JOURNAL OF THE

CHUNGCHEONG MATHEMATICAL SOCIETY
Volume 31, No. 2, May 2018
http://dx.doi.org/10.14403/jcms.2018.31.1.239

WEAK CO-T-COFIBRATIONS AND HOMOLOGY
DECOMPOSITIONS

YEON SoOo Yoon*

ABSTRACT. In this paper, we define a concept of weak co-T-cofibration
which is a generalization of weak H’-cofibration, and study some
properties of weak co-T-cofibration and relations between the weak
co-T-cofibration and the homology decomposition for a cofibration.

1. Introduction

Eckmann and Hilton [2, 4] introduced a homology decomposition of 1-
connected polyhedron as a dual concept of Postnikov system. Moreover,
Eckmann and Hilton [3, 4] and Moore [5] introduced, as a generalization
of this notion, the notion of the homology decomposition of a map. On
the other hand, Tsuchida [7] introduced, as an intermediate notion of
the above two decompositions, a notion of the homology decomposition
for a cofibration B % X & F. If B reduces to a point, then such
a decomposition reduces to the usual homology decomposition for X.
Tsuchida [7] introduced the notion of weak H’-cofibration as a general-
ization of the induced cofibration or H’-cofibration defined in [6], and
studied the relations between the weak H’-cofibration and the homology
decomposition for a cofibration.

In this paper, we define a concept of weak co-T-cofibration which is
a generalization of weak H'’-cofibration, and study some properties of
weak co-T-cofibration and relations between the weak co-T-cofibration
and the homology decomposition for a cofibration. If an (inclusion)

cofibration B % X & F is obtained by applying the suspension functor

> to an (inclusion) cofibration B’ % X’ & F’. then we obtain that
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there is the homology decomposition {X,,, Fy,,in, jn,Pn,qn} for B N
X 2 F such that B &3 X, L F,, is a weak co-T-cofibration for each
n. Moreover, if B 4 X B F is an weak co-T-cofibration and Y is a
co-T-space with co-T-structure g and f : Y — X is a coprimitive, and
X 4 Cy 7 XY is an induced cofibration via f, then we obtain that

BX Cy 2 Cpy is a weak co-T-cofibration.

Throughout this paper, space means a space of the homotopy type of
1-connected locally finite CW complex. We assume also that spaces have
non-degenerate base points. All maps shall mean continuous functions.
All homotopies and maps are to respect base points. The base point as
well as the constant map will be denoted by *. For simplicity, we use
the same symbol for a map and its homotopy class. Also, we denote by
[X, Y] the set of homotopy classes of pointed maps X — Y. The identity
map of space will be denoted by 1 when it is clear from the context. The
diagonal map A: X — X x X is given by A(x) = (z,x) for each x € X,
the folding map V: X V X — X is given by V(z,*) = V(x,z) = x for
each € X. ¥ X denote the reduced suspension of X and QX denote
the based loop space of X. The adjoint functor from the group [2X, Y]
to the group [X, QY] will be denoted by 7. The symbols e and e’ denote
77 (1gx) and 7(1xx) respectively.

2. Weak co-T-cofibratons

Let B % X 2 Fbe a cofibration and let f : Y — X be amap. Let Cy
(resp. Cpy) denotes the space obtained by attaching the reduced cone,
cY, over Y to X (resp. F') by means of f (resp. pf), i.e. Cf=cY Uy X

(resp. Cpy = cY' U, F). Then F' = Cpy — LY is an inclusion cofibration
and the following diagram is commutative;

y Lo x 2, F
L d
cY i Cy P Cypr,

where ¢, k,i and s are inclusion maps and p is defined by p([y,t]) =
[v.t], [y,t] € Y and p(z) = p(z), z € X. Since p([y,1]) = [y,1] =
pf(y) and p(fy) = p(fy), p is well defined. Thus it is obtained [7]

that B 4 Cy EA Cpy is a cofibration. A homology decomposition for
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a cofibration B 4 X B F consists of a sequence of spaces and maps
(X, Fuyin, Jns Qn, Pn) satisfying
() Xi=B,ji=¢qa=1
(IT) B™ X, 28 F, is an inclusion cofibration.
(ITT) q = jngn: B2 X, 13 X.
(IV) Xp_1 3 X,, — K(H,(F),n) is an inclusion cofibration (n > 2),
where 72 = ga.
(V) maps ¢y, jn induce the following; (1) (jn)« : Hy(X5) 5 H,.(X) for
r < n, (2) In the sequence H,(B) Ing H,(X,) Ins H,(X), qus is
a monomorphism, j,« is an epimorphism and Im g,. O Ker jp.,
(3) gn+ : H-(B) 5 H,(X,) for r > n.
(VI) (1) A map j, : F, — F induced by j induces jn. : H.(F,) =
H.(F) for r <n, (2)H,(F) =0 for r > n.
It is known [7] that there exists a homology decomposition for an

inclusion cofibration B % X & F.
A cofibration B % X 5 F is called a weak H'-cofibration [7] if there
exists amap 6 : X — F'VX and a homotopy H; : X — F' x X such that

B -2, FVvB

(@a  ava)

x 25 Fvx,
is homotopy commutative, where io is the injection into the second fac-
tor. (b)Ho = j6 and H; = (p x 1)A, where j : FV X — F x X is the
inclusion.
Let Y be a co-H-space with co-H-structure p: Y — Y VY and let

B % X B F be a weak H'-cofibration. Then amap f:Y — X is called
[7] to be coprimitive with respect to co-H -structure p if

y -2 5 vyvy

fl (prf)l

x 25 Fvx.
It is well known [7] that if f : A — B is a map, then the induced
cofibration B — C'y — XA via f is a weak H'-cofibration.
A space Y is called [8,9] co-T-space if there is a map, co-T-structure,
0:Y — Y VQXY such that j0 ~ (1 x €/)A, where j : Y V QXY —
Y x QXY is the inclusion. Clearly, any co-H-space is a co-T-space.
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DEFINITION 2.1. A cofibration B % X 5 F is called a weak co-T-
cofibration if there exists a map 0 : X — F VvV QXX and a homotopy
H;: X — F x QXX such that

B -2, FVB
(a)ql (1v92qe')l
x ' rFvaorx,

is homotopy commutative, where iy is the injection into the second fac-
tor.

(b) Hy = j# and Hy = (p x ')A, where j : FV QXX — F x QXX is
the inclusion

DEFINITION 2.2. Let Y be a co-T-space with co-T-structure p: Y —
YVQXY and let B3 X % F be a weak co-T-cofibration. Then a map
f:Y — X is called to be coprimitive with respect to co-T-structure p if

Yy — 25 yvQxy
fl (prQEf)l
x % Fvazx.

PROPOSITION 2.3. If a cofibration B % X & F is a weak H'-
cofibration, then B 4 X 5 F is a weak co-T-cofibration.

Proof. Since a cofibration B 4 X B F is a weak H'-cofibration,
there exists a map 6 : X — FV X and a homotopy H; : X — F x X
such that (1V q)ia ~0q: B— FV X and Hy =i and H; = (p x 1)A,
where 75 is the injection into the second factor and j: FV X — F x X
is the inclusion. Let ' = (1Ve')0: X — FVQYXX. Then we have, from
the fact (1V QXq)(1Ve) ~ (1Ve)(1Vq), that (1V QX(q)e )iy ~ 0'q:
B — FVQYXX. On the other hand, let H, = (1xe/)Hy : X — FxQXX.
Then we have that H) = j0' and H| = (p x ')A, where j : FVQYXX —

F x QXX is the inclusion. Thus we know that B % X & F is a weak
co-T-cofibration. O

ProproSITION 2.4. Let Y be a co-H-space with co-H-structure p :
Y - YVY and let B-% X % F be a weak H'-cofibration. If f : Y — X
is coprimitive with respect to co-H-structure pu : Y — Y V'Y, then
f:Y — X is coprimitive with respect to co-T-structure p' = (1V e’ ) :
Y - Y VQYY.
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Proof. Clearly we know that Y is a co-T-space with co-T-structure
W= @1Qvey - Y VvQXy. Moreover, we know, from Proposition

2.3, that B 4 X B F is a weak co-T-cofibration. Thus we have that
(pfVOSfiy ~0f:Y - FVQXX. Thus we know that f:Y — X is
coprimitive with respect to co-T-structure i/ : Y — Y vV QXY ]

THEOREM 2.5. Let an (inclusion) cofibration B % X 2 F be ob-
tained by app]ying the suspension functor ¥ to an (inclusion) cofi-

bration B' % X' % F’. Then there is the homology decomposition
{Xn,Fn,in,jn,pn,qn} for BL X & F such that B™ X,, 28 F, is a
weak co-T-cofibration for each n.

Proof. In [7] Remark 5, the homology decomposition for B LHxBF
may be obtained by applying the suspension functor ¥ to an (inclusion)
cofibration B % X' 7 F'lie, X, =YX |, F, =%XF _|,q, = X¢,

n—1»

and p, = Xp),_;. Now we define a map 6 : X,, — F, VQXX, to be

Spl, Ve
the composite $X’ | 5 SX'_vEX' | "3 SE_ vOS(EX! ),
where 4 is a comultlphcatlon in XX/ _,. Clearly we have the following
homotopy commutative diagram.

/ 2%4 /
vB L vX!

e’J{ Ee’l
¥Q((Xq’
on(mB) ) ossxt ).

From the above fact and the definition of §, we have the following ho-
motopy commutative diagram;

2B -2,  SF_,VIB

Zq;—ll (IVQE(Eqéil)e')l
X!, —1 SE_ VOsS(EX)_).

Thus condition (a) in 2.1 is satisfied.
Next we consider the diagram;

/

, Xpl,_q Ve , ,
—eX  VEX, [ USE L VAS(EX! )

\ J{ l
J J
Xp), _xe

SX! | X LX! TS NF | x QR(SX) ).

X/

n—1



244 Yeon Soo Yoon

Since ju ~ A, we have j6 = j(3pl,_; Ve )u~ (Epl,_; x ')A = (pp—1 X
e’)A. Thus condition (b) in 2.1 is satisfied. O

THEOREM 2.6. Let B 5 X B F be a weak co-T-cofibration, Y a
co-T-space with co-T-structure p, f : Y — X coprimitive, and X -

Cy 5 XY an induced cofibration via f. Then B e Cy LA Cpy is a weak
co-T'-cofibration.

Proof. From [7] Lemma 2.1, B it Cy TN Cpy is a cofibration and so
it suffices to show that conditions (a) and (b) in 2.1 are satisfied. By

the hypothesis B 4 X B F is a weak co-T-cofibration and hence there
existsamap 0 : X — FVQXX and a homotopy H; : X — F'xQXX such
that (1V QXqe')iag ~ 0q : B — F x QXX , where is is the injection into
the second factor and Hy = j0 and Hy = (p X ')A respectively, where

j: FVX — F x X is the inclusion. First we consider a composite map

¢: X b pvanx VB Cpr VOXC), where s and 4 are inclusion maps.

Since phif ~ (s VQX)0f ~ (s V QX)) (pf VX )u= (spf VOXif)u =
(pke vV QXkt)pp ~ * and ¢ : Y — ¢Y is a cofibration, there exists a
homotopy w; : ¢Y — Cpp V QXCy such that wie = (s vV QXi)0f and
wp = *. Now we define a map A : Cy — Cpr V QXCr by Ay, t) =
wi(y,t), (y,t) € ¢Y, ANzx) = (s VvV QXi)0(x), v € X. Since A\(y,1) =
wi(y,1) =wit(y) = (s VOEi)0f(y) = A(fy), A is well defined. Next we
consider the following homotopy commutative diagram:;

X A X xX
/ pxe
FvQXx - FxOXX ixi
J
| A
SV sxaxi (f Cy x Cy
A pxe'

Cpf V QECf T>Cpf X QEC’f

Then jAi = j(sV QXi)0 = (s x QXi)j0 ~ (s x Q3i)(p x ')A = (p x
¢ )(i x i)A = (§ x €')Ai. Since X 5 Cy > XY is an induced cofibration
[7], it follows from [6, Lemma 2.2] that there exists a map w : XY —
Cpp x QECy such that V(wV i\ ~ (pxe)A, where ¢ : Cy — XY VCy
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is a cooperation in the induced cofibration X BN Cy 4 YY, that is,

X -2, 2wvx

zl (lvi)l

o —Ls nyvaoy

! !

Yy —F s vy vy

and V : Cpp x QXCy V Cpp x QEC) — Cpy x QXECy is the folding map.
Let

P Cpf X QECf — Cpf, P2 - Cpf X QZCf — QECf
be the projections and

[i:XY 5 SY VEY

the comultiplication for XY. Then we have j(piw V pow)ii ~ (p1w X
pow)A = w. Let

k= (pwVpw)i: XY — Cpr VOAXCy
and

o= V(/i\/)\)w : Cf — Cpf VQZCf.

Then we have jo = jV(kV AN ~ V(jr V j Y ~ V(wA)y ~ (p x
e)A : Cy — Cpy x QXCy. Thus the condition (b) in 2.1 holds. On the
other hand, for each b € B, we have ¢iq(b) = V(x V \)viq(b) ~ V(k V
A)(1Vi)izq(b) = V(kV A)(1V i) (x,iq(b)) ~ Xig(b) = (s v QXi)6(q(b)) ~
(s VOX)(1V QX¢ge)ia(b) = (s V QX(iq)e')(x,b) = (x,Q%(iq)e’ (b))
(1V QX(ig)e’)ia(b). Thus the condition (a) in 2.1 holds.

ol
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