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NOTES ON γ-OPEN SETS DEFINED BY γ-OPERATION

ON A SUPRATOPOLOGICAL SPACE

Young Key Kim* and Won Keun Min**

Abstract. In this paper, the notion of γ-operation on a supratopo-
logical space is introduced. We found that the γ-operation induces
a supratopology (topology) containing a given supratopology. We
also introduce the notions of (γ, S)-continuous function and almost
Γ-supracompact defined by γ-operation on a supratopological space
and investigate some properties for such notions.

1. Introduction and Preliminaries

Let X be a non-empty set with the power set expX. A function
γ : expX → expX is said to be monotonic [1] iff A ⊆ B ⊆ X implies
γA ⊆ γB. The monotonic function γ is called an operation. If γ is an
operation, then a set A ⊆ X is said to be γ-open [1] if A ⊆ γA. For
A ⊆ X, we denote by iγA the union of all γ-open sets contained in A,
i.e. the largest γ-open set contained in A. The complement of a γ-open
set is said to be γ-closed. Any intersection of γ-closed sets is γ-closed,
and for A ⊆ X, we denote by cγA the intersection of all γ-closed sets
containing A, i.e. the smallest γ-closed set containing A. Let γ and γ′

be operations, respectively. Then a function f : X → Y is said to be
(γ, γ′)-continuous [3] if for each γ′-open set V in Y , f−1(V ) is γ-open
in X.

We recall the notion of γ-operation introduced in [2]: Let (X, τ) be
a topological space, and γ : expX → expX a mapping such that

(1) A ⊆ B ⇒ γA ⊆ γB.
(2) γ∅ = ∅, γX = X.
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(3) For A ⊆ X and an open set G ⊆ X, G ∩ γA ⊆ γ(G ∩A).
The mapping γ is called an associated operation with µ on X.
In this paper, we introduce the notion of an associated operation

with a supratopology S on any given nonempty set. We found that
the γ-operation induces a supratopology (topology) containing a given
supratopology. (See Theorem 2.5). We also study the notions of (γ, S)-
continuous function, Γ-supraclosed graph, strongly Γ-supraclosed graph
and almost Γ-supracompact defined by an associated γS-operation on a
supratopological space.

Theorem 1.1 ([1]). Let γ be an operation and A ⊆ X. Then the
statements are hold:

(1) iγA = X − cγ(X −A); (2) cγA = X − iγ(X −A).

LetX be a nonempty set. A subclass S ⊆ expX is called a supratopol-
ogy [4] on X if ∅, X ∈ S and S is closed under arbitrary union. (X,S) is
called a supratopological space. The members of S are called supraopen
sets and a set is called supraclosed if the complement is a member of S.
For A ⊆ X, we denote by Sint(A) the union of all supraopen sets con-
tained in A, and by Scl(A) the intersection of all γ-closed sets containing
A.

2. Main Results

Definition 2.1. Let (X,S) be a supratopological space with a supratopol-
ogy S, and γ : expX → expX a mapping such that

(1) A ⊆ B ⇒ γA ⊆ γB.
(2) γ∅ = ∅, γX = X.
(3) For A ⊆ X and any supraopen set G ⊆ X, G ∩ γA ⊆ γ(G ∩A).
We call the mapping γ an associated operation with a supratopology

S on X. We will denote an associated operation γ with S by γs (simply
γ).

Theorem 2.2. Let (X,S) be a supratopological space and γ an as-
sociated operation with S. Then every supraopen set is γ-open.

Proof. Let G be supraopen in X. Then from (2) of Definition 2.1,
G = G ∩ γX ⊆ γ(G ∩X) ⊆ γG. Thus G is γ-open.

Theorem 2.3. Let (X,S) be a supratopological space and γ an as-
sociated operation with S. Then the intersection of a supraopen set and
a γ-open set is γ-open.



Notes on γ-open sets on a supratopological space 247

Proof. Let G and H be a supraopen set and a γ-open set, respectively.
Then G ∩H ⊆ G ∩ γH ⊆ γ(G ∩H). Thus G ∩H is γ-open.

In general, the intersection of two γ-open sets is not γ-open as shown
in the next example.

Example 2.4. For X = {a, b, c}, let S = {∅, {a, b}, {b, c}, X} be a
supratopology. Consider a mapping γ : expX → expX such as γ(A) =
Scl(Sint(A)) for A ⊆ X. Then obviously, γ is an operation. Take
two γ-open sets A = {a, b} and B = {b, c}. For A ∩ B = {c}, since
γ(A ∩ B) = Scl(Sint(A ∩ B)) = Scl(Sint({c})) = ∅, A ∩ B is not
γ-open.

From the above facts, we have the next result:

Theorem 2.5. Let (X,S) be a supratopological space and γ an as-
sociated operation with S. Then

(1) the set of all γ-open sets is a supratopology containing S;
(2) if for A ⊆ X and any γ-open set G ⊆ X, G ∩ γA ⊆ γ(G ∩ A),

then the set of all γ-open sets is a topology.

Proof. (1) Let Hi be any γ-open set for each i ∈ J . Then from (1) of
Definition 2.1, Hi ⊆ γ(Hi) ⊆ γ(∪Hi). Thus ∪Hi is γ-open. By Theorem
2.2, then the set of all γ-open sets is a supratopology containing S.

(2) Let A and B be γ-open sets. Then A ∩B ⊆ A ∩ γB ⊆ γ(A ∩B).
So, A∩B is a γ-open set. Finally, from (1), the set of all γ-open sets is
a topology containing S.

Definition 2.6. Let (X,µ) and (Y, ν) be supratopological spaces and
γ an associated operation with µ. Then a function f : (X,µ) → (Y, ν)
is (γ, S)-continuous if for every supraopen set F in Y , f−1(F ) is γ-open
in X.

Theorem 2.7. Let f : (X,µ) → (Y, ν) be a function on supratopo-
logical spaces and γ an associated operation with µ. Then f is (γ, S)-
continuous iff for each x ∈ X and each supraopen set V containing f(x),
there exists a γ-open set U containing x such that f(U) ⊆ V .

Proof. Suppose that f is (γ, S)-continuous. Then for each x ∈ X
and each supraopen set V containing f(x), f−1(V ) is γ-open. Set U =
f−1(V ). Then the γ-open U satisfies that x ∈ U and f(U) ⊆ V .

For the converse, let V be a supraopen set in Y . Then for each
x ∈ f−1(V ), there exists a γ-open set Ux such that x ∈ Ux ⊆ f−1(V ).
So f−1(V ) = ∪Ux and by Theorem 2.5, it is γ-open.
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Theorem 2.8. Let f : (X,µ) → (Y, ν) be a function on supratopo-
logical spaces and γ an associated operation with µ. Then a function f
is (γ, S)-continuous iff f−1(Sint(B)) ⊆ γf−1(B) for B ⊆ Y .

Proof. Let f be (γ, S)-continuous and B ⊆ Y . Since f−1(Sint(B)) is
γ-open and γ is monotonic,

f−1(Sint(B)) ⊆ γf−1(Sint(B)) ⊆ γf−1(B).

For the converse, let B be a supraopen set in Y . Then f−1(B) =
f−1(Sint(B)) ⊆ γf−1(B). So, f−1(B) is γ-open in X.

Theorem 2.9. Let f : (X,µ) → (Y, ν) be a function on supratopo-
logical spaces and γ an associated operation with µ. Then the following
are equivalent:

(1) f is (γ, S)-continuous.
(2) f−1(Sint(B)) ⊆ iγf−1(B) for B ⊆ Y .
(3) cγf

−1(B) ⊆ f−1(Scl(B)) for B ⊆ Y .
(4) f(cγA) ⊆ Scl(f(A)) for A ⊆ X.

Proof. Straightforward.

Let (X,µ) be a supratopological space and γ an associated operation
with µ. Then X is called γ-T2 (respectively, ST2 [4]) if for every two
distinct points x and y in X, there exist two γ-open sets (respectively,
supraopen sets) U and V containing x and y, respectively, such that
U ∩ V = ∅.

Definition 2.10. Let (X,µ) and (Y, ν) be supratopological spaces
and γ an associated operation with µ. A function f : X → Y has
a γ-supraclosed graph (resp. strongly γ-supraclosed graph) if for each
(x, y) ∈ (X×Y )−G(f), there exist a γ-open set U and a supraopen set
V containing x and y, respectively, such that (U × V )∩G(f) = ∅ (resp.
(U × Scl(V )) ∩G(f) = ∅), where G(f) = {(x, f(x)) : x ∈ X}.

Lemma 2.11. Let (X,µ) and (Y, ν) be supratopological spaces and
γ an associated operation with µ. A function f : X → Y has a
γ-supraclosed graph (resp. strongly γ-supraclosed graph) if for each
(x, y) /∈ G(f), there exist a γ-open set U and a supraopen set V contain-
ing x and y, respectively, such that f(U)∩V = ∅ (resp. f(U)∩Scl(V ) =
∅).

Proof. Obvious.

Theorem 2.12. Let (X,µ) and (Y, ν) be supratopological spaces and
γ an associated operation with µ. If f : X → Y is (γ, S)-continuous and
Y is a ST2 space, then f has a strongly γ-supraclosed graph.
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Proof. Let x, y ∈ (X × Y ) − G(f). Then y 6= f(x), and there exist
two supraopen sets U and V such that f(x) ∈ U , y ∈ V and U ∩ V =
∅. It implies that U ∩ Scl(V ) = ∅. Since f is (γ, S)-continuous, by
Theorem 2.7, there exists a γ-open set W of x such that f(W ) ⊆ U . So
f(W )∩Scl(V ) = ∅. Thus by Lemma 2.11, f has a strongly γ-supraclosed
graph.

Theorem 2.13. Let (X,µ) and (Y, ν) be supratopological spaces and
γ an associated operation with µ. If f : X → Y is a surjective function
with a strongly γ-supraclosed graph, then Y is ST2-space.

Proof. Let y1 and y2 be distinct points in Y . Then there exists x ∈ X
such that f(x) = y1. Since (x, y2) /∈ G(f) and f has a strongly γ-
supraclosed graph, there exist a γ-open set U and a supraopen set V of
x and y2, respectively, such that f(U) ∩ Scl(V ) = ∅. So, y1 /∈ Scl(V ).
Now, there exists a supraopen set G of y1 such that G ∩ V = ∅. Hence,
Y is ST2.

Theorem 2.14. Let (X,µ) and (Y, ν) be supratopological spaces and
γ an associated operation with µ. If f : X → Y is (γ, S)-continuous
injection with a γ-supraclosed graph, then X is γ-T2.

Proof. Let x1 and x2 be two distinct elements in X. Then f(x1) 6=
f(x2) and (x1, f(x2)) ∈ (X × Y ) − G(f). By hypothesis, there exist
a γ-open set U and a supraopen set V of x1 and f(x2), respectively,
such that (U × V )∩G(f) = ∅. Since f is (γ, S)-continuous, there exists
a γ-open set H containing x2 such that f(H) ⊆ V . It implies that
f(H) ∩ f(U) = ∅. So, H ∩ U = ∅ and X is γ-T2.

Let (X,µ) be a supratopological space and γ an associated operation
with µ. A collection S = {Si ⊆ X : Si is γ-open, i ∈ I} is called a
γ-open cover for X if X = ∪i∈ISi. The space (X,µ) is said to be γ-
supracompact (resp., almost Γ-supracompact) if for each γ-open cover
S = {Si ⊆ X : Si is γ-open, i ∈ I}, there exists a finite index set F ⊆ I
such that X = ∪i∈FSi (resp., X = ∪i∈F cγ(Si)).

And we recall that a supratopological space (X,µ) is said to be
almost supracompact if for each supraopen cover C = {Gi ⊆ X :
Gi is supraopen, i ∈ I}, there exists a finite index set F ⊆ I such that
X = ∪i∈FScl(Gi).

Theorem 2.15. Let (X,µ) and (Y, ν) be supratopological spaces and
γ an associated operation with µ. Let f : X → Y be a surjective (γ, S)-
continuous function. If X is γ-supracompact, then Y is supracompact.
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Proof. Obvious.

Theorem 2.16. Let (X,µ) and (Y, ν) be supratopological spaces and
γ an associated operation with µ. Let f : X → Y be a (γ, S)-continuous
and surjective function. If X is almost Γ-supracompact, then Y is almost
supracompact.

Proof. Let S = {Si : i ∈ J} be a supraopen cover of Y . Then
{f−1(Si) : Si ∈ S, i ∈ J} is a γ-open cover of X and by almost Γ-
supracompactness of X, there is a finite collection
{cγf−1(Sj1), cγf

−1(Sj2), · · · , cγf−1(Sjn) : Sj ∈ S, j = j1, j2, · · · , jn}
such that X ⊆ ∪cγf−1(Sj). Then from Theorem 2.9,

Y = f(X) ⊆ f(∪cγf−1(Sj)) ⊆ ∪f(f−1(Scl(Sj))) ⊆ ∪Scl(Sj).
Hence Y is almost supracompact.
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