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NOTES ON ~+-OPEN SETS DEFINED BY ~-OPERATION
ON A SUPRATOPOLOGICAL SPACE

Younc KEy KiM* AND WoON KEUN MIN**

ABSTRACT. In this paper, the notion of y-operation on a supratopo-
logical space is introduced. We found that the «y-operation induces
a supratopology (topology) containing a given supratopology. We
also introduce the notions of (y, S)-continuous function and almost
I'-supracompact defined by y-operation on a supratopological space
and investigate some properties for such notions.

1. Introduction and Preliminaries

Let X be a non-empty set with the power set expX. A function
v : expX — expX is said to be monotonic [1] if A C B C X implies
~vA C vB. The monotonic function ~ is called an operation. If v is an
operation, then a set A C X is said to be v-open [1] if A C vA. For
A C X, we denote by 7, A the union of all y-open sets contained in A,
i.e. the largest v-open set contained in A. The complement of a y-open
set is said to be y-closed. Any intersection of 7-closed sets is ~y-closed,
and for A C X, we denote by c,A the intersection of all y-closed sets
containing A, i.e. the smallest v-closed set containing A. Let v and ~/
be operations, respectively. Then a function f : X — Y is said to be
(7,7")-continuous [3] if for each y"-open set V in Y, f~1(V) is y-open
in X.

We recall the notion of y-operation introduced in [2]: Let (X, 7) be
a topological space, and v : expX — expX a mapping such that

(1) ACB = ~vyACHB.

(2) 70 =0,7X =X.
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(3) For A C X and an open set G C X, GNyA Cy(GNA).

The mapping ~ is called an associated operation with p on X.

In this paper, we introduce the notion of an associated operation
with a supratopology S on any given nonempty set. We found that
the ~-operation induces a supratopology (topology) containing a given
supratopology. (See Theorem 2.5). We also study the notions of (v, .S)-
continuous function, I'-supraclosed graph, strongly I'-supraclosed graph
and almost I'-supracompact defined by an associated yg-operation on a
supratopological space.

THEOREM 1.1 ([1]). Let v be an operation and A C X. Then the
statements are hold:
(1)iZA=X —cy(X —A); (2) cyA=X —iy(X — A).

Let X be anonempty set. A subclass S C expX is called a supratopol-
ogy [4] on X if @, X € S and S is closed under arbitrary union. (X,S) is
called a supratopological space. The members of S are called supraopen
sets and a set is called supraclosed if the complement is a member of S.
For A C X, we denote by Sint(A) the union of all supraopen sets con-
tained in A, and by Scl(A) the intersection of all y-closed sets containing

A.

2. Main Results

DEFINITION 2.1. Let (X, S) be a supratopological space with a supratopol-
ogy S, and 7 : expX — expX a mapping such that

(1) ACB=~vyACHB.

(2) v =0,vX = X.

(3) For A C X and any supraopen set G C X, GNvA Cy(GNA).

We call the mapping v an associated operation with a supratopology
S on X. We will denote an associated operation v with S by 7, (simply

7)-

THEOREM 2.2. Let (X,S) be a supratopological space and v an as-
sociated operation with §. Then every supraopen set is y-open.

Proof. Let G be supraopen in X. Then from (2) of Definition 2.1,
G=GNyX Cy(GNX)C~G. Thus G is y-open. O

THEOREM 2.3. Let (X,S) be a supratopological space and v an as-
sociated operation with S. Then the intersection of a supraopen set and
a y-open set is y-open.
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Proof. Let G and H be a supraopen set and a y-open set, respectively.
Then GNH CGN~yH Cy(GNH). Thus GN H is y-open. O

In general, the intersection of two y-open sets is not y-open as shown
in the next example.

EXAMPLE 2.4. For X = {a,b,c}, let S = {0,{a,b},{b,c}, X} be a
supratopology. Consider a mapping v : expX — expX such as y(A) =
Scl(Sint(A)) for A C X. Then obviously, v is an operation. Take
two y-open sets A = {a,b} and B = {b,c}. For AN B = {c}, since
v(A N B) = Sc(Sint(AN B)) = Scl(Sint({c})) = 0, AN B is not
~-open.

From the above facts, we have the next result:

THEOREM 2.5. Let (X,S) be a supratopological space and 7 an as-
sociated operation with S. Then

(1) the set of all y-open sets is a supratopology containing S;

(2) if for A C X and any ~y-open set G C X, GN~yA C v(GN A),
then the set of all y-open sets is a topology.

Proof. (1) Let H; be any «-open set for each i € J. Then from (1) of
Definition 2.1, H; C v(H;) € v(UH;). Thus UH; is y-open. By Theorem
2.2, then the set of all v-open sets is a supratopology containing S.

(2) Let A and B be y-open sets. Then ANB C ANyB C v(AN B).
So, AN B is a y-open set. Finally, from (1), the set of all y-open sets is
a topology containing S.

O

DEFINITION 2.6. Let (X, 1) and (Y, v) be supratopological spaces and
~ an associated operation with u. Then a function f : (X, u) — (Y,v)
is (v, S)-continuous if for every supraopen set F in Y, f~1(F) is y-open
in X.

THEOREM 2.7. Let f : (X,u) — (Y,v) be a function on supratopo-
logical spaces and « an associated operation with u. Then f is (v, S)-
continuous iff for each x € X and each supraopen set V containing f(x),
there exists a y-open set U containing x such that f(U) C V.

Proof. Suppose that f is (v, S5)-continuous. Then for each z € X
and each supraopen set V containing f(z), f~1(V) is y-open. Set U =
f7Y(V). Then the y-open U satisfies that z € U and f(U) C V.

For the converse, let V be a supraopen set in Y. Then for each
xr € f~1(V), there exists a y-open set U, such that x € U, C f~1(V).
So f~1(V) = UU, and by Theorem 2.5, it is y-open. O
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THEOREM 2.8. Let f : (X,u) — (Y,v) be a function on supratopo-
logical spaces and v an associated operation with . Then a function f
is (7, S)-continuous iff f~1(Sint(B)) C vf~1(B) for BC Y.

Proof. Let f be (7, S)-continuous and B C Y. Since f~!(Sint(B)) is
~v-open and -y is monotonic,

fH(SInt(B)) € v f~H(Sint(B)) € v f~H(B).

For the converse, let B be a supraopen set in Y. Then f~}(B) =
F~1(Sint(B)) C vf~Y(B). So, f~}(B) is y-open in X. O

THEOREM 2.9. Let f : (X,u) — (Y,v) be a function on supratopo-
logical spaces and 7y an associated operation with . Then the following
are equivalent:

(1) f is (v, S)-continuous.

(2) f~1(Sint(B)) CiyfY(B) for BCY.

(3) ey f~H(B) C f~1(Scl(B)) for BCY.

(4) f(cyA) C Scl(f(A)) for AC X.

Proof. Straightforward. O

Let (X, ) be a supratopological space and v an associated operation
with p. Then X is called y-T5 (respectively, ST» [4]) if for every two
distinct points = and y in X, there exist two y-open sets (respectively,
supraopen sets) U and V' containing = and y, respectively, such that
unv =0.

DEFINITION 2.10. Let (X, u) and (Y,v) be supratopological spaces
and v an associated operation with p. A function f : X — Y has
a ~y-supraclosed graph (resp. strongly ~y-supraclosed graph) if for each
(z,y) € (X xY)—G(f), there exist a y-open set U and a supraopen set
V containing x and y, respectively, such that (U x V)NG(f) = 0 (resp.
(U x Sc(V))NG(f) =0), where G(f) = {(z, f(z)) : x € X}.

LEmMMA 2.11. Let (X,u) and (Y,v) be supratopological spaces and
~v an associated operation with u. A function f : X — Y has a
~v-supraclosed graph (resp. strongly vy-supraclosed graph) if for each
(x,y) ¢ G(f), there exist a y-open set U and a supraopen set V' contain-
ing x and y, respectively, such that f(U)NV =0 (resp. f(U)NScl(V) =
0).

Proof. Obvious. O

THEOREM 2.12. Let (X, ) and (Y, v) be supratopological spaces and
v an associated operation with . If f : X — 'Y is (v, S)-continuous and
Y is a ST, space, then f has a strongly y-supraclosed graph.
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Proof. Let z,y € (X xY) — G(f). Then y # f(x), and there exist
two supraopen sets U and V such that f(z) e U,y e Vand UNV =
0. Tt implies that U N Scl(V) = 0. Since f is (v, 5)-continuous, by
Theorem 2.7, there exists a y-open set W of x such that f(W) C U. So
fW)NSel(V) = (. Thus by Lemma 2.11, f has a strongly y-supraclosed
graph. O

THEOREM 2.13. Let (X, ) and (Y, v) be supratopological spaces and
~ an associated operation with . If f : X — Y is a surjective function
with a strongly y-supraclosed graph, then Y is ST5-space.

Proof. Let y1 and yo be distinct points in Y. Then there exists x € X
such that f(z) = y;. Since (x,y2) ¢ G(f) and f has a strongly -
supraclosed graph, there exist a y-open set U and a supraopen set V' of
x and ys, respectively, such that f(U) N Scl(V) = 0. So, y1 ¢ Scl(V).
Now, there exists a supraopen set G of y; such that G NV = (). Hence,
Y is STs. O

THEOREM 2.14. Let (X, ) and (Y, v) be supratopological spaces and
v an associated operation with p. If f : X — Y is (v, S)-continuous
injection with a vy-supraclosed graph, then X is v-T5.

Proof. Let z1 and x2 be two distinct elements in X. Then f(z1) #
f(z2) and (z1, f(z2)) € (X xY) — G(f). By hypothesis, there exist
a y-open set U and a supraopen set V of x1 and f(x3), respectively,
such that (U x V)NG(f) = 0. Since f is (v, S)-continuous, there exists
a y-open set H containing xo such that f(H) C V. It implies that
FH)NFU)=0. So, HNU = 0 and X is 7-Tb. O

Let (X, ) be a supratopological space and v an associated operation
with p. A collection S = {S; C X : S; is y-open, i € I} is called a
v-open cover for X if X = U;crS;. The space (X, ) is said to be -
supracompact (resp., almost I'-supracompact) if for each y-open cover
S ={5; C X :S;is y-open, i € [}, there exists a finite index set F C [
such that X = UjcpS; (resp., X = Uierc,(Si)).

And we recall that a supratopological space (X,u) is said to be
almost supracompact if for each supraopen cover C = {G; C X :
G, is supraopen, i € I}, there exists a finite index set F' C I such that
X = UIGFSCZ(GJ

THEOREM 2.15. Let (X, 1) and (Y, v) be supratopological spaces and
v an associated operation with . Let f : X — Y be a surjective (v, S)-
continuous function. If X is y-supracompact, then Y is supracompact.
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Proof. Obvious. O

THEOREM 2.16. Let (X, ) and (Y, v) be supratopological spaces and
~ an associated operation with u. Let f : X — Y be a (v, S)-continuous
and surjective function. If X is almost I'-supracompact, thenY is almost
supracompact.

Proof. Let § = {S; : i € J} be a supraopen cover of Y. Then
{f74(S;) : S; € S,i € J} is a y-open cover of X and by almost I'-
supracompactness of X, there is a finite collection

{erf M S5)s ey f 7 (Sga)s ey fH(S5,) + S5 € 8, = iy ze o+ dn}
such that X C Uc, f~1(S;). Then from Theorem 2.9,

Y = f(X) C f(Uey f71(85)) S UF(fH(Sel(S)))) S USel(S;).

Hence Y is almost supracompact. O
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