2%, Assume 6521) — 653)1 1= 2i—1

for some 7. Then

61@1 1 521) = (e 50) + 26(2)) (e E )1 o 2652)1 1) = 2(61(,21) - 61(3)1,1) =2
by (x) and 6(0) = 652)10 =1.

In j = 2th column, notice 155 = 35 + 23 - 15 and 651 = 155 + 2% - 31.

(2) (2) — 9i—2 ( )

So if assume €;5 — ¢; | for some ¢ then (%) yields

ﬁ)l 2 65,22) = (e, (2) + 22 1(2 ) — (657)1,1 + 2261(7)1,2)
2 2 2 2 i— i— 2
= (ez(‘,l) - 5 )1 )+ 22( (‘ ) - eg—)m) =214 22(2 265—)1,1)

:2i—1( (2) 0+2€(2) )= 2i—1e§?1)_

Now for any ¢t < j, assume e gt) —61(2)115 21'*25653)1’%1 for all 7. And on
jth column, we may assume 65 )1] — 653)2,1- = 21.7]'7161(%)2’]-_1 for some i,

since egzj) = 2065-_)1,]-_1 + 65_)1’ j Then the induction hypothesis together
with (%) says
2 2 2 i (2
ez(',j) - ez(—)l,j = (65—)1,3'—1 +2 z(—)l ]) € 5 )21 1t e ( ) ])
2 2 2
= (ez(]) 1 —eg )23 D)+ 2(e 5 ) 1,j _ez(—)Z,j)
7 71— 2
=2 J(§)2j 2J1§)2g 1) =2 J()l,j—l'
Furthermore BEZ) = 652)1 j-1t 2jez(i) 1j = = 2i~ 361(2)1 g1+ 653)1,]' implies
i—q 2 2

(27 - 1)657)1,];1 = (2 - 1>e@('7)1,j~ m

J—1j
Theorem 2.1 is explained by the diagram ¢ —I| A ](33 with C' = A+

2
2/B = 277 A + B. We may refer [1] for the 2-binomial expression of

Theorem 2.1.

2 (2)

B 2 2 i+l _ Cijj+1 _
THEOREM 2.2. (1) ez] i—j,j+1 T ezg—i—lez —j—1,5’ S0 (]2) (2)]]1 -
€ J 5J
92i—J _
20+1—-1"
(9) (a) (q) +1(q) =g () (a)
(2)C9 =e i g | satisfies e, i1+l = e” +q’ =gq S e
o (@) (D) (Q) i
and the ratio in a row equals Ze(]‘;l = Eq)f It — Zq)f L — :11”1 7 for any
1,7 € Jj—1,7 ]+1 1

q > 0.
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Proof. Observe 65,21)653)1,2 = 65?2)652)2 , and 652) 52)2 3= 61(23) E )3 5- And
(2)
in general, by Theorem 2.1 we have (2) = % and
2 i—2j—1,(2) 2 (2
g+l _ 2TVt eT i g1, Gimj-l+
® @ )
Cij1,j Cij—1, Cij—1j
2j+1 _ 1 2j+1 _ 1°
(2) is true for ¢ = 1,2. Now for any ¢ > 1, we have
(9) 2j-1,(9) (9) (9)
g _ 4 el et g _ g L il
@ @ — 1 @)
Cizj-1, Cizj-1, Cimj—1,
e i—2j—-1 _q i—=Jj _1q e'®)
— 214 4 _4g _ il
! grt—=1  gtt—1 @
7/7‘7
Moreover since e,(cqi =14+q+--+¢ 1= q 11, we have
(@) (a) (a) j i j
€jC-j1 _ Cj (g = g —1¢7 -1 ¢ -1 _6(61)11
(q) (o) TRl T iy -1 = = — YLD
Cigtr Cigt I ba-d a1
el (@ J+1_q
so the result follows immediately from (;>] = Jg)m = L= O
67,,]4»1 ezfj,l q N
Lio 213 jli+1
—t T—3|D 71D
The diagrams —1—g, 11— % B and 7—7 B with
: ppg —
i JAlC T [A[C T 1AT T
AB = CD explain Theorem 2.2.
(@) — (@) (@) _ N~ -0 (@)
THEOREM 2.3. Any C'? = [e;” 9] satisfies e;’ i =24 € i 1ttt

t=0
Proof. Theorem 2.2 implies that

(7])_(1 Z(_)]1+65)1]_q (qzjz(—)Qj 2+€z()2] 1)+6()

1,j

= ¢* (g E)sg 3+6§ )3] 2)+ql 7 z(q)Qj |+

=q (1—1)65@3’%3 +4q (1—3)657)3’],72 +q'77 Eq)w 1T egqf)l,j'
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And continuing this procedure, we have

(@ _  (G-1(@G—j5) (a) 2)(i—j) (q)
ey =a" Vel oy TG ey T
+q2(ifj)€§Q)3j_ +qz Je () b 1_I_ez( )1
_G-1D)(—j) i (q) (q) (1-2)(i=3) ,(@)
=g/ (g e DA el oy T
+g?09) §Q)2j 2+qh]@§ )2]‘ 1+6§_)1,j
— =D (‘I) +q(a 1)(i—j) SQ)] T 5‘1)% 1""65@1,3
J
= Z q(]ft)(lfj)egq)‘] 1ot
=0
O
+B=0C,

that can be compared to a hockey stick formula in Pascal table [6]. For
example, by looking at C'(@) with ¢ =4, if i = 4, j = 3 then

3
Zq5(3‘”€§‘fﬂt,t _ 45.364(1% + 45-2%12 445 é% 4450, (4)

=415 + 419341 + 4° - 93093 + 24208613
= 1550842085 = .

In C@, let dELQ) be the nth diagonal and DS{D be the nth diagonal
sum. Then

DSZ) = egzq,?)+egzq21,1+e7(zq22,2+‘ = (e 1(1(12)’ 51)1 1’67(1(1)2 2 )o(1,1,1,- 1),
(@) _ 4(a)

where o means inner product operation, and we may write Dy, g

(1,1,---). It is well known that diagonal sums Dg) of C) yield a
Fibonacci sequence. Moreover, for example, the 7th diagonal sum in

C@W is DI = 7248 = 1 + 1365 + 5797 + 85, in which each terms can be
written by 1365 = 144 -341, 5797 = 85 + 42 - 357 and 85 = 21 +43 - 1
by (*). Thus

DW= (1485+21)+(1+4-341+42.357+ 4% 1) = DIV + X,
with X = (1,341,357,1) o (1,4,42,43) = dg4> o (1,4,42% 43). Similarly
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DW= (14341 +357+1)+ (45-1+4%.85+4-21) = DY +,

with Y = (1,85,21) o (45,43,4) = d'") o (45,43, 4) by Theorem 2.1.
Let us define the weighted diagonal sums in C@ by

DO = (9 @ ey, )0 (g,6% ) = dP o (1,4,6% )
57{1) = (enq,zb e'n,q—l,l’ 67(1q22,2’ T ) o (qn’ qn—27 qn—47 e ) = d’ng) © (qn’ qn—27 e )

(4)

Then we can say that D, satisfies a weighted fibonacci type rule that

P _ BR 4 p — p 4 5O,

THEOREM 2.4. D\ — @

oy + DT(quQ = Dg‘lzl + 3@2, a weighted
fibonacci rule.

Proof. Due to (%), we have

D%Q):(egzq%aeq(zq)l e ;q)m’ )o(1,1,--+)
= (0 (€20 +ael 1), (05 ) + ey ), ) o (1,1,0+)
q) (9) (q)

)

:((651 2,00 6n=3,10 En=a,2s" -')+(e£,3>7qe1(132,pq eglq23,27."))o(1717“
= szq 2 + (e 'Ezq)IO?e'gzq)2 1761(3)327 “)o (LQ»QQ,‘") = Dflq_)2+B(qll-

n

On the other hand by Theorem 2.1 we also have
o (@ et ey ) (@t esn) ) o (L)
= ((evg({?)’enq)ll’eiq)?; 20" )+ (@™ 1(1(1)2 qun 461(123,1’ ) o(L,1,--1)
:Dq)l _|_(€£Lf1)270, £LQ)31’ -)o(qn Q’qn 47“.) :D£L(IZ1+$£LQZ2‘

O

If ¢ = 1, Theorem 2.4 corresponds the fibonacci recurrence rule. And
Table 2 of D%q) shows, for example, the 6th diagonal sum in c®) is

D =DBY + D = (1,156,31) 0 (1,5 52) (1+31+ 1)
= (1+156+31) + (1,31,1) 0 (5%,52,1) = D + DY) = 1580.
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Table 2. Diagonal sums DfLQ)

n\gf 12 3 4 5 6 7
3134 5 6 7 8 9
4159 15 23 33 45 59
5 | 823 54107 188 303 458
6 1368253 700 1589 3148 5653

3. Simplified ¢g-commuting table

From Table 1, notice eff% =1+q+2¢+¢3+¢* = (1,1,2,1,1) o
(1,q,---,q*), where we denote it by eff% =é490(1,--,q*). We often
write €49 by (1,1,2,1,1) or 11211 and say its length is len(é42) = 5.
Considering é; ; satisfying e; ; = é; 0 (1,q,---), we make a table C =
[éi ] called the simplified table of C(9).

THEOREM 3.1. €;j = &;_1 -1+ 0;) €i—1,; where [0]x means(---0.
k

Proof. Since e;; = é;j0(1,q,4? ), the recurrence (x) shows that
for instance, €53 = 1122211 is obtained by €42 = 11211 and é43 =

1111 in a way .1_(1)(1)31111) and taking sums of each column. Similarly

és.3 [ 1122211 . . .
10000654 ) — \ +000011111 yields 112232211 = ég 4. Hence in gen-
eral, it follows immediately that
b = CGimli-1 ) s o
€ij = <+[0]j éil,j) =€i—15-1*1 [O]] €i—1,5- O
Table 3. C = [¢;] length (é;)
0\j[0 1 2 3 4 5 1\7/012345
01 01
111 1111
211 11 1 21121
31 111 111 1 311331
411 1111 11211 1111 1 4114541
511 1111111222111122211 111111 5157751

THEOREM 3.2. Let D,, be the nth diagonal sum of C' and l(n) be its
digit length. Thenl(n) = 1—|—(n—2L”T‘*'2J)L”T+2J and Dyo(1,q,- - ,¢™~1) =
(9)
D,".

Proof. Length follows from Table 3 by counting digit number of each
éi’j. Notice len(éjvj) =1, len(éj_,_Lj) =1+y, len(éj+27]‘) =14 25 and
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1en(ej+3]) =1+ 3j. If we assume len(éj4¢;) = 1+ tj for some ¢, then
+(t4+1),j = €j+tj—1 + 0[;1€j4¢; in Theorem 3.1 yields

len( ]+(t+1)j) len(O[j]éjH’j) = ] + (1 + t]) =1+ (t + 1)]

Thus entries in the nth diagonal {é,0,€én—1.1, -+, €n—jj, - ’éLL“J ng}
2 L2
of C have lengths that len(é, ) =1, len(é,—11) =1+ (n—2) =n—1,
len(é,—22) =1+ (n—4)2=n—7, and for any 0 < j < | 5], we have
len(€n—j;) = len(€;4(n—25) ;) =1+ (n — 2j)j.
Hence the longest length in the nth diagonal appear when j = | + %J,
so the length of D, is I(n) = len(€4 (n—2jy,;) = 1+ (n — 2j)j with
j _ Ln-i-QJ
Consider the nth diagonal sum f)n =éno+En_11+---+ éL"—“J 12
2 L2

) ) ) 1 .
of C. Tndeed, D3 = (Jr}l) — 921, D, = <+%11> — 311 and Ds =

1
( 1111> = 3221, so
+111

Dso(l,q) = (2,1)0(1,q) =2+ ¢ =D
Dio(1,4,¢%) = (3,1,1) 0 (1,4,¢*) = 3+ g+ ¢* = D'V
Dso(1,q,¢%,¢%) = (3,2,2,1) 0 (1,q,q2,q3):Dé‘n,etc. Thus we have

en,O
ﬁno (17q, ’ql(n)71> — 'e:n’._Ll [e) (1’ ,ql(n)fl)
el 1)
én,00 (1) . €n,0
énf e} ]_7 R n— €n— ,
= | Enracled™) = -pi. O
T ng1) 1m0 (1,--,¢"™=1) Telng |z
1 1
I fact, Dy = ( ﬂ;ﬂ) _ 12392 s of lngth 5 and Dy = ( ﬂ;;;@ _
+1 +1111

4344321 of length 7. And D,, with (1,q, 4?2, ---) yields the table of DY,

nDno(l,q,~ ):D(q) ‘n bno(la%"'):DSLq)

3 (271)0(1’(1) 7 (47 7474737271)0(11"'7616)

41(3,1,1) 0 (1,q,4¢%) 8 1(5,3,5,5,6,4,4,1,1) o (1,--- ,¢%)
5((3,2,2,1)0(1,---,¢%) |9 (5,4,6,7,8,7,7,5,3,2,1) 0 (1,--- ,¢**)
6((4,2,3,2,2) 0 (1,---,¢")|/10((6,4,7,8,11,10,12,9,9,5,4,2,2) o (1,--- ,q
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én,O [O]TL én,9
From D, 11| ot Df = [ [On—2€n—10 ] Then D =
en—2,2 [0 n—4 €n—2.2

00001
< 00111> = 10112 = Dg — D5, and this yields the next theorem.

TrroREM 3.3. (1) DIy = DY ~DY| = (Dy—Dy 1)o(1,4,- ,ql(”)).
(2) D, satisfies a ﬁbonacm type rule that D,, = D, + D _
1 1 0
Proof. Dy—Ds = ( ﬂ;ﬂ) ()= < gggg) _ 10112 = By,
+1 +1
and

Df(iq) _Déq) = (47273>2,2) © (1’(])"' ,q4) - (3727271) © (Lq,q2aq3)
= (1 0717172)0(17q>"' 7(]4) = 1+0q—|_q2+q3+2q4
So we have D(q) (q) = (1,0,1,1 2) (1,---,¢*) = Dio(1,--,q%).
With the Welghted dlagonal sum 3 ) in Theorem 2.4, we have
= (ﬁn - anl) o (17 q, - ,ql(n)—l)’

since I[(n—1) < I(n). But en0—€n—10=0, €n—11—€n—21 = ¢" 2€n-20
and in general e;; —ej—1; = ¢ 7e;—1j—1 (i, > 1) by Theorem 2.1
implies

)

€n,0 — €n—1,0 ([)0] X
D D = €n—11—~€n-21| _ n—26n—1,0 | _ p*
" n-l €n—22 — €n-32 Oln—4€n-31 n—2
O
4. Interrelationships of Déq) with various ¢
When ¢ is given, some relationships of diagonal sums Déq) for all

n > 0 were discussed. When n is given, we turn our attention to study
D,(Lq) for all ¢ > 0. From Table 2 we see {D§Q)} ={3,4,5,6,7,8,---} and
(D?} = {5,9,15,23,33,45,- - }, and observe D\ = g+2 =14+ D™
and D\ = (g +1)+3 =29+ DY " =3D{ Y — 3D 4 D ?).
Next theorem provides some interrelationships between nth diagonal
sums D@ of C@ and DY of O+t for ¢ > 0.
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THEOREM 4.1. We have the followings.

(1) (D, D)o (=1,1) = 1 and (DY, DI D)o (1,-2,1) =
2.
(2) (D, DI Dl D)o (~1,3,-3,1) = 6

Proof. Looking at {D\?}, {D'?} and {D\?} = {8, 23,54, 107, 188,303, - - -

(1) and (2) can be observed for first few entries. Now D§Q) =(2,1)o
(1,9) = 24 ¢ by Theorem 3.2, and it shows

(DY DY Yo (=1,1) = 24 4,2+ (g+ 1)) o (~1,1) = 1.
And DELQ) =(3,1,1)0(1,q,¢%) = 3+ q + ¢* implies

(D, DEY DIy o (1,-2,1)
=B+q+3+ @+ D)+ (@+1)%3+ (g +2)+ (¢ +2)%)o
(1,-2,1) = 2.

Similarly Déq) =(3,2,2,1)0(1,¢,¢% ¢%) = 3+ 2q + 2¢*> + ¢> yields

(D plty) plat?) platdy o (1 3 -3 1)
=(B+2¢+2¢>+¢, - ,3+2(q+3)+2(¢+3)*+ (g+3)%)o
(-1,3,-3,1) =6

O

Thus some recurrence of ng) are Déqﬂ) = Déq)—i-l, Diﬁz) = Diﬁl)—

Dflq) +2 and Déﬁg) = 3Déq+2) —3D§)q+1) —i—Déq) +6. In order to generalize
Theorem 4.1, we add a lemma.

LEMMA 4.2. Let py (k> 0) be the kth row of inverse Pascal matrix
P~1. Then
(1) The sum of entries over py equals 0, i.e., (1,-+-,1) o ux = 0.
0 if0<i<k
kU ifi=k
(3) Let x = (bo, b1, - ,bi) be any (k+ 1) tuple with b; € Z. Then

(2) Fora € Z, (a*, (a+ 1)+ ,(a+k)") o =

(Xo(l’av"' aak)7xo(17(a+1)a"' >(a+1)k)7

xo(1,(a+2)),--- ,(a+2)k),~- ,xo(1,(a+k),--- ,(a—f—k)k))ouk:bkk!



Sequential properties over g-commuting arithmetic tables 485

1
-1
1
1

Proof. Clearly P~ = is the arithmetic table of (x —

1)™, so the sum of entries on each row py equals 0 by letting « = 1, this
is (1).
When i = 0, (2) corresponds to (1). By simple calculation, for exam-
ple,
(a,(a+1),(a+2),(a+3))o(-1,3,-3,1)
= (a* (a+1)% (a+2)% (a+3)%) o (-1,3,-3,1) =0,

while (a3, (a +1)3, (a +2)3, (a + 3)3) o (—1,3,-3,1) = 6.
And the proof generally follows from the matrix multiplication

1 a a? a’ a? laa? a’ a*
la+1(a+1)2%(a+1)3(a+1)* 012a+13a%2+3a+1---
Pl l1a+2(@+2)?%@+2)?3@+2)* = ]002 6a + 6
la+3(a+3)?(a+3)3(a+3)* 000 6 24a + 36
la+4(a+4)?(a+4)3(a+4)* 000 0 24

Now for (3), when k = 2 with po = (1,—2,1), we have
((bo, b1, b2) © (1,a,a?), (bo, b1, b2) o (1, (a+ 1), (a+1)?),
(bo, br,b2) o (1, (a+2), (a+2)?)) o py
= (bo + bra + baa®) — 2(bg + b1(a + 1) + ba(a + 1)?)
+ (bo + b1(a + 2) + ba(a + 2)?)
=bo(1,1,1) o g + by(a,a+1,a+2) o pg + ba(a?, (a + 1)%, (a + 2)?) o g
= by2!,
by (2). Similarly, for any k& > 0 we also have
(xo a0 @+1), - (a+ 1)),
o (L(a+2), -+, (@+2)0), - xo (L (a+k), - (a+k))) o
=bo(L, -+, Dopug+bi(a,a+1, - ,a+k)opu
+bo(a®, (a+1)% -, (@t k) o+ + br(ab, - (a+K)F) o
= byk!.
O

THEOREM 4.3. For any q > 1, we have (Diq), Dflq“), fo”z)) oy =2
and (D7, DY plt?) platdlyo . — a1,
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Proof. By Theorem 3.2 and 3.3, we have
D = Dyo(1,4,¢%) = (D3 + D5) o (1,4,¢>) = DY + Dj o (1,4, ¢°
4 — 40(7Q7q)_( 3+ 2)0(7q7q)_ 3 + 20<7q7q)7

where D} = (+2?i2’0) = <+(1)01> =(1,0,1). Thus

(D, DY, D) o g
= (DS + D50 (1,4,¢%), DYV 4 Dy o (1,q+1, (g +1)?),
DY 4+ Dyo (Lg+2,(q+2)) o o
_ <D§q)7D:())q+1)7 D§q+2)> o g
+ (D50 (1,4,6%), D3 o (Lg+1,(a+ 1)), Dso (1g+2,(4+2)) o o
— A+ B.

Here

A= (D§Q)7D§Q+1)’D§Q+2)) o g = (Déq),D§Q+1),D§q+2)) o (1’ _2, 1)

_(D§Q)7D§q+1)) ° (_17 1) + (D§q+1),D§Q+2)) o (_1’ 1) — 141=0

by Theorem 4.1. And

B=(Djo(1,q,¢%), D30 (L,g+1,(qg+1)%),D30(1,¢+2, (g +2)%) o s
—1.21=9

by Lemma 4.2 with Dj = (1,0,1). Similarly, from

Dé‘l)

[)5 o (17q7 q27q3) - (D4 +b§> o (17q7q27q3)

Dio(1,¢,¢%) + Djo(1,q,8% %) = D\ + D30 (1,4,¢% %),
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where D} = <+823j3’0> = (+8(1)(1)1) =(0,1,1,1), we have
(DS, DFY, DE D) o g
= (DI + Dy o (1,4,0% %), DS + Do (L + 1, (g + D% (g + 1)),
DI+ Dyo (1,g+2,(g+2)2 (¢ +2)°),
D 4 Dyo(1,q+3,(+3)% (4 +3))) o iy
_ (Dflq),Dz(qu),Dz(lq+2),D4(1q+3)) o 3
+(Dyo(Lg.¢%.4). Dio (Lg+1.(g+ D% (g + 1)),

D§O(1>Q+27"' ,(q+2)3)7E§O(17q+3"-- a(q+3)3))o,“’3
=A+ B.

Here, again

A= (D, DY, D) it o (-1,3,-3,1)

= (D', DY DIy 0 (1,-2,1) + (DY, DI DY o (1, -2, 1)
——24+2=0

and due to Lemma 4.2 with D3 = (0,1, 1, 1), we have

B = (Djo(1,4,¢¢%), Djo (La+1,(a+1)% (g +1)%),

Dyo (1, (g+2)°),Dio (L, (q+3)")) ops =131 =3

TueoreM 4.4. (1) (D{?, Dl plat? plats)

4 4 ) © pz = 0.
(2) (DéII)7Dé(I+1)’ DéQ+2), D(Q+3) D((I+4) !

5 » =5 ) O fa = 0.
Proof. Due to Theorem 4.3, we have
(D, DY Dt Dty o (~1,3,-3,1)

= —(D{", DYV, D) o (1,-2,1) + (DY), D), D) o (1,-2,1)
=—-24+2=0.
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Similarly
(DL plath plat?) plats) platdy o 1 46 —4,1)
_ _(Déq),Déq+1)’Déq+2)7Déq+3)) o(-1,3,-3,1)
+ (DLt plat? plats) platdy o (1 3 3 1) = —31+ 31 = 0.
0

By means of the length I(n) of D,, since [(4) = 3 and I(5) = 4, the
identities in Theorem 4.3 and 4.4 can be written by

(D (9) D q+1) (q+l(4)*1)) o pyay_1 = (l(4) 1)1,

( (9) , D} q+1) D(q+2) Déq+l(5)—1)) o ys)—1 = (1(5) —1)!, and

g A A S TN
Hi(5)-

Now it can be generalized as follows.

THEOREM 4.5. Let a be the last digit of D_,. Then
(1) (D, DY DIy o gy g = a (1) = D)L
2) (DY, D™, DIy oy, = 0.

Proof. When n = 4,5, it is due to Theorem 4.3 and 4.4. Assume the
identities are true for n. For convenience write I(n) = [ for the length
of D,,. Then

DY = (Dp-1+ Djy_5) 0 (1, ,¢" ")
=Dp10(1,-+ ")+ D5 yo(1,-- ¢
D(q)1+Dn 20( o 7ql_1)7
by Theorem 3.2 and 3.3. Hence
( ((1) D(‘H’l) . D£q+lil)) O -1
(D(q)1+Dn 20(1 q,: aql_l)a"' )

- Fy* -
DI 4 Dy yo (gt l=1, (g + 1= 1)) opus

= (D DY o
+ Dy (g @ ™), e Dy o (Lg+ 11, (g +1- 1)) o
Hi—1

= A+ B.
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Here
1—
A= DY, D VYo
- -
D DIt (DD D o

==-AIl-1D'+XI-1D!'=0
with A the last digit of D*_,, by the induction hypothesis. And

n—3»
B
= (Dicao (g od ™) Digo(Lg+1— 1, (g +1-1)7h)o
Hi—1
=a (l-1)!

by Lemma 4.2, so this proves (1). Furthermore
(D’Slq)7 D7(1q+1)7 T 7D7(1q+l))) O Hi(n)
= _(Dgzq)v D(qul)’ e 7D£Lq+l71)) o py—1+ (ng+1)7 T 7D£Lq+l)) O Hi-1

n

— —a(l—1D)!+a(l—1)! =0.
0
For example,
(D, plot) plat? platd) platdyoq 4 6,—4,1) = 2.41
(D pltl) ... plto)o1, 6,15, —20,15,—6,1) = 720 = 6!

(DL, D ... Dlto(1, -8, 28, —56,70, 56,28, —8, 1) = 40320 = 8!.

Thus this yields some recurrence rule of Dq(zq) immediately.
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