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A SHORT NOTE ON THE HYERS-ULAM STABILITY
IN MULTI-VALUED DYNAMICS

Haunce-YuN CHU* AND SEUNG K1 Yoo**

ABSTRACT. In this paper, we consider the Hyers-Ulam stability on
multi-valued dynamics. For a generalized n-dimensional quadratic
set-valued functional equation, we prove the Hyers-Ulam stability
for the functional equation in multi-valued dynamics.

1. Introduction

The aim of this article is to establish the Hyers-Ulam stability of the
generalized quadratic set-valued functional equation. The original sta-
bility problem of functional equation concerning group homomorphisms
had been first raised by S. M. Ulam [25]. D. H. Hyers [12] gave a first
affirmative partial answer to the question of S. M. Ulam for Banach
spaces. Hyers’ theorem was generalized by T. Aoki [1] for additive map-
ping. Th. M. Rassias [22]| proved the stability of the linear mapping
by being a Cauchy difference of e(||z|[P + ||y|[P) for some ¢ > 0 and
0 < p < 1. J. M. Rassias [21] investigated the same problem with
e(|lz|[P - [|y||P). Thereafter, P. Gavruta [11] provided a generalization of
Th. M. Rassias’ theorem in which replaced the bound e(||z||? + ||y||?)
by a general control function ¢(z,y) for the existence of a unique linear
mapping. The functional equation f(z +vy)+ f(z —y) = 2f(x) + 2f(y)
is called the quadratic functional equation and every solution of the qua-
dratic functional equation is called a quadratic function.

The Hyers-Ulam stability of quadratic functional equation was proved
by F. Skof [24] for function f : Fj — FE3 where E; is normed space and
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Es is a Banach space. P. W. Cholewa [5] extended Skof’s theorem by
replacing X by an abelian group. Skof’s result was generalized by S. Cz-
erwik [10]. He proved the generalized Hyers-Ulam stability of quadratic
functional equation in the spirit of Rassias approach. Chu et al. [6]
extended the quadratic functional equation to the following generalized
form

n—2Cm—2f(Z wj)Jrn—QCm—lZf(wz‘) = Z [+ 4xi,),

7=1 i=1 1<ii < <tm<n

where n > 3 and 2 <m <n — 1. In [6, 7], they investigated the Hyers-
Ulam stability for the generalized quadratic functional equation. Lu and
Park [15] defined the additive set-valued functional equations and proved
the Hyers-Ulam stability of the set-valued functional equations. Park et
al. [17] futher investigated stability problems of the Jensen additive,
quadratic, cubic and quartic set-valued functional equation. Kenary et
al. [14] proved the stability for various types of the set-valued functional
equation using the fixed point alternative.

In [2], Brzdek investigated some earlier classical results concerning
the stability of the additive Cauchy equation. He also disprove a conjec-
ture of Th. M. Rassias and present a new method for proving stability
results for functional equations in [3]. In [18, 19], Piszczek obtained some
results of stability of functional equation in some classes of multi-valued
functions.

Recently, Chu and Yoo [9] investigated the Hyers-Ulam stability of
the n-dimensional additive set-valued functional equation. In [8], they
also investigated the Hyers-Ulam stability of the n-dimensional cubic
set-valued functional equation.

Now we briefly introduce some definitions and notations which are
needed to prove main theorems. Let C'B(Y') be the set of all closed
bounded subsets of Y and CC(Y") the set of all closed convex subsets of
Y. Let CBC(Y) be the set of all closed bounded convex subsets of Y.
For elements A, B of CC(Y) and o, 8 € RT, we denote A® B := A + B.
If A is convex, then we obtain that (a+3)A = aA+BA for all a, 8 € RT.
And ;,Cy, is defined by ,Cin = gy Let f 2 X — CBC(Y) be a
mapping. The quadratic set-valued functional equation is defined by

(1.1) fla+y)® f(xz—y)=2f(z) D2f(y)
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for all x,y € X. Every solution of the quadratic set-valued functional
equation is said to be a quadratic set-valued mapping. In the present pa-
per, we define the generalized n-dimensional quadratic set-valued func-
tional equation and investigate the Hyers-Ulam-Rassias stability of the
functional equation as follows

(1.2)  n2Cmaf(O 7)) & n2Cmr D flx:)
=1

Jj=1

= Z flzay 4+ 4 x4,)

1<in < <im<n

where n > 3 and 2 < m < n — 1. Every solution of the generalized
n-dimensional quadratic set-valued functional equation is called a n-
dimensional quadratic set-valued mapping.

In the next section, to obtain the Hyers-Ulam-Rassias stability of
a generalized n-dimensional quadratic functional equation, we use the
most popular method induced from the completeness of the phase spaces
and another method to gain the stability which is called the fized point
method.

Before we deal with the method, we need a terminology. For a set
X, we say a function d : X x X — [0,00) a generalized metric on X if d
satisfies the following properties:

(1) d(z,y) = 0 if and only if x = y;
(2) d(z,y) = d(y,x) for all z,y € X;
(3) d(z,z) < d(xz,y) +d(y,z) for all z,y,z € X.

2. Stability of the quadratic set-valued functional equation

In this section, we first give basic definitions to prove main theorems
and prove the Hyers-Ulam-Rassias stability.
For A, B € CB(Y), the Hausdorff distance di (A, B) is defined by

di(A,B) :=inf{a >0] AC B+ aBy,B C A+ aBy},

where By is the closed unit ball in Y.

In [4], it was proved that a Hausdorff metric space (CBC(Y),®, dg)
is a complete metric semigroup. Radstréom [20] proved that (CBC(Y), @,
dpr) is isometrically embedded in a Banach space. To prove main theo-
rems, we need the next remark which states fundamental properties for
the Hausdorff distance.
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REMARK 2.1. Let A, A", B,B',C € CBC(Y) and o > 0. Then we
have that

(1) du(A@ A',B® B') <dy(A,B) +du(A', B);
(2) dg(aA,aB) = ady(A, B);
(3) dy(A,B) =dy(A® C,B® C).

Now, we prove the Hyers-Ulam stability of the n-dimensional qua-
dratic set-valued functional equation.

THEOREM 2.2. Let n > 3 be an integer and let ¢ : X" — [0, 00) be a
function such that

(o9}
1. .
(2.1) Z Eqﬁ(?xl, oo 2'my) < oo
=0

for all xy,...,x, € X. Suppose that f : X — (CBC(Y),dy) is an
even set-valued mapping with f(0) = {0} and

(2.2) dn (n_ng_gf(Z 7;) ® n—2Cm_1 »_ f(z:),
=1 i=1

> S+ +an)) <o w)

1<y < <im<n

for all x1,...,x, € X. Then for any m € {2,3,...,n — 1}, there ex-

ists a unique n-dimensional quadratic set-valued mapping Q : X —
(CBC(Y),dp) such that

1 <1 . S
2.3 d < —o(2'x, —2'x,2'2,0,...,0
23)  du(i(=).QW) < g 3 oln 2200
for allx € X.
Proof. Put 1 = z,20 = —x, 23 =z and x4y = x5 = --- =z, = 0 in

(2.2). We have

dy (n—2Cm—2f($) 3n—20m—1f($)7 3n—30m—1f(55)

nfgcmfgf(l') @ n730m72f(2$))
é(x, —x,2,0,...,0)

for all x € X. From the condition of remark 2.1, we obtain

25) du(f(z), if@w)) < 4n310m2

(2.4)

IN & D

¢(‘Ta —l',l',o,..-,o)
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for all x € X. Replace = by 2z and divide by 4 in (2.5). Then we get

(26)  du(3f@0) . i) <

1
2x,—2x,2x,0,...,0
4277,—36’777,—2¢( )
for all z € X. From (2.5) and (2.6), we obtain
1 1
2. ( ’ 42 4 >< y Ly Ly Uy ey
1) (@) 1) € —g—ole—a.2.0.....0)
1
+m¢(2$, —2.@, 21’, 0, ey 0)

for all z € X. Using the induction on ¢, we get that

(28) du(f(0), 3-/2'0) <

1
n3Cm2

Z4Z¢ i, =20, 212,0,...,0)

for any positive integer s and for all z € X.
For all integer r and {(r > [ > 0), we have

(2.9)

an (720, 3 f(20)) <

Z4k¢ —2kz 2F2.0,...,0)

n30m2

93

for all z € X. Since the right-hand side of the inequality (2.9) tends

f2

to zero as k tends to infinity, the sequence {*j

quence in (CBC(Y),dy). Therefore, we can deﬁne a mapping @ : X —
(CBC(Y),dy) as Q(x) := lims_0 4%]"(28:1:) for all x € X. Now, we
show that @ : X — (CBC(Y),dy) is a quadratic set-valued mapping.

By taking z; = --- =z, =0 in (1.2), we have
n—ZCm—2Q(O) 3 nn—QCm—lQ(O) = nCmQ(O)

Then we obtain

(m—1)(n—1)!

m!(n —m —1)!

Q(0) = {0}.
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Since n > 3, Q(0) = {0}. By putting 1 = z,29 = —y,z3 = y and
x4 =+--=x, =0in (1.2), we have
anCmeQ($) & n72Cmle(m) @ 2n720m71Q(y)
=n3Cnm2(Q+y) ®Q(x —y)) ©rn3Cn3Q(x)
©® nfBCmle(m) S 2n730m71Q(y)'
Hence we may have ,_3C,,—2(Q(x+y) @ Q(x —y)) = 2,-3Cn—2(Q(x) ®
Q(y)), that is, @ is a quadratic. Also, a mapping @ satisfies

n

n
anCmsz(Z 2j)Pn—2Cm—1 Z Q(x;)
j=1 i=1
= > Q@i+ +m,),
1<i1 < <im<n
where n > 3 is an integer and 2 <m < n — 1.
Now, letting [ = 0 and taking the limit » — oo in (2.9), we obtain
the inequality (2.3).
To prove the uniqueness of the n-dimensional quadratic set-valued
mapping, we assume that Q' : X — (CBC(Y),dy) be another n-
dimensional quadratic set-valued mapping satisfying (2.3). Then

(2.10) dn(Q(x),Q'(x)) < du(Q(x), f(2)) & du(f(z), Q'(2))

ol—2r r—1 1 ) ) )
< —¢(2'x, —2'2,2'2,0,...,0
~ 4p—3C0m—2 ; 4Z¢( %, ~22,22,0,...,0)
for all z € X. Taking the limit as r — oo in (2.10), we have Q(z) = Q'(z)
for all x € X. This completes the proof. O

REMARK 2.3. Let n > 3 be an integer. Consider a change of control
function ¢ in the theorem 2.2. Let ¢ : X™ — [0,00) be a function such
that

> x x

1

(2.11) 24%(?,...,2—?) < 00

i=0
for all z1,...,2, € X. Suppose that f : X — (CBC(Y),dy) is an
even set-valued mapping with f(0) = {0} and

n n

(2.12) dg (n—2cm—2f(z zj) ® n—2Cm—1 Z f(zi),

7 =1

1 —

> f(l‘z‘l+"'+$im)>§¢($1,---,$n)

1<y < <im <n.
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for all z1,...,2, € X. Then for any m € {2,3,...,n — 1}, there ex-

ists a unique n-dimensional quadratic set-valued mapping @ : X —
(CBC(Y),dp) such that

(213)  du(f(2),Q(z))
1 1 1 1
< - L=, ——p. —
< n730m72 Zz; ¢(22x, 21$7 leaoa 30)
for all z € X.

COROLLARY 2.4. Let n > 3 be an integer, 0 < p < 2 and 68 > 0 be
real numbers. Suppose that f : X — (CBC(Y),dy) is an even mapping
satisfying

du (n—2cm—2f(z zj) & n—2Cm_1 Z f(x:),
= i1

S St w,)) <O il
=1

1<i1 < <im<n

for all z1,...,z, € X and m € {2,3,...,n — 1}. Then there ex-

ists a unique n-dimensional quadratic set-valued mapping Q : X —
(CBC(Y),dy) such that

du(f(z), Q(z))
for all x € X.

1 0

< p
o 2n—SCm—2 4-—-2p HxH

Proof. The result follows theorem 2.2 by setting ¢(z1, z2,...,oy) =
057" |lai|? for all z4,...,2, € X. 0

REMARK 2.5. By setting ¢(z1,22,...,2n) = 0 i ||z|P for all
r1,...,T, € X in the remark 2.3, we obtain the following statement.
Let n > 3 be an integer, p > 2 and 6 > 0 be real numbers. Suppose that
f:X = (CBC(Y),dy) is an even mapping satisfying

du (n72cm72f( Z 2j) ® n—2Cm—1 Z f (=),

j=1 i=1
n
S St w,) <O il
1<i1 < <im<n =1

for all z1,...,2, € X and m € {2,3,...,n — 1}. Then there ex-
ists a unique n-dimensional quadratic set-valued mapping @ : X —
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(CBC(Y),dg) such that

1 0

4 (F(@).Q(a)) < 5—e— 5 el

for all z € X.

Next we use another method closely related to a fixed point theory to
prove the Hyers-Ulam stability of the generalized quadratic set-valued
functional equation. We first introduce a useful theorem to prove our
results. In [16], the following lemma is due to Margolis and Diaz.

LEMMA 2.6. Let (X,d) be a complete generalized metric space and
let J : X — X be a strictly contractive mapping with Lipschitz constant
L < 1. Then for each element x € X, either

d(J"z, J" ) = 0o

for all nonnegative integers n or there exists a positive integer ng such
that
(1) d(J"z, J""tz) < 0o, Vn > no;
(2) the sequence {J"x} converges to a fixed point y* of J;
(3) y* is the unique fixed point of J in theset Y = {y € X|d(J™x,y) <
o0};
(4) d(y,y") < t2zd(y, Jy) for all y € Y.

Generally, the fixed point method is so popular technique to prove
the Hyers-Ulam stability. In the set-valued version, we also use this
useful method to prove the Hyers-Ulam stability.

THEOREM 2.7. Let 2 < m < n — 1 be an integer. Suppose that an
even mapping f : X — (CBC(Y),dy) with f(0) = {0} satisfies the
inequality

(2.14)

n

dH <n720m72f(z $j) S n72Cm71 Z f(x1)7
i=1

7=1
S S w,) < 6@ w)
1<i1<-<im<n

for all x1,...,x, € X and there exists a constant L with 0 < L < 1 for
which the function ¢ : X" — [0, 00) satisfies

(2.15) ¢(2x, —2x,22,0,...,0) < 4Lo(x, —z,2,0,...,0)
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for all z € X. Then there exists a unique n-dimensional quadratic set-
valued mapping @) : X — (CBC(Y),dg) such that

1
(216) dH(f(CL'),Q(.T)) < m¢($,—$,$,0,...,0)
forallx € X.
Proof. Set 1 = x,29 = —x,x3 = x and x4 = -+ = x, = 0 in (2.14).
Since f is even and the range of f is convex, we have that
1
for all x € X.

Let S:={g|g: X — CBC(Y), g(0) = {0}}. We define a generalized
metric on S defined by

d(g1, g2) = inf {1 € (0,00) | d(1(x), ga(x))
guqb(x,fsv,x,o,...,()),xéX},

where, as usual, inf() := oo.
Now, we define the mapping J : (S,d) — (S,d) given by Jg(z) =
%9(21‘) for all x € X. For g1,92 € S, let d(g1,92) < p. Then

dH (91(33),92(33)) < qu(l'a _:E73:707 SRR 0)
for all z € X. By (2.15), we have

dn(J1(2), Jg2() = 3dur(91(20), 92(20))

IN

1
1;@(2% —2z,22,0,...,0)
< Lu¢(z,—z,x,0,...,0)

for all z € X.

Therefore, we have that d(Jgi1, Jg2) < Ld(g1,g2) for all g1,g92 € S.
Hence J is a strictly contractive mapping with the Lipschitz constant
L. From (2.17), we can obtain that d(f,Jf) < %. By theorem 2.6,
there exists a unique fixed point @ : X — (CBC(Y),dp) of J such that
{J"f} — 0 as r — oo. Then we have

L
(2.18) Q) = lim  [(2'a)
for all x € X. Also, from the fixed point alternative, we get d(f, Q) <
—rd(Jf, f) < ﬁ, which implies the inequality (2.16) holds.
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From (2.14) and (2.18), it follows that

du (n—?cm—2Q(Z?:1xj> ®n-2Cm-1Y_ Qi)

=1

> Qla +~--+:cim))

1<i1 < <tm<n

1
< lim —o¢(2"xy,...,2"2,) =0

— r—o0 47

for all z4,...,x, € X.
Therefore, () is a unique n-dimensional quadratic set-valued mapping
as desired. O

REMARK 2.8. Let 2 < m < n — 1 be an integer. Suppose that an
even mapping f : X — (CBC(Y),dy) with f(0) = {0} satisfies the
inequality

n

dH (n—ZCm—Qf( Zx]) S5 n—ZCm—l Z f(xz)v
=1

i=1
> f($1;1+"'+1»‘im))§¢($1,---,$n)
1<i1 < <im<n

for all x1,...,x, € X and there exists a constant L with 0 < L < 1 for
which the function ¢ : X™ — [0, 00) satisfies
T T

¢(§7 _57 57
for all z € X. Then there exists a unique n-dimensional quadratic set-
valued mapping @ : X — (CBC(Y),dy) such that

i (@), Q) < 147
for all z € X.

L
0,...,0) < Zgﬁ(x,—a:,x,O,...,O)

¢(z,—z,x,0,...,0)

COROLLARY 2.9. Let 0 < p < 2 and 0 > 0 be real number. Suppose
that f : X — (CBC(Y),dy) is an even mapping satisfying

dH (n—2cm—2f(z l‘j) @ n—2Cm—1 Z f(ivz)u
=1 i=1

> S+t ﬂTz)) <O [lwil”
=1

1<i1 < <im<n
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for all x1,...,xy, € X. Then there exists a unique n-dimensional qua-
dratic set-valued mapping @ : X — (CBC(Y'),dp) such that
30
i (), Q) < gy o Il
forallx € X.

Proof. The proof follows from theorem 2.7 by setting ¢(z1, z2, ..., x,) =
0> 7", ||xi||P for every x1,...,2, € X. Then we can choose L = 2P~2
and we get the desired results. O

REMARK 2.10. In remark 2.8, we set ¢(x1, x2,...,2n) =0 i |||/
for every x1,...,x, € X. Then we obtain the following statement. Let

p > 2 and 6 > 0 be real number. Suppose that f: X — (CBC(Y),dp)
is an even mapping satisfying

du (anCmfo(Z ;) ® n-2Cm-1 Y _ flxs),
=1

=1
n
S Sl w,) <O il
1<i1<-<im<n =1

for all x1,...,2, € X. Then there exists a unique n-dimensional qua-
dratic set-valued mapping @) : X — (CBC(Y'),dp) such that

dn (f(2), Q) < 55—

[|||”
for all z € X.
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